
UNIV. BEOGRAD. PUDLo ELEKTROTEHN. FAK.
Ser. Mat. Fiz. No 498-No 541 (1975), 17-20.

499. ON INEQUALITIES FOR r(x+ 1)/r(x+ 1/2)*

Dusan V. Slavic

1. Interesting well-known inequalities for

r(n+I)
-

1 (2n)!!
-

2 22n
-

1 22n(n!)2
-

1 22n

r(n+ ~)

Vn(2n-I)"-VnnB(n,n)-Vn-(2n)! -
VnCnn)

will be dealt with in the present paper. Apart from that, sharper inequalities

for the function x 1-7-r (x + 1)/r (x +
~)

will be proposed and its integral repre-

sentation will be given

r (x+ 1)
= Vi

r(x+~)

2. From the general result of W. GAUTSCHI[1]

r (n+ 1)
nl-s;;:e---;;:e(n+ 1)I-s

r (n + S)

for s= 1/2

(0 ;;:es;;:e 1) [10,281]

it foJlows

(1) 11.:: r (n + 1)
V--

In< < n+ .
r(n+ ~)

(2)

J. WALLIS [2] has given a double inequality

V- r(n+I) /1
n< <\jn+-.

r (n+
~ )

2

Using FIHTENGOLC'S result

(2n)!! ,e-=: 46-8'--=vnn exp-
(2n-I)!! 4n

[4, 83]

(0<6< 1, 0<6' < 1) [3,371]

inequality

(3) r (n + 1) V- 1
< n exp-

( 1) 6n
r n+2

is immediately proved.
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The following inequality is also known

(2ITn(2n+I» )
1/2 <_,(2n)!! ,

4n+1 (2n-I)!!
[4, 82J

see [4J, p. 322, i.e.,
r-~~l- r(n+l)

\j n + 4- -
~-+ 4 < - '

(
---1-

)
-

r n+-
2

Designating by B(a, b) the betta function, J. T. CHU [5J gives the follo-
wing result

(4)

~
4n--3

22n-l ~
2n-1 B( ) ~'4n-2

-< --- n n < -
4n-2 2IT' 4n-1 '

[10, 283J

which is equivalent to

-I I I r (n + I) I I
---I--

V n+'4- (4n-2)2<
( I )

<\I n+-4-+j(5;-4 .
r n+-

2

KAZARINOFF [6] has proved

(5)

D. K.

[10, 190J

I.e.,

(6)
J

n+J<_I"..(fl~IL<~~-l.
4

r(n+~)
2

G. N. WATSON[7] gives a more general result

J~+ 1< r(x+ 1)-
;£~~+

I
4

r(x+~)
IT

wherein the constants 114 and 1Ii are the best possible.
The upper bounds in (6) and (7) lag behind the upper bound in (5).
J. GURLAND[8J has improved the quo~cd JesuIts

4n+3 ( (2n)!! )
2 4

( (2n)!! )
2

(~-:;:tf \(2n~I)!! <7t<4n-:;:! (2n-I)!! '

(7) (x ~ 0), [10,281]

[4, 83J

I.e.,

(8) ~-n + -l- < J.

(
~Il~-F

)
< ~ n + l+

16: + 12
.

r n+--
2

J. T. CHU [5] has given two more representations of inequality (8).
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Finally, A. V. BOYD [9] has quated even better result

1
n+--

( 1 1 )
1/2 r(n+l) 2

n+4+ 32n+32
<-

(~ )
<-

(
-

3 1 )
-1-/2

r n+- n+-+--
2 4 32 n + 48

[10, 281]

I.e.,

(9)

V

------

1 1 r (n + 1) 1 1n+-+ < < n+-+ .~ 4 320' 32
r(o+-'-)

4 32n-64,,-~48
2 8n+ll

3. On the basis of the functional inequality

the implications

(10) f(x)~
r(x+l)

=>
r(x+l)

<

r (x+ ~) r (x +})
=

f( x + ~)

,

1
x+-

2

(11)
x

are valid. By means of the results (10) and (11) it is possible, on the basis of

the one-fold inequality for the function x f-+ -
r (x+ 12, make a double inequality

r (x+ 1/2)

of the corresponding accuracy. Such inequalities are (2), (5), (8) and (9). On
the basis of (11), and adopting

I 1 1
g(x)=. / x+-+--,

V 4 32x+8

we get

V
~+- : +

-1---3~- <~(x+ :) <~x+++ 32~:;:g.

32x+8+-'- r (x+- )4x-l 2

Inequality (12) is sharper than aH th.,,~ above quoted.

4. On the basis of LEGENDRE'S formula

(12)

and also on the basis of the weB-known result

( 1 ) / - J(1 1 1 )e-t"Logr(z)= z-- logz-z+logj27t+ ---+- -dt
2 2 t et-l t

o

(Re z>O)

2'
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the equality

(13)
+ ex>

r(x+1) Y-

{J
th t -4/x dt}- xexp -e

( 1)
,.,.

r x+2 0
-, (x>O)

can be obtained. Since

the inequality
r (x + 1) / -

{

n
(14) ---1 = I x exp L

r(x+2) k=1

(1-2-Zk)BZk

k(2k-1)xZk-l

+ ex>

J (th t
- ~

~k (2Zk_1)Bzk
tZk-Z )e-4/x dt

}+ 2t k=1 2.(2k)!
o

follows. Since the sign of the sub-integral value and the sign for (-IY are
equal, the following inequality is valid

-
2m (1-2-Zk)B r (x+ 1) -

2/-1

YX expL
zk < <Y X expL

k=1k(2k-1)xZk-l ( 1) k~1r x+-
2

where m and I are natural numbers and x>O. Inequalities in (15) are sharper
than (12).

(15) (1-2-Zk)Bzk

k(2k-1)xZk-l '

*
D. S. MITRINOVICand P. M. VASIC have read this article in manuscript

and made some valuable remarks and suggestions.
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