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414. CEBYSEV INEQUALITY FOR CONVEX SETS*

Petar M. Vasic and Radosav Z. Dordevic

Theorem 1. If A = (Ap ..., An) and B= (Bp ..., Bn) are two real sequences
such that

or
Al ~ . . . ~ An

then the following inequality holds

(1) Tn (A, B; P) ~ Tn-I (A, B; P)

where
n n n n

Tn (A, B; P)= L Pi LPiAiBi- L PiAi L PiBi
i=1 i=1 i=1 i~1

and P = (PI' .'" Pn) is a positive sequence.
Equality in (1) holds if and only if Ai = An UEIC {I, ..., n}),

Bj=BnUE{l, ..., n}\f) while AiUE{l, ..., n}\I) and BjUEI) are arbitrary.

Proof. The statement of the Theorem 1 follows immediately from the
following identity

n n n n

Tn (A, B; P) - Tn-l (A, B; P) = L Pi L Pi Ai Bi - L Pi Ai L Pi Bi
i~1 i=1 i~1 i~1

n-l n-l n-I n-I
.

- " p.
" P.A.B+" P.A." P.B.

'~I" I ~ IlL., II
i=1 i~1 i=1 i~1

n-l n-l n-l n-l

- " p.
" P.A.B.+" P.A." P.B.

1L.., I I I ~ IlL., I I
i~1 i~l i~l i=1

* Presented May 5, 1973 by D. S. MITRINOVIC.
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n-I
=Pn 2: P,(Aj-An)(Bj-BIl)'

j~1

REMARK 1. The proof of Theorem 1 is analogous to the proof of inequality 3.2.28 in [1].
Inequality 3.2.28 is a particular case of inequality (1) (for P1 =.,. =Pn~ 1).

REMARK 2. Since T1(A, B; P) = 0 and

Tn (A, B; P)~Tn-l (A, B; P)~... ~T1 (A, B; P)=O,

we have

(2)
n n n n

"
p.

" P.A.B.- "
P.A.

" P.B.>OI ~ I I I .L.. I I ~ I 1= .
j~1 j=1 j=1 j~1

Inequality (2) is the well-known CEBYSEVinequality.

Theorem 2. If a = (ai' ..., an) and b = (bl, ..., bn) are two real sequences
such that

o = al ~ . . . ~ an,

aj -I - 2 aj + aj
+ I

;;;; 0
(i= 2, ..., n - 1),

bj-I-2bj+bj+1~0

then the following inequality is valid

(3) Cn (a, b; p) ~ Cn-l (a, b; p),

where

Cn (a, b; p)
=L~I

pj(i- I)}
2

j~
Pj ajbj-

j~
Pj (i -1)2

j~ pjajj~1 pjbj

and P = (PI' ..., Pn) is a positive sequence.
Equality in (3) holds if and only if at = . . . = an, bl = . . . = bn.

Proof. On the basis of

(i = 2, ..., k - 1;
we have

and
(i-I) (aj_I-2 aj+ aj+l) ~ 0 (i = 2, ..., k - 1; 3 ~k~n)

k-I

2:
(i-I) (aj_I-2aj+aj+l)

j=2

= at + (k - 3) ak-I - 2 (k - 2) ak-I + (k - 1) ak ~ 0,
I.e.,

(3 ~k ~n).

Simi]arly,

(3~k~n).
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Therefore, the sequences
C~I),-2' ...,

nand
C~Jr=2' ..., n

are nondecrea-

sing and nonnegative and consequently ( arbr

2) is nondecreasing.
(r-I) r=2,...,n

If we put

Pj=pj(i-l), Aj=i-l, B.=
ajbi

1
(i-I)2

and PI = Al = BI = 0, we have from (1)

(i= 2, ..., n)

(4)

since Pi' Ai, Bi satisfy the conditions of Theorem 1.

Similarly, for

P.=p.(i-l) A.=~, B.=~
1 1

, 1
i-I' i-I

(i=2, ...,n)

and PI = Al = BI = 0 we obtain from (1)

(5)
n n a.b. n n

LP.(i-l) LP'~- LP.a. LP.b.
i=2

1

i=2
1 i-I i~2

1
'i~2

1 1

n-l n-lb n-l n-l

~ L p.(i-l) L p.~- L p.a. L p.b..
i=2

1

i=2

1
i-I j=2

1
'j=2

I 1

By combining inequalities (4) and (5), we get

(6)

2*
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{
n-I n-I n-I n-I b }+Pn (n-l)
i~

Pi(i-I)
i~

Piaibi-
i~

Pi (i_1)2
i~

Pi ;~~ .

Since, according to the CEBYSEVinequality

n-t n-I. b n-I n-I

.LPj(i-l) .L Pi ~i i
- .Lp,ai .LPibi~O

i=2 i=2 1-1 j~2 i=2
and

it follows from (6)

(7)
{

n

}

2 n n n n

..LPi (i - 1)
.~ Pi ai bi - .~ Pi (i - 1)2

.~ Pi ai .~ Pi bi
,~2 ,-2 1-2 1-2 ,-2

{

n-t

}

2 n-I n-t n-I n-I

~ i~Pi(i-l) i~Piaibi-i~Pi(i--1)2i~Piai i~2Pib;.

Since al = bl = 0, C2 (a, b; p) = 0, from (7) we get

Cn (a, b; p) ~ Cn-I (a, b; p) ~ . . . ~ C2 (a, b; p) = 0,(8)

so that we can write

(9)
t~ Pj (i-l)f

i~
Pi ai bi ~

i~
Pi (i -1)2

i~/i
ai

i~
Pi bi.

Since, using the CEBYSEVinequality, we have

n

.LPi(i-l)2
i=1 1

(,~p,(i-l)r2 ,~p;

it may be concluded that inequality (9) is sharper than the CEBYSEVinequality,
provided that the conditions of convexity and nonnegativity for the sequences
a and b are added.
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