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493. AN INEQUALITY FOR POLYNOMIALS*

Alexandru Lupa~**

The purpose of this paper is to give the best constant Kn (s, ()(,~) in the
inequali ty

lips) /I ;£;Kn (s, ()(, ~) Il/i!2
where I is a polynomial of degree n,

11/(s) II= max I/S)(x) IxE[-I, +1j
and

1

li/l12 = { J w(x) !/(x) 12dxr2
-I

with
w(x)=(1-x)"'(1 +x)~, ()(> -1, ~>-1.

For ()(=O, ~=O the constant Kn(s, 0, 0) is due to GILBERT LABELLE in [1].
In this paper we use the following notation:

a) A~""~) = {

(2k+c<:+ (3+ 1)k! r(k+c<:+(3+ 1)F/2.

2",+~+1 r (krC<:+ 1) r (k+(3+ 1)J

b) Jk(x)=A~""~)'P~""~)(x), k=O, 1, ..., is the orthonormal system of JACOBI
polynomials, «()(,~ fixed).

c) ck~'s~)=
k!(2k+c<:+(3+1)r (k+c<:+(3+s+1~(k+Q ).

r(k+c<:+1)r(k+(3+1) k-s
d) q = max «()(,~).

Theorem. II I is a polynomial 01 degree nand q ~ - ~, then holds the inequality
2

(1) 11/(s) II;£Kn(s, ()(,~) 1!/112

where the best constant is given by

(2) Kn (s, ()(, ~) =

=
{

s!
~

k! (2k + C<: + (3+ 1) r (k + C<: + (3+ s + 1)

(k + C<: + (3+ S)(k + Q

)
2

}

1/2.

22s+"'+~+1 k~s r(k+c<:+1)r(k+(3+1) s k-s
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The equality in (1) holds for the polynomials

n
f* (x, IX,~) = c. .2:

ci~'s(3).pi""
(3)

(x),
k~s

(3)

where C is a constant and pi""
(3),

k = 0, 1, . .., are the Jacobi polynomials.

Proof. Taking into account that

d {p (",,[3)( )} _kHL+~+1 p (",+I,[3+I)( )- k X k-I X
dx 2

(see [2]), for k=s, s+ 1, ..., n we have

I

J~) (x) !2 = Ak, s I

pi"!.s, [3+s)
(x) 12

with

A =
s! k! (2k+cx+~+ 1) r(k+cx+~+s+ 1) (k+CX+ ~+s )~s .

22s+",+[3+lr(k+cx+1)r(k+~+1) s

Let us suppose that max(IX, ~)~ -~. It is known (see [2], theorem 7.32.1) that
2

max
I
pi"-+'s,

[3+s)
(x) \= \pi"'!:'

[3+s)(x)
I = (k + q

)XE[-I, +1] k-s

where the maximum is attained by x - -- 1 (q = ~) or, in the case q = IXby x= + 1.
Therefore on [- 1, + 1] we have

(4)

with equality for

(5) t= -1 (~ ~ IX)or t = 1

n
Now let f(x) = .2: ak Xk; then

k=O
n

f(x) = .2: fk .Jk (x)
k~O

where
1

fk= J w(x)f(x)Jdx)dx,
-I

k = 0, 1, ..., n,

and it is known that

Thus for an arbitrary t holds the inequality

(6)
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with equality for

(7) "f(x) = c. L
J}:)(t) .Jk (x).

k=s

In view of (4)-(6), we have

lips) II~ K" (s, ex,~) IIflb

where K" (s, ex,~) is given by (2).
The conditions (5) - (7) furnish the extremal polynomials

n
f* (x, ex, ~) = c.

L
d~'s'(J) . P~(f.,'(J)(x)

k=s

and this completes the proof of the above theorem.

Corollary. If we denote by q' = n.in (ex,~), then for every polynomial of degree n
holds the inequality

Ilfll ~ Ilf112'~ 2(f.H+~ ~n(;:;) ~+(~~q'
+

l)r+:+I).

The equality is valid for the polynomials

f*(x)=C, i (2k+0I:+~+l)r(k+0I:+~+I) PklX,'(J)(X).

k=O r (k+r/ + I)

Proof. We have

K"
(0, ex, ~) =

{ i IJk (x) 12}
1/2,

IxI= 1.
k=O

(8)

Moreover
k=2, 3, . ..,

where Nk, Dk are real numbers and

Mk=
2k+0I:+~

[
(2k+0I:+~+I)(2k+0I:+~-I)

]
1/2.

2 k (k + 01:+ ~)(k+OI:)(k+~)

At the same time it is known that (see [2])

(9)
n I, ,

L IJk (t) 12... - [In+l (t)J" (t) -In (t) J"+1 (t)].
k=O Mn+l

Because

J~+l(X)= -JAn+l,l (n+:+I),

the equalities (8) and (9), with t = x, give us

In (x) =
A~(f.,'(J)

(n:q)

the form of the best constant.
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