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470. A METHOD TO ACCELERATE ITERATIVE
PROCESSES IN BANACH SPACE*

Gradimir V. Milovanovié

1. Let X be a BANACH space, T: X—X and let the sequence
) U,,,=Tu, (n=0,1,2,..))

converge to a—X. Let U be a convex neighbourhood of the limit point a. The
iterative method (1) is of order k if
@ |Tu—alj=0([u-alf)  @EU).

If the operator T is k-times differentiable in FRECHET’s sense on U, then
the iterative method (1) is of the order k if and only if the following condi-
tions are satisfied:

1° Ta=a;

3 2T ;a), T é,',) s ... TSP are zero operators;
3T f’,f)) is non-zero operator, with a norm limited on U (see [1]).
In [2] the following result is given.

Let (1) be an iterative method of the order k. Let the operator T:X—X
be k-+1-times differentiable in the sense of FRECHET in the convex neigh-

) ’ —1
bourhood U of the limit point a, and let an inverse operator |[I —~IIC—T(,,)]
exist when ©cU. Then ' '

;-1
@ oy =¥ty =ty [T Tl | =T,

is at least the iterative method of the order k- 1.
A fundamental disadvantage of this procedure lies in finding an inverse

’ -1 . . . . .
operator [I —-;—T(,,)] , which is in majority of cases very complicated.

For a similar purpose an iterative process, not needing the existence of
an inverse operator, is given in the present paper.

* Presented October 30, 1973 by D. D. ToSi¢ and M, PRESIC.
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68 . G. V. Milovanovié¢

Theorem. Let (1) be an iterative method of the order k(=2) and let the opera-
tor. T:X— X be k+ 1-differentiable on U in Fréchet’s sense. Then

(5) ", =®u,—= Tun—-llgT;un) w,—~Tu) (n=0,1,2,..)

is at least the iterative method of the order k + 1.

Proof. Let ucU. Combining TAYLOR’s formula and conditions (3), we have

14 1 k
(”)zk—?TEa; u—a, ..., u—a)+Wia, u—a),
—1) [ S S ——
( ) k—1 times
©)
Tu=a+%Tg,f)'(u—a, e, u—a)+w(a, u—a,
’ k times

where

W@, u-a)|=0(u—a ), [wau-a)l=0([u-al),

By using TE,,) and Tu from (6) we may rewrite the formula (5) in the form
<I>u—a:Tu—a—%T£,,) (u—a)+ %Téu)(Tu—a)

=w(a, u—a)——% W(a, u—a) (u—a)+%T£u)(Tu—a),
from which if follows

|@u—ali=]w@ u-a)+ W@ u-a)|-|lu=a]+--|Tw|-I|Tu-al.

Finally, from the relation (2) and equality HTE,,)H:O(Hu—aHk—l), at
k=2 we obtain ‘
| ®u—all=0([ju—al*,
so that the Theorem is proved.

ReMaRK 1. The formula (5) can be obtained from (4) if in expansion
s ]—1 > <1 , )i
I—T = — 711,
[ P i;) kW

' i 1
which is convergent for [{T(u)1[<k, we keep only two first members, ie. [ +—k— Tzu). The ot-

her members do not influence the order of convergence at k=2.

ExaMPLE 1. Let X and Y be BANACH spaces F:X-—Y an 0 be a zero-vector of a space Y.
If we use NEwTOoN’s method of the second order

1
Q) Un = Tuy= ”n—F(un) Fuy,

to solve the equation Fu=0, applying the formula (5), we obtain an iterative method of the
third order, given by u,,,=®u, ®=0,1,2,...), where

1
!_1 r—1 ’r 1 I_l
Qu-u—F g Fu— Fy' F, (Fo' Fu, Fi' Fu).

Using the same method many times we easily obtain the iterative formulas of the forth
or higher orders.
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2. Let us now consider the polynomial
®) P(zy=z"+a,z" '+ ... +a, z+a, (4,c0),

the zeros of which z; (i=1, 2, ..., m) are mutually different.

PrESIC’s method [3] for simultaneous finding of all zeros of polynomial
(8) is given by

9) s+ D)=z —e(z(w)) @=0,1,2,..),
where the following notations are introduced

!
sz |ies

N P TTires
A, €= o’ 0(2) 11;[1(2 zj). ‘

Zm| '

With regard to the fact that the iterative process (9) is of the second
order, we may come to the iterative process of the third order using the given
method.

By differentiating T (z)=2z—e(z) we obtain

’ 9 i
'@ =ty = |8 =57,
Zj
where
()ei P’(Zi) P(Zi) i 1 08,’ P(Zi) 1 . .
i . — R = 1#£7]),
oz; Q'(z) Q(z) 2 zi—z o0z; Q(z)z—z ()
J#i

and J,; is KRONECKER’s delta.

Since P(z)— Q(z) is the polynomial of lower order than m and Q(z)=0
(i=1, 2, ..., m), then on the basis of LAGRANGE interpolation formula

P()-Q0(2)= Q(Z)Z(z—z)(g(z)

From

) ) nPE)
E{P(Z)_ Q@) }mzi = [ (Z) z (z—z) @’ (ZJ)]z=z

we obtained

Q) Q@) Sa—y S GE-pQE)]

J#i J#i

_PE) P@ I 1L PE)

hence we may conclude that the elements of matrix 7'(z) are determined by

m

€j €; . 4.
tii= — z 1 5 t,'j= - (l'—lé])
j=1%i—% Zi—Zzj
J#i

Applying (5) to T(z) we obtain
@ (z)= T(z)—%T’ (@) =T (@) =2—e@+5 (),
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where
s g
. (4] .
s@=I.|, s;=¢> —Z- (i=1,2,...,m).
. j=12Z;j—2zj
Smll| J#Ei

Thus, the corresponding iterative process of the third order is
S
j=1 zi(n)—z (n)

J#i

(10) z,.(n+1):z,.(n)—e,.<1_ )(i=1,2,...,m; n=0,1,...).

Let us mention that formulas (10) are determined in {4] in another way.

By further application of method (5) to (10) it is possible to obtain an
iterative process with convergence of the fourth order.

REMARK 2. Applying JovaNoviC’s method (4) to T (z) we obtain

—1
D, (2)- z—{ 1——;— T’(z)] (z—T@),

i.e.
D, (z)=z—H () 'e(2),

where the elements of matrix H(z)=||h;|| are determined by

12 g 1 &
hijij=1+—
2 jgl
J#i

(i#)).

b l]
71—z 2 zi—z;

ExampLE 2, The accurate zeros of polynomial
P(z)=2"—(3.2+3.9i) z¢—(13.83—1.61i) z* + (9.83 + 29.99 i) 2*
—(3.63 +14.79 i) z + (29.43 + 49.09 i)

are
zy=17+11i, z,=45+2§, z,=-3, z,=—i, z,=18i
Starting with approximate values
z,0)=1+i, z,(0)=4+25i, z,0)=—2+05i, z,(0)=05—1.17, z,(0)=—0.2+2.2/,

and using formula (10), we have
z, ()= 1.86594010+i 1.16539200,
z,(1)= 4.48809503 +i 1.97590059,

z; (2)=1.70313403 +/ 1.09663271,
z,(2)= 4.50008890+ i 1.99997626,

2z, (1) = —3.13623734 + 0.25103344,
z, (1) = —0.09598915—i 1.07210234,

z; ()= 0.07819136 +i 2.08184318,
z,(3)= 1.69999987 +i 1.09999987,
z,(3)= 4.50000000 + 7 2.00000000,

z; (3) = —2.99999999— 0.00000000,
z, (3) = —0.00000003 —; 1.00000000,
zs(3)=0,00200014 + 7 1.80000000,

2, (2) = —2.99977371—7 0.00297130,
7, (2) = —0.00219258 — i 1.00216835,
2 (2) = —0.00125665 + i 1.80853067,

z, ()= 1.69999999 + i 1.10000000,
z,(4)= 4.50000000 + i 1.99999999
z, (4) = —3.00000000— i 0.00000000,
z, (4) = —0.00000000— i 0.99999999,
z, (4) = —0.00000000 + i 1.80000000,

It can be concluded from the results obtained that all zeros are determined
curacy of 108,

with ac-
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