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416. ON GENERALIZED BOURGET'S FUNCTION*

Radovan R. Janie and Zarko Mitrovie

1. In the book [1], BOURGET'Sfunction Jk,m (x) is defined by means of
1t

Jk m (x) = J- J(2 cos 6)mcos (k 6 - x sin 6) d 6,. 7r
o

where k is an integer and m a natural number.
In paper [2] K. GOROWARAproved that the generating function for

Jk.m (x) is given by
+00

(t+t-l)meXp
~

(t-t-l)= 2: Jk.m(x)tk.
k= - 00

(1.1)

BESSEL'Sfunction of the first kind of the entire index k of n arguments
Jk (Xl' ..., Xn) was defined by M. AKIMOV[3] as a coefficient of tk in the
development

(1.2)
n +00

exp 2: ~ (tr - t-r) = 2: Jk (Xl' . . ., Xn) tk.
r~l k=-oo

2. In this paper we shall define BOURGET'Sfunction of the entire index k of n
arguments Jk.m (xl' ..., xn) and we shall derive some formulas for it.

BOURGET'Sfunction Jk.m (Xl' ..., xn) is a coefficient of tk in the following
development

(2.1)
n n .X +00

G (t) = II (t' + t-r)m exp
2: 2r(t' - t-r) = 2: Jk. m(xi' ..., xn) tk.

r~l r~l k~-oo

Starting from (2.1) and (1.1) we have

(2.2)
n-l n-l + 00

II (t' + t-r)m exp
2: ~ (t' - t-r) = 2: Jp.m (Xl' . . ., Xn-l) tP,

r=l r=l p~-oo

(2.3)
x +00

(tn + t-n)m exp 2n(tn - t-n) = 2: Jq,m (Xn) tnq.
q~-oo
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Multiplying (2.2) and (2.3) term by term and comparing it with (2.1)
we get

(2.4)
+00 +00 +00

2: Jk,m (Xl' ..., Xn) tk = 2: 2: Jp,m (Xl' ..., Xn-l) Jq,m (xn) tp+nq.

k=-oo p~-oo q=-oo

If we put p + nq = k in (2.4) and equate coefficients of tk, we obtain

(2.5)
+00

2: Jk-nq,m (Xl' ..., Xn-I) Jq,m (Xn)'
q~-oo

Iterating the above procedure we arrive at the following formula

(2.6)
+00

Jk,m (xl' ..., Xn) = 2: ...
+00

2: Jk-'A,m (Xl) Jq2,m (X2)' . . Jqn,m (xn),
qn=-oo

n
where A= 2: rqr'

r=2
If we substitute in (2.1) t by t-I, we have

G (t-I) = D
(tr + t-r)m exp (-

rt
~r(tr- t-r)),

wherefrom follows

According to

n
G (t) = G (t-I) exp 2 2:

Xr (tr - t-r).
r~1 2

(1.2)

(2.7)

n
X

+00

exp 2
2: 2r (tr - t-r) = 2: Jk (2 XI' ..., 2 xn) tk,

r=1 k=-oo

::0 that (2.7) becomes

(2.8)
+00 +00 +00

2: Jk,m(xp""xn)tk= 2: 2: J-p,m(Xl'""xn)Jq(2xl'".,2xn)tp+q.
k~-oo p~-ooq~-oo

Putting p + q = k in (2.8) and equating coefficients of tk in (2.8),
we obtain

+""
2: J -p,m (xl' ..., xn) Jk-p (2 xl' ..., 2 xn),

p=-oo

I.e., substituting p by - p,

(2.9)
+00

2: Jp,m(xl' ..., xn)Jk+p(2xl' ..., 2xn)'
p~-oo

3. If xm is substituted by xm+Ym (m= 1, ..., n) in (2.1), we obtain
n n +00

(3.1) I1(tr+t-r)mexp 2:Xr:Yr(tr_t-r)=
2: Jk,m(xl+Yl' ..., xn+Yn)tk.

r~1 r~1 k=-oo
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On the other hand we have

(3.2)

+00

= L Jp,m(xI' ..., xn) tP
p=-oo

+00

L Jq(y1, ..., yn)tq.
q=-oo

Comparing (3.1) and (3.2) we find

(3.3)
+00

L Jk.m(XI+YI' ..., Xn+yn)tk

k=-oo
+00 +00

= L L Jp,m(XI' ..., xn)Jq(YI' ..., Yn) tp+q.

p=-oc q=-oo

If we put p+q=k in (3.3) and equate the coefficients of tk, we obtain

(3.4)
+00

Jk,m (XI + Yl' ..., xn + Yn) = L Jp,m (xl' ..., xn) Jk-p (Yl' ..., Yn)'
p=-oo

We now start with

(3.5)
n n

TI (tr + t-r)m+s exp L Xr; Yr (tr - t-r)

r-I r-I
n n n n

= TI (t' + t-r)m exp L ~r (t' - t-r) TI (t' + t-r)S exp L ~r (t' - t-r)
r~1 r-I r=1 r=1

+00 +00

= L Jp,m (xl' ..., xn) tP L Jq.s(YI' ..., Yn) tq.
p=-oo q~-oo

If m is substituted by m + s in (3.1) and the obtained result compared
with (3.5), in the same way -as above, we conclude that

(3.6)
+00

Jk,m+s(xI +Yl' ..., xn+Yn)= . L Jp.m(xl' ..., xn)Jk-p,s(YI' ..., Yn)'
p=-oo

4. If (2.1) is differentiated with respect to x;(i=I,..., n) we obtain

which, upon rearrangement, yields

(4. I)
+00 +00

L Jk,m (XI' ..., xn) tk+;
- L Jk,m (xl' ..., xn) tk-;

k--oo k~-oo
+00 0

=2 L -Jk.m(xI' ..., xn) tk.
k=-oo OX;
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Comparing the coefficients of tk in (4.1) we have
.

iJ
Jk-i,m (xl' ..., xn) - Jk+i,m (xl' ..., xn) = -;;- Jk,m (xl' ..., xn).

UXi
(4.2)

If we differentiate (4.2) with re~pect to Xj(j= 1, ..., n), we obtain

4
iJ2Jk, m

= Jk . . - Jk . . - Jk . . + Jk . .
OXiOXj

-l-J,m -l+],m +l-J,m +J+J,m'(4.3)

where Jk.m =Jk,m (Xl' ..., x,.).
U sing induction we may prove that

(4.4)

5. Starting from (2.1) we have

n n xr +00

TI(t' + t-r)m+ 1 exp
2: 2 (t' - t-r) = 2: Jk,m+l (xl' ..., xn)tk.

r~1 r=1 k=- 00

The left-hand side of this equality may be written in the form

n +00

TI(t' + t--r)
2: Jp,m (xl' ..., Xn) tP,

r=1 p=-oo

so that we have

(5.1)
n +00 +00

TI(t'+t-r) 2: Jp,m(XI' ..., xn)tP= L Jk,m+l(XI' ..., Xn)tk.
r=1 p=~oo k=-oo

Since

fr (tr + t-r)
= fI 1 ::2r = t-S

(
1 + t2 + t4+ 2 ~~

t2i + t2s-4+ t2s-2 + t2S)r~1 r=1 1=3

s-3
=t-s+t2-s+t4-s+2 L t2i-S+ts-4+tS-2+ts,

i=3

where s = 1+ 2 + . . . + n, according to (5.1), we have

(5.2)
+00

2: Jk,m+1 (Xl' ..., xn) tk

k=-oo

+ 00

(
. s-3

.,

)=
p~~oo

t-S + t2-S + t4-s + 2
i~

t2i-s + ts-4 + ts-2 + tS tP Jp,m(xl> ..., xn).

Equating coefficients of tk in (5.2) we obtain

(5.3)
s-3

Jk,m+l = Jk+s,m+Jk+S-2,m+Jk+s-4,m+2 L Jk+s-2i,m
i=3

where 2s=n(n+1).
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6. The coefficient Ik,m (Xl' ..., xn) of tk in the development

n n +00

I1 (tr + t-r)m exp L ; (tr + t-r) = L Ik,m (Xl' ..., Xn) tk
r~l r~l k~-oo

will be called modified BOURGET'Sfunction of n arguments.
For modified BOURGET'Sfunction Ik,m (xl' ..., xn) formulas similar to

(2.5), (2.6), (2.9), (3.4), (3.6), (4.2), (4.4) and (5.3) may be deduced, some of
them being the same.

We may aI:o define the functions Jk,m (xl' ..., xn) and Ik,m (xl' ..., xn)
as coefficients of tk in the developments

n n +~

I1 (tr -
t-r)m exp L ~r (tr - t-r) = L Jk,m(Xl' ..., Xn) tk,

r~l r=l k=-oo

n n +00

I1(tr-rr)mexp L ~r(tr+t-r)= L Ik,m(Xl' ..., Xn)tk.
r~l r~1 k~-oo

We may also consider similar functions generated by

n n

I1 (t' + t-r)m exp L Xr
(t' + ( - 1)' t-r);

r=1 r~1 2

n n

I1 (tr + (- 1)' t-r)m exp L ~(t' + rr);
r=1 r~1

n n

I1 (tr + (- 1)' t-r)m exp L ~r
(tr + ( - 1)' t-r),

r~l r~1

etc.

Results similar to the previous ones may be deduced for these functions.

** *
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