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416. ON GENERALIZED BOURGET’S FUNCTION*
Radovan R. Jani¢ and Zarko Mitrovi¢

1. In the book [1], BOoURGET’s function J, , (x) is defined by means of
e, m (%) = —l—f (2cosO)™cos (kB —xsin6)do,
T
0

where k is an integer and m a natural number.

In paper [2] K. GOrROWARA proved that the generating function for
Ji,m (x) 1s given by

o0
1.1) (t+t7Hym exp_’z‘_(t_t—l)= > Tim ) 15,
k=—w
BesseL’s function of the first kind of the entire index & of »n arguments
(x4, ..., x,) was defined by M. AxiMov [3] as a coefficient of 7£ in the
development
n + o0
(1.2) exp > I —1)= > (%, ... X) I
=12 k=—w
2. In this paper we shall define BOURGET’s function of the entire index k of n
arguments J, ,(x,, ..., x,) and we shall derive some formulas for it.
BouraGer’s function J, ,, (x,, ..., x,) is a coefficient of #* in the following
development
n n . + o0
2.1 G(t)=H(t’+t“')mexpz~;1(t’—t")= S Jem iy s XY
r=1 r=1 k=—o
Starting from (2.1) and (1.1) we have
n—1 n—1 x - 00
2.2) [I@+tmexp 5 (=t = 3 Jppu(Xp ooy X )8
r=1 r=1 2 p=—o
+ o
(2.3) @y exp (=t = Sy (%) 1.
g=—o

* Presented March 16, 1973 by S. K. CHATTERJEA.
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Multiplying (2.2) and (2.3) term by term and comparing it with (2.1)
we get

+ o0

+ + o0
QA D Jemxs s XY= S S T (s ey X)) Ty () 225,

=00 p=—® g=—x

If we put p+ng=~k in (2.4) and equate coefficients of 2%, we obtain

+ oo
(25) Jk,m (xl’ MR xn) = z Jk—nq:m (‘xl’ et xn—l) Jq,m (xn)'

Iterating the above procedure we arrive at the following formula

+ o -+ o0
(26) Jk,m(xl’ e xn)= Z ot z Jk-l,m(xl) qu,M(xz)‘ : 'an,m (xn)’

qp=—® qdn=—®
where A= Z rq,.
r=2
If we substitute in (2:1) ¢ by ™1, we have

Gt Y=T t'+t—’mexp(— S t’—t"),
(G r|=|1( ) Zl 2( )
wherefrom follows’

_ =G Hexp2 S X —r7).
2.7 G(O)=G( Hexp ;2( )
According to (1.2)

n + o0 s
exp 2 Z%’(t’~t")= S o T@xps s 2x) 185
r=1

K=—o0
co that (2.7) becomes

+oo + + o0
(28) 3 JimCrps XY= S S T (s s %), 2%, L, 2X,) 1979,

k=—o0 p=—0o g=—00

Putting pi-g=k in (2.8) and equating coefficients of % in (2.8),
we obtain

+oo
Tem@rs oo )= > TG oos XYy 2%y, -ty 2X,),

p=—o

i.e., substituting p by -p,

+o :
29) T oo, x)= Z Joom X5 oo X) iy (2Xy, -0y 2X,).

p=—o

3. If x,, is substituted by x,+y, (m=1, ..., n) in (2.1), we obtain

n n -+ oo
B.1) T +tmexp z.’i;-y—'(zr—z—r)= S Tim Gt Yys s X, EY) R
r=1 r=1

k=—o
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On the other hand we have

(3.2) [ +rmexp > i;_y (tr —t7r)
r=1

r=1

n n n
=] @ +t7")y"exp z i’(t’ —t7")exp z Ir (-t
r=1 r=1 2 r=1 2

-+ %o + 0
= > JmGp s XD (s e, Y)Y

p=—10 g=-—2¢

Comparing (3.1) and (3.2) we find

+ o0
3.3) > Jem Gty s Xy, 1

k=—o0

z z Jpom Xy ooy X) T (Pys -y o) 2274,

pP=—00 g=—00
If we put p4-g=k in (3.3) and equate the coefficients of z*, we obtain
+ o ’
B Tem Gty o X% )= D T (s s X) Ty (Vs s P
p=—o0

We now start with

n n
3.5 J[er+tTymrrexp S i;_y.r(tr_ )
r=1 r=1
_JJ@r+erymexp S %’(t’ [+t exp > —;f(t' —t)
r=1 r=1 r=1 r=1

+ 0 + =
Z Jp,m(xl’ MR n)tp z Jq,s(yl’ v yn)tq'

p=—mw g=—o0

If m is substituted by m+s in (3.1) and the obtained result compared
with (3.5), in the same way "as above, we conclude that

(36) Jk,m+s(x1+yl’ LR ] x +yn)" Z ,m(xl’ DR 4 xn)Jk—p,s(yl’ e yn)

p=—o0

4. If (2.1) is differentiated with respect to x;(i=1, ..., n) we obtain

z r —rym < Xr (4r r ti—t-f 2o k
[T @+t )mexp Z—t—t ) = 2 om0 x5
_ r— 2 2 k= — o0 0Xi
which, upon rearrangement, yields
+ Py + oo Fy
4.1 S Jem G e )= S T (R ey X)) 2R
k=—o k=—o0
=2 z ———Jk’m(xl, ey X,) 2R
k—-—-oo

3 Publikacije Elektrotehnitkog fakulteta



34 R. R. Jani¢ and Z. Mitrovié

Comparing the coefficients of 7% in (4.1) we have
9
(42) Jk—i,m(xl’ cets xn)_']k+i,m (xl’ e xn)=;c—_']k,m (xl’ cees xn)'
1

If we differentiate (4.2) with respect to x;(j=1, ..., n), we obtain

02 Jy,
(4'3) 4;)—x_;;m:‘]k—i—j,m_Jk—i+j,m_‘,k+i—j,m+Jk+i+j,m’
. io4y -
where J, . =J (X, ..., X,).

Using induction we may prove that
(4.4) 2p"_’;i_':»pﬂ=Jk_,p,m_(fl’)Jk_,(,,_z),m+ D
5. Starting from (2.1) we have
l—jl(t’—l—t")"‘“expé:l—;—r(t’—t")=k:§w Temes Gs oo ey x)EE,
The left-hand side of this equality may be written in the form
Inll(”“"') S TG s X1
=

p=—o0

so that we have

n + oo + &
S JIE+t) 3 TG o XY= > T (s s X)) 2R

r=1 p=r—0o . k=—o

Since

g o i 2.5 44 S a0 p2s-a7 p25-2 4 g2

[T +t)=1]1 =17 (1240442 H 2 g2 dp 1292 ps
r=1 r=1 tr i=3
-3

=152 AT ZSZ PHS psmp 5T 2 g,
=3

where s=1+24 ... +n, according to (5.1), we have

+ o0
52 3 Temer Gir s X

k=—o0

400 ¢ s—3 n
— Z (t—s+t2—s+t4—s+2 Z t2i—s+ts—4+ts—2+‘ts) thp,m(xl’ cees xn)_
i=3

p=—o0
Equating coefficients of ¢* in (5.2) we obtain
s—3

(53) Jk,m+1 = Jk+s,m'i"]k+s—-2,m+Jk+s——4,m;*'2 Z Jk+s—-2i,m
i=3

+Jk—s+4,m+ Jk-—s+2.m +Jk—-s.m!
where 2s5=n(n+1). ’
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6. The coefficient 7, , (x;, ..., x,) of t* in the development

n n -+ oo
[T +ymexp S %(t’ FON) = S Lo (Xy, oo, x,) 10
r=1 r=1 k=—o0

will be called modified BOURGET’s function of n arguments.

For modified BourGer’s function I, . (x,, ..., x,) formulas similar to
(2.5), (2.6), (2.9), (3.4), (3.6), (4.2), (4.4) and (5.3) may be deduced, some of
them being the same.

We may al:o define the functions Ji, . (x,, ..., x,) and Liom (X5 .. X,)
as coefficients of t* in the developments

n B noy B to
[T =nmexp 3 2@ == S Thn(x, ons 505,
r=1 r=1 k=—o
n n oy
H (tr . t—r)m exp Z ?’(tr_!_ t—r) —_
r=1

r=1

to
Z Lo (X, ..., X,)t5.
k=—0o0

We may also consider similar functions generated by

[1@ +)mexp 3 %'(zr +(=Drey;
r=1

r=1

n n
[T +(=Dreymexp S %’- (@t +n);
r=1 r=1

[L+(=Dremmexp 3 2@ +(= e,
r=1 r=1
ete.

Results similar to the previous ones may be deduced for these functions.

*
* *

The authors wish to thank Professor S. K. CHATTERJEA for useful comments
and suggestions.
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