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498. THE CENTROID METHOD IN INEQUALITIES*
D. S. Mitrinovié¢ and P. M. Vasi¢

1. INTRODUCTION

The concept of the centroid, introduced most likely by ARCHIMEDES, can
be applied in solving various mathematical problems. We mention, for example,
the papers of C. F. Gauss [2] and L. FerEr [9]. In this paper we shall give
a chronological account of the use of centroid in developing inequalities, pointing
to some priorities which are neglected in the literature. Besides, using the centroid
method, we shall prove some general inequalities which present complementary
inequalities for the JENSEN inequality for convex functions. These inequalities
contain several results which were earlier derived in different ways. Some of our
inequalities are sharper than the known inequalities.

In mathematical literature (including the very authors who used the centroid
method) there exists a differcnce in opinion whether inequalities obtained by
the ceatroid method are really proved, or is the ceatroid method only a sort
of a geometric interpretation, i.e. a methocd which may suggest an inequality
which still remains to be proved analytically. The book [23] of M. B. Balk
brings an argumented explanation why the centroid methcd can be taken as a
method of proof just like any other method used in Mathematics for proving
various theorems.

2. HISTORY

2.1. Jensen’s inequality. If f is a convex function on [a, 4], then for any points
X;» ..., X,&[a, b] and any positive numbers p,, ..., p, we have

Z PiX; Z pif (x1)

(2.1.1) fl= ==L .
Z pi Z pi
i=1 i=1

This inequality is known in the literature as JENSEN’s inequality. It was
proved under the assumption that f is a J-convex function, i.e. a function

such that
f(%z) < ﬂx—>;ﬂ.&) (%, ¥Ela, b))

and that p, ..., p, are positive numbers by J. L. W. V. JENSEN in 1905 [7, 8].
He applied the famous inductive method used by CaucHyY [1] in the proof of

* Received January 2, 1975 and presented by R. P. Boas and P. R. BEESACK.
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4 D. S. Mitrinovi¢ and P. M. Vasié

the arithmetic-geometric mean inequality. However, inequality (2.1.1) appears,
under different assumptions, much earlier. JENSEN himself mentiored in the
appendix to his papeir that O. HOLDER [5] proved inequality (2.1.1) in 1889,
supposing that f is a twice differentiable function on [a, b] such that f”(x)=0
on that interval. This supposition is in the case of twice differentiable functions
equivalent with the supposition that f is convex. The above inequality was proved,
after HOLDER, using the same assumptions by R. HENDERSON [6] in 1895. However,
as far back as 1875 a particular case of the above inequality, the case when
py=---=p, was proved by J. GRoLOUs [3] by an application of the centroid
method. This i5, as far as we could find, the first inequality for convex functions
to appear in the mathematical literature. J. GRoLOUS also introduced the assum-
ption that f”'(x)>0, but it can be seen from the text itself that it is enough
to assume that f is a convex function, in the geometric sense (see, for instance,
D. S. MitriNOVIC [30, p. 15] and N. BoursakI [21]).

Inequality (2.1.1) is certainly the inequality which was proved by the
centroid method the largest number of times. Among others, we mention that
it is proved by that method in the papers of H. Lo [10], M. N. NARASIMHA
IvEnGgaAR [13], M. Tomi¢ [19], A. N. Lowan [20], A. BARTON {29] and in the
book [23] of M. B. BaLk. None of these authors mentions earlier papers, while
M. B. BaLk mentions only paper [20] of A. N. LOWAN.

We shall give a proof of (2.1.1) by the centroid method in Section 3.

2.2. CebySev’s inequality. Let a=(a,, ..., a,) and b=(b,, ..., b,) be two real
sequences such that
a<---<a, and b <..-=b, or a,=z--+-=2a, and b, =...=b,

Then the following inequality is valid

2.1y (% éoa,.)e 2 b,-) < %go a;b,

This inequality was proved by the centroid method by E. PICARD in 1881.
PicarD’s proof is given in [4] by CH. HErMITE. The same proof was reproduced
in paper [32]L.

In the book [23] of M. B. BaLk there are two proofs of inequality (2.2.1)
{without any bibliographical information). ST. I. GHEORGHITZA [31] also gave a
version of the proof of (2.2.1) by the centroid method. We shall quote the
improved version of the GHEORGHITZA proof, supplied by Professor P. R. BEESACK
on the occasion of perusal of the first version of this paper.

Let P, ..., P, be points on the OX axis with abscissae b,, ..., b,
(b;=0, i=1, ..., n) respectively. Fix to the point P, a mass q,=0(k=1, ..., n).
The centroid of the system of masses ¢, at the points with abscissae b, (1 <k <n)
is given by
a b+ +ayb,

Xp=
a+ - +a,

! Notice that in this paper, on page 5, 7th row from below, the following sentence is
omitted by mistake: ,,... vont en s’¢loignant de l'origine, car...”.
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n
Now, consider the system of n equal masses a=xi > a; (having the same
7

total mass as the preceding) situated at the same points b,, ..., b,. The new

) b7 b2 bn-l bn
0 ' ‘ X
Mass; o <0 = S Oy =0
by b, by by
0 ' ' X
Mass: a = a = T = g = aqa
Fig. 1

mass distribution has clearly shifted to the left and so its centroid xz7 has

X7 = X, that is

T

n

Zabk Lo ay by

k=

X :; zbk_g_%:xT,

which implies (2.2.1).

Now, for the general case, there exist «>0, 8>>0 such that 4, =a;, +a =0,
B,=b,+B8=20(k=1, ..., n). Moreover {4,}, {B,} are also either both increasing
or both decreasing. Hence

LS @rnl S Gorpst S @0 Gop),
k=1 L -

which reduces to (2.2.1).

2.3. The inequality on rearrangements. By the same centroid method used in 2.2.
one can give a proof of the basic inequality on rearrangements of finite sequences
a=(a,, ..., a), b=(b,, ..., b,). Let a=(a,, ..., a,) be the rearrangement of
a in increasing order, and a=(q,, ..., a,) be the rearrangement of a in decreasing

order, and define b and b analogously. Then

a,._ll,. a;b; <> a;b,.

(2.3.1)

1=
IA

VL

=

i

Fig. 2
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To apply the centroid method, assume first that all ;=0 and interpret
the a; as the mass of a particle at abscissa b,(1=<i<n). Then (with obvious
notation) the centroids of the three systems in question satisfy

which reduces to (2.3.1). If some a;<<0, apply (2.3.1) to A,=a;+a>0. This
proof is given in [14], p. 262.

2.4. Some complementary inequalities. Let a,, b,(i=1, ..., n) be real numbers
such that
2.4.1) O<m =a, =M, O0<m,<b<M, (i=1, ..., n).

Then the following inequalities are valid:
1° Inequality of POLYa-SzeGO [11] or [30, p. 60]:

(M, M, + m, m,y?

2.4 S g2 S p2gMiMtmm) b\
¢ ) ig:l “ ig:l ' 4m m, M, M, (Z “ l)
2° Inequality of KanTorRoVIC [18] or [30, p. 60]:

n i (M, +m)? , .
4. lg 1771 =0, i=1, ..., n);
(2.4.3) igl :Z o= am, (p;=0; i nj

3° Inequality of GREUB-RHEINBOLDT [22] or [30, p. 60]:

n r M, M, +m,m,)
2.4.4)" a2 .b.2<(_—_1__2_
( ) i;p‘al i;pt ' 4dm m, M\ M, (izpt )

4° Inequality of SpecHT [24], [25] or [30, p. 79]:

MY (a; p)
2.4.5 — =L,
243 Mi@p =
where t<s, C==, MY (a;p) is the weighted mean of order s and
L] _t
s__ s —C3 4
FM=( 1(C*—C?) ) ( $(Ct—C?) ) (st £0),
(s—1)(C'—1)/ \(t—s)(C*—1)
1
cslics=n  \s
(2.4.6) Lo o=\ g @y )

1

[ (CHct=D) £
== (e——]og(ct/(ct_l))) >
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5° Inequality of GHEORGHIU [12]:
1 1

2.4.7) ( "za,.p)p (z b,ﬂ)q gC(li a,.b,.) (%Jr%: 1; p> 1),

= i=1 i=1

where

(2.48) C- MP M 2Pt

pm, M, (M, M2~ —m, m,a~ )2 (gm, M, (M,M P~ —m,mP-1))} e’
2 2 1 1 2 1 2 1

For the history of these inequalities consult [30]. We shall give here only
the history of the centroid method applied to the mentioned inequalities. We
notice that we did not find inequality (2.4.7) quoted in the literature. Some
thirty years later J. B. Diaz, A. J. GoLDMAN and F. T. METCALF [27] obtained
the integral analogue of (2.4.7) (which can be, in fact, obtained directly from
(2.4.7)).

In the mentioned article [12] S. A. GHEORGHIU obtained inequalities (2.4.2)
and (2.4.7) by the centroid method. There are no bibliographical references
concerning the application of the centroid method to the inequalities in that paper.

In 1943, applying the centroid method, R. FRUCHT [16] proved inequality
(2.4.3). He mentioned that he was inspired by the proof of inequalities

.éai2£%< :ia,-)z and il;>n2<§ )ﬁl

given in the same Journal by E. M. SALEME [15]. R. FRUCHT does not cite any
other literature. We now quote from the review of E. BECKENBACH: “’The barycentric
methed previously has been used by S. A. GHEORGHIU (Bull. Math. Roum. Sci. 35,
117—119(1933)), to obtain the sharpened form of CAUCHY’s inequality and also
an analogously sharpened form of the HOLDER-JENSEN inequality”” (it seems that
the word sharpened should be replaced by the word complementary). BECKENBACH
did not mention earlier papers which employ the centroid method.

As we shall see in Section 3, inequalities (2.4.4) and (2.4. 5) can also be
proved by the centroid method.

2.5. Applying the centroid theorem M. ToMIC [19] proved the following theorem:
Let x, and y,(k=1, ..., n) be real nondecreasing numbers from (aq, b), 1.e.

(2.5.1) xkéxk+1, ykgyk+1 (k=1, ceey n)

and let f be a convex and decreasing function in (a, b). Inequality

(2.5.2) SfE)=E S ()
i=1 i=1
holds provided that

X

(2.5.3) k=1, ..., n).

LN
Ivim

ris

H I

We expose here the proof of M. Tomic.
From (2.5.3) for k=1 follows y, <x,, and monotony of f implies

(2.5.4) fryzfx).
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If x,<y,, denote by (4,, B)) and (a,, b,) the coordinates of the centroid
Tof M,M,, and the centroid 7\* of N, N,, where M, =(y,, f(»), M,=
7y, (), Ny =(x,, f(x))), N,=(x,, f(x,)). Then from (2.5.3) for k=2 we find

+ X, +Xx
A1=yl yzgki 2:a1,

2 2

and hence

1°*

‘B1 :f(.yl) ;f(yz) > f(x) ’;f(xz) =b

because in that case the segment M, M, is above the segment N, N,, abscissa 4,
of T, is to the left from the abscissa of T,*, and hence the centroid T, is above
the centroid T*. ‘

If x,=zy,, then we have f(y,)=f(x,), which together with (2.5.4) yields

(2.5.5) FO)+F(r)=f(x)+f(xy).

Hence, in both cases inequality (2.5.5) is valid.

Apply the same procedure to the points T,, M,, T\*, N,, where M, =
(Y3, f(¥3)), Ny=(x;, f(x;). Then, if x,=<y,, segment T* N, is below the segment
T,M,. On the other hand, from (2.5.3) for k=3 we have

A2:Y|+y2+y3§x1+x2+x3___a

3 3 2

Hence,

B. - F) ) +f05)  f(x) + () + f(x3) =b
2 3 = 3 BRCH

If x,=y,, from the monotony of f follows f(y,)=f(x,), which together
with (2.5.5) implies
JODHI )+ () =) +1(x) +f (x3)-

The theorem is now easily proved by mathematical induction.

2.6, H. KesTeLMAN [26] proved the following result:

Suppose F is positive and continuous and G is positive and decreasing
for a<x=b; then :
b b
fo(x)G(x)dx fo(x)dx

a

(2.6.1) ab < 3
fF(x)G(x)dx fF(x)dx

H. KEesTELMAN mentioned the following: “Intuitively, the idea of the proof
is that the centroid of the region under the curve y=F(x)G(x) is closer to the
y-axis than the centroid of the region under y=F(x): this is to be expected
because G decreases.”

REMARK 1. For p(x)=f(x), f(x)=x, 'g (x) = G(x) CeBySEv’s inequality (see [30, p. 40], Theorem
10) yields inequality (2.6.1).
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3. A COMPLEMENTARY INEQUALITY FOR JENSEN’S INEQUALITY

3.1. Let f be a given function such that f(x)=0 and f”(x)=0 on [a, b].
Let P,, ..., P, be points with abscissae x,, ..., x,, ordinates f(x,), ..., f(x,)
and with masses p,, ..., p,. Let m=minXx;, M=maxx;. Then the set bounded

by the arc of the curve y=f(x) and the chord AB, where A=(m, f(m)),
B=(M, f(M)) is convex.

From the family of curves y=4f(x) (A>0) choose the curve which touches
the segment 4B. Then the centroid of the set of points P, ..., P, is below
the arc of the curve y=2f(x) and above the arc of the curve y =f(x), and hence

z pix; Z pif(x;) Z Pix;

(3.1.1) e == gli=l |,
Zpi zpi ZP;
=1 i=1 i=1

where A is a constant to be determined.
The equation of the chord AB is
_SM)—f(m) x+Mf(m)~Mf(M)_
M—m M—m

The conditions that the line (3.1.2) should be a tangent to y=2Af(x) are
given by

(3.1.2)

—imm

M—m

(3.1.4) A () = LAD=S () “‘L)‘f ™,

Elimination of A from (3.1.3) and (3.1.4) yields
g ()= (S (M) =f(m)) ) =" () ((f (M) = Fm) X+ MS (m)—mf (M) =

Solution of the above equation is the abscissa of the contact point. We
prove that this equation has exactly one solution x,&(m, M).

First, we have '
& ()= — (S~ £ (m)) x+ Mf (m) — mf (M)) " (3) = B ()" ().
Now f”(x)=0, and the linear function / has
h(my=m—-M)f(m)<0, h(M)=m-M)f(M)<0,

so provided f”(x)>0, m<M and f(x)>0, the graph of g can cut the x-axis
in at most one point of (m, M).
Furthermore,

g(m)g(M)=(f (m)— M)—{;@> (f’ (M)—f—(%)f(m)f(M) (M —mp,
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and according to the mean value theorem and the fact that f' is an increasing
function (since f”'(x)>0), we have

g(mg(M)=0.

Therefore, there exist exactly one solution x, of the equation g(x)=0 on
the interval (q, b), and so from (3.1.4) we obtain exactly one value for 2.

This value of A is also the solution of the equation

(3.1.5) )\f(f/—l (f(M)—f(m))> - f(M)—f(m)f,—l (f(M)—f(m)>+ Mf(m)—mf(M).
A(M—m) M—m A(M—m) M—m

Equality on the right side of (3.1.1) helds if and only if the point of
contact of the segment AB and the curve y=f(x) coincides with the centroid
of the system of points P, ..., P,. In order to obtain this situation, the
centroid must lie on the straight line AB, which will happen if and only
if k (k<n) points among the points P,, ..., P, coincide with 4, and the remain-
ing n—k points coincide with B. Therefore, equality holds if and only if there
exist two subsequences (x,l, s Xy ) and (x,.kﬂ, eees x,-”) of sequence (x,, ..., X,)
such that every eclement of the first subsequence is equal to m and every
element of second subsequence is equal to M, and

k n
: flmy 2 p, (M) > p,
r=k+1 , f(x()): r=1 r=k+1

D

2

A=
]
NVE

where x, is a unique solution of the equation g(x)=0 on (a, b).

Remark 2. If f(x)<0 for x=SC[a, b], it is enough to consider the function F, defined by
F(x)=f(x)— min f(x).

xEfa, b]
3.2. From the family of curves y=u +f(x) (#>0) choose the one which has a
contact with the segment AB. Then the centroid of the system P, ..., P, is

below the arc of the curve y=u-+f(x), and above the arc of the curve y=s(x),
and so

Z PiX; Z pif(xp z pixi

(3.2.1) et R 4 L=
Zpi EPi ZP:’
i=1 i=1 i=1

where p is a constant to be determined.
The conditions that the line (3.1.2) should be a tangent to y=p+f(x)
are given by
Mfmy—mf(M)

_ M) —f(m)
pf () =" X b

(322) f(M)—f (m)
t ) L))
S =
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and we obtain the following value for u:

_SM)—fm) -1 (fM)—f(m)\ | Mfm)—mf(M) =1 f(M)—f(m)
® M—m S ( M—m )+ M—m f(f ( M—m ))

REMARK 3. In (3.1.1) we have assumed that f(x)=0. This supposition was necessary in order
to prove the uniqueness of the solution of the equation g(x)=0. However, in this case, the
uniqueness of the contact point follows from the second equality (3.2.2), since f is an increas-
ing function.

3.3. Consider the situation is which a mass is continuously distributed along an
arc between the points 4 and B and suppose that the distribution of mass is
defined by a function p. Then, the centroid coordinates are

b b
[ e@xV/1+f (x)?dx [ e/ V1+f (x)? dx
xT: 2 b s yT: B b _* s
[ eVI+f (x)?dx [ o) VI+f (x)? dx
so that the following inequalities hold
b N b b
[e@xVI+f (Pdx|  [e®f)VI+ ()P dx [ e xVI+f (x)?dx
= —|=" — =M% —|

[ e@VI+f (x)Fdx [ o) V1+/ (x) dx [ e VI+F (x) dx

where A is the solution of (3.1.5), but with m, M replaced by a, b.
Given f (convex and nonnegative) and g (x) >0, choose p(x)=g (x)
(1+7(x2)™" to obtain

b b b

[ xg@dx | [fgdx [ xg@)dx
(3.3.0) - =t <A |5 :

[ g)dx [ g dx [ &) dx

where A is the solution of (3.1.5), with m, M replaced by a, b.

It should be noted that all results contained in paragraph 3 could be extended
* to convex functions of several variables.

REMARK 4. The left hand side of (3.3.1) has been derived by St. I. GHEORGHITZA [31] by use
of the centroid method.

4. SOME APPLICATIONS
4.1. Let f(x)=x2 and consider the points with the abscissae x; =-% (i=1,...,n)
and masses p;h2 (i=1,...,n). Then, for 0<m, <a; =M, 0<mzl§b,§M2 (i=
=1,...,n), it follows that
m=minxi=minﬂgm= e

’
b; maxb;

£ x|

a; max q;
M=maxx;=max ‘<——"1="1,
b; minb; m,
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Equation (3.1.5) gives

2
—+1
_(M+m)2=(m )
4mM M
4

m

In this case the inequality (3.1.1) reduces to

i (M+ m)?
(4.L.1) (2. pia, )(an)_ (Zna b),
where m=minﬂ, M=max % .
i i
However, 1 <M Mfm, _ M. Setting

m  m/M, mm,

(x+1) , 1 1
OB g = (1-3)
we see that g is increasing for x=1. From this, it follows that
( M, M, N )2
%= m,m, _ (M, M, + m,m,)*
- M, M, dm,m, MM,
m, m ,

Consequently, the inequality (4.1.1) is stronger than (2.4.4).

ReMARK 5. For p;=1 (i=1,...,n), the proof of the inequality (2.4.2) was given by S. A.
GHEORGHIU [12] by use of the centroid method.

4.2, Let f(x)=x? (p>1) and consider the points having the abscissae x;=a;b,~9/?
(i=1,...,n) and masses b9, (i=1, ..., n). Then, if O<m, <aq,=M,, O<m,<
<b,sM,, we find

m = min a, b;~9? = (min a;) (max b,)~ 97 =m M,~ 97
M =max a; b;797 < (max q;) (min b,))~47 = M, m,~ .

In this case, the inequality (3.1.1) reduces to

(4.2.1) (mef”(Zpqu<l”Zn a;b;,
where

LR S
(4.2.2) =g ‘p "’ Mo

_ (M—m)''P (mM »— Mm»)!14
If fanction g, defined by

(4.2.3) g(x)=

xP—1

( _1)‘/17 (xp_x)(P—l)/P ’
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is increasing, for x =1, then inequality (4.1.1) is sharper than inequality (2.4.7).
According to computations accomplished by D. V. SLavi¢ on IBM 1130 it seems
that this assumption is true. Naturally, it is to be analytically proved.

ReMARK 6. For p;=1 (i=1, ..., n) the proof of the inequality (2.4.7) has been obtained by
S. A. GHEORGHIU [12] by use of the centroid method.

4.3. Let f(x)=x*" and consider the points with the abscissae o' (i=1,..., n)
and masses p; (i=1, ..., n). Then f is convex for s>¢>0 or s>>0>¢ and concave
for 0>s>t. In the convex case, (3.1.1) becomes

n n s/t
> piad > piait
i=1

< i=1

n n
Z D z Di
i=1 i=1

(with = in concave case).

Since s>>0 in the convex case and s<< 0 in concave case, this gives
MBapy L
——— A5
M [ (a; p)
Now, (3.1.5) is the same as in 4.2. but with p=s/t, so from (4.2.2) we
obtain Al/s=1TI , in the case s>¢>0.

The proof of the inequality (2.4.5) in the cases s>0>t and O0>s>¢ is
similar.

Now, let =0, and starting from the function f defined by f(x)= —logx
and the points with the abscissae af (i=1, ..., n) and masses p;, (i=1, ..., n),
we find, from (3.2.1)

M@ p &

—r S e’

ME @ p)
where u is given by

‘L:_l+mlogM—Mlogm+log( M-—m ),

M—m log M—logm
where m=m,%, M =M. From this, we obtain I j=e"/".

In the case 0>t the proof is similar.

ReMARK 7. Applying the centroid method to function f defined by f(x)=—log x, K. DoCEv
[28] obtained inequality (2.4.5) for s=1, t=0.

If we start from the function f defined by f(x)= —logx (0<<x<1) and
the points with the abscissae a7 (0<<g¢;<<1) (i=1,...,n) and the masses p,
(i=1,...,n), then (3.1.1) reduces to

MY (a; p) = MY (a; p)',
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where A is the unique solution of (3.1.5) which reduces to

A — — M
2 log (M—m) — At log M™—logm
log M —logm M—m
with m=minx;=ms, M=M7 (s>0).
E3
* ok

Professor P. R. BEESACK has read this paper and has given useful sug-
gestions, particularly in connection with the applications presented in Section 4.

1.
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ADDED IN PROOF

1. While the paper was in print B. MEesiHovi¢ has proved that functicn g
defined by (4.2.3), is increasing for p>1 and x>1. His procf reads:

Function g can be represented in the form

1 1

(D g(x):u;+ u;_l’
where
(2) u(x):’j_‘lx.

From (2) we get

du (p—1) xP—pxP~'+1

3
(3) dx (x—1)?

Consider the function /& defined by

A(xX)=(p—1)xP—pxP~ 1+ 1.



16 D. S. Mitrinovi¢ and P. M. Vasié

Since for p>1 and x>1,

-‘M:p (p—1Dxr2(x-1)>0
dx
and A (1)=0, we have A (x)>0 (x>1), so that, on the basis of (3), function
u is for x>1 increasing. Having in view that lim u (x)=p—1, we get
x>14
4) u(x)>p—-1 (x>1).
On the other hand
i
——2
dg 1 14 N du
2 —pr)H,
dx p " (u P ) dx
so that on the bas's of (4) and the fact that u is an increasing function for x> 1,
$>0’
dx

which means that, for x>1, function g is increasing.
2. In connection with (2. 4. 4) see also a result of J. W. S. CASSELS given

in G. S. WaTSON: Serial coorelations in regression analysis 1. Biometrika 42,
327—341(1955).



