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470. A METHOD TO ACCELERATE ITERATIVE
PROCESSES IN BANACH SPACE*

Gradimir V. Milovanovic

1. Let X be a BANACHspace, T: X-+X and let the sequence

(1) (n=O, 1,2, ...)

converge to aEX. Let U be a convex neighbourhood of the limit point a. The
iterative method (1) is of order k if

(2)
II

Tu - a
II = 0 ( [I u - a Ilk) (uEU).

If the operator T is k-times differentiable in FRECHET'ssense on U, then
the iterative method (1) is of the order k if and only if the following condi-
tions are satisfied:

1° Ta=a;

) 20 T ' T " T
(k-l)

(3 (a), (a) , . . ., (a) are zero operators;

3° T~:5 is non-zero operator, with a norm limited on U (see [1]).
In [2] the following result is given.
Let (1) be an iterative method of the order k. Let the operator T:X-X

be k + I-times differentiable in the sense of FRECHET in the convex neigh-

bourhood U of the limit point a, and let an inverse operator [I - ~
T;u) rl

exist when uE U. Then

(4) un+l=':YUn=Un-(I-
~

T;un)r\Un-TUn),

is at least the iterative method of the order k + 1.
A fundamental disadvantage of this procedure lies in finding an inverse

operator [I - ~
T;u)r1, which is in majority of cases very complicated.

For a similar purpose an iterative process, not needing the existence of
an inverse operator, is given in the present paper.

* Presented October 30, 1973 by D. D. TasH'; and M. FRESH';.
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Theorem. Let (l) be an iterative method of the order k ( -:s2) and let the opera.;
tor T: X --+ X be k + I-differentiable on U in Frechet's sense. .Then

(5) (n=O, 1,2, ...)

is at least the iterative method of the order k + 1.

Proof. Let uEU. Combining TAYLOR'Sformula and conditions (3), we have
, 1 (k)

T(u)=-T(a) (u-a, ..., u-a)+ W(a, u-a),
(k-l)! ~

(6)

Tu=a+~Tt)(u-a, ... , u-a)+w(a, u-a),
k"

,
. k times

where

IIW(a, u-a)\I=O(llu-ain Ilw(a, u-a)II=O(llu-allk+1)~

By using T~u) and Tu from (6) we may rewrite the formula (5) in the form

1
'

1
'<l>u- a = Tu-a-- T(u) (u- a) + - T(u) (Tu- a)

k k
1 1

'=w(a, u-a)--- W(a, u-a)(u-a)+-T(u)(Tu-a),
k k

from which if follows

II<I>u- a II~ IIw(a, u- a) II+~ IIW(a, u-a)II.11 u-all +~ IIT:u)!!.IITu- all.k
.

k

Finally, from the relation (2) and equality IIT~u)II=O(\lu-allk-1), at
k -:s2 we obtain

II<I>u-a!1 = a (Ii u - all k+1),

so that the Theorem is proved.

REMARK 1. The formula (5) can be obtained from (4) if in expansion

[ 1 , ]-1
+00

(1 , )
i

I-I; T(u) = i~ I; T(u) ,

1 ,
which is convergent for

II T~u) II < k, we keep only two first members, i.e. 1+ k T (u)' The ot-

her members do not influence the order of convergence at k-:S2.

EXAMPLE 1. Let X and Y be BANACH spaces F: X -+ Y an e be a zero-vector of a space Y.
If we use NEWTON'S method of the second order

'-1Un+l= TUn=un-F(un) FUn(7)

to solve the equation Fu = e, applying the formula (5), we obtain an iterative method of the
third order, given by Un+1= <I>Un (n ~ 0, 1, 2, . . .), where

'-1
1

'-1 " ( '-1 '-1 )<l>u=u-F(U) FU-2F(u) F(u) F(U) Fu, F(U) Fu .

Using the same method many times we easily obtain the iterative formulas of the forth
or higher orders.
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(8)

2. Let us now consider the polynomial

p(z)=zm+ al zm-I + . . . + am-I z+ am

the zeros of which Zj (i = 1, 2, . . . , m) are mutually different.
PRE1h6's method [3] for simultaneous finding of all zeros

(8) is given by

(9)

of polynomial

z (n + 1) = z (n) - e (z (n») (n=O, 1,2,.. .),

where the following notations are introduced

Z\ el

l

. . P(Zj}
z= . , e(z)= . , ej=--,.

'1
Q' (Zj)

Zml em,

m

Q(z)= TI(z-Zj)'
j~1

With regard to the fact that the iterative process (9) is of the second
order, we may come to the iterative process of the third order using the given
method.

By differentiating T (z) = z - e (z) we obtain

T' (z) = IItull =
II

au - ::; II,
where

Oej
=

P'(z/}
-

P(Zj}
~ ~

OZj Q'(Zj} Q'(Zj}
j=! Zj-Zj

,

Nj

oej
=

P(Zj}
-oZj Q' (Zj) z/- Zj

(i =1=j),

and alj is KRONECKER'S delta.

Since P(z) - Q (z) is the polynomial of lower order than m and Q (Zj)= 0
(i= 1,2, ... , m), then on the basis of LAGRANGEinterpolation formula

m P(Zj)
P(z)-Q(z)=Q(z) L

(- .)Q'( -).j=l Z z] Z]

From

we obtained

1 - P' (Zj)
+

P(z/)
i. ~ = - I P(Zj}

Q'(Zj} Q'(Zj} j=l Zj-Zj j=! (Z;--'Zj) Q'(Zj}
,

j#j j#j

hence we may conclude that the elements of matrix T' (z) are determined by

m ej
-

e/
t..= - L -, tu---

II z.-z. z--z'
j=! I

] I ]

Nj

(i
=1=

j).

Applying (5) to T(z) we obtain

<I>(z) = T (z) - J... T' (z) (z - T (z») = z - e (z) + s (z),2
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where
II

SI

S(Z)=

I

I

I

: '
Sm I

(i=1,2,...,m).

Thus, the corresponding iterative process of the third order is

z;(n+ l)=zi(n)-ei (l- ~
ej ) (i= 1,2, .,. , m; n=O, 1, .. .).

j=1 zi(n)-zj (n)

Ni

(10)

Let us mention that formulas (10) are determined in [4] in another way.
By further application of method (5) to (10) it is possible to obtain an

iterative process with convergence of the fourth order.

REMARK 2. Applying JOVANOVIC'Smethod (4) to T(z) we obtain

i.e.
4>t(z)=z-H(z)-t e(z),

where the elements of matrix H(z) = Ilh011 are determined by

1 m ej 1 e.
h 1" hij=- ~ (i,Fj).

ii= +2.L.
l

Zi-Zj' 2 Zi-Zj
J=
Ni

ExAMPLE 2. The accurate zeros of polynomial

P(Z) = zS-(3.2 + 3.9 i) z4-(13.83-1.61 i) Z3+ (9.83 + 29.99 i) Z2

-(3.63 + 14.79 i) Z + (29.43 + 49.09 i)
are

zl=1.7+1.1;, z2=4.5+2i, z3=-3, z4=-i, zs=1.8i.

Starting with approximate values

Zt (0) = 1 + i, Z2 (0) = 4 + 2.5 i, Z3(0)= -2 + 0.5 i, Z4(0) = 0.5-1.1 i, Zs(0) = -0.2 + 2.2 i,
and using formula (10), we have

Zt (I) = 1.86594010 + i 1.16539200,

Z2 (1) = 4.48809503 + i 1.97590059, .

Z3 (1) = -3.13623734 + i 0.25103344,

Z4 (1) = -0.09598915-i 1.07210234,

Zs (1) = 0.07819136 + i 2.08184318,

Zt (3)= 1.69999987+ i 1.09999987,

Z2 (3) = 4.50000000 + i 2.00000000,

Z3 (3) = -2.99999999-i 0.00000000,

Z4 (3) = -0.00000003-i 1.00000000,

Zs (3) = 0.00)00014 + i 1.80000000,

Zt (2) = 1.70313403 + i 1.09663271,

Z2 (2) = 4.50008890+ i 1.99997626,

Z3 (2) = -2.99977371-i 0.00297130,

Z4 (2) = -0.00219258-i 1.00216835,

Zs (2)
= -0.00125665 + i 1.80853067,

Zt (4) = 1.69999999 +; 1.10000000,

Z2 (4) = 4.50000000 +; 1.99999999

Z3 (4) ~ -3.00oo0000-i 0.00000000,

Z4 (4) = -0.00000000-; 0.99999999,

Zs (4)= -0.00000000+ i 1.80000000,

It can be concluded from the results obtained that aU zeros are determined with ac-
curacy of 10-8.
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