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413, ON SOME INEQUALITIES FOR CONVEX AND
g-CONVEX FUNCTIONS*

Petar M. Vasié and Ljubomir Stankovié

1. Let g:I*> —1 be a given function such that g(x, y)>0 for y>x(x, y&I). It
is said that f:7— R is a convex function on I if

(1.1) 8 (xy, x3) () +8 (x5, x) S (%) +8 (x5 X)) f(x3)=0

is valid for every x,, x,, x;&1 (x;<x,<x;) (see [1]).

Of particular interest are the g-convex functions satisfying g (x, y)+
+g(y, x)=0, because several properties of convex (in the ordinary sense)
functions may be associated with them. Hence, in this paper only those func-
tions g will be dealt with for which

g(x»)+g( x)=0 (= g(x, ) =h(x, »)—h(», x))
holds.
The inequality
f(x) + Sf(x) + S(x3) >0

g (X, ) & (xy, X)) &(%2, X)) 8(Xy5 X3) £ (x5, X)) & (x5, X))
is equivalent to (1.1), irrespective of the way in which the numbers x,, x,, x,
are arranged in (1.2) subject to the constraint x,7x,7x,%#x,.

Substituting

(1.2)

n
Xy =X;, Xp= > PrXg, X3=%, (x>0, x;&I)
K=0

in (1.2), we get

f( > kak>
(13) f(xi) - - k=0 -
g (x;, xo)g(xia > kak) g( > Pk xi)g( > P Xo)
k=0 k=0 k=0
+ /) =0 (i=1,..., n).

n
g(xo, xi)g<x0: Z kak)
k=0

* Presented May 5, 1973 by D. S. MITRINOVIC,
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If
(1.4) 2 (51 xo)g( i kxk) (=1,..., n)

we obtain from (1.3)

k=0

" Pig(xi, z kak>
(15) pfr)=—LECeX) ol < pcyp k=0 ]

n
( > PrXks xo) k=0 g("o’ > kak)

k=0 k=0

flxyy G=1,...,n).

By summing the inequalities (1.5) we find

2 Pig (X, Xo) . i Pig(xi’ i kak)
(1.6) zpf(x)n-’;—&f(zpkxk)*':‘ ().
A S S

k==0

Since g(x,, x,)=0, for

(1.7) g<xo’ > pkxk)7é0
k=0
we have

n
IZ¥ A RIS Z Pk'\’k>
=0
+ f(x())’

Pof(xo)~—p’om_f( Z kak) 2
k=0 g<x0’ z kak>
k=0

( >, PiXks xo)

k=0

which, when added to (1.6), yields

Z Pi& (Xi, Xo) .
“————f( > pkxk) l
( > P Xo) k=0

k=0

[

Pig (xz, > kak>

k=0

n
g (xo, > kak)

k=0

(1.8) zpf(xL

S (xo)-

Therefore, we have proved that:

Theorem 1. If the conditions (1.4) and (1.7) are valid, then for every g-convex
Junction f inequality (1.8) holds.

If we take g(x, y)=y—x, then g-convexity transforms into the ordinary
convexity, and (1.4) becomes

(1.9) (x,.—xo)< i ) xk—x,.)>0 ‘(i= 1, ..., n).
k=0 4 ‘
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In this case the inequality (1.8) reads:

" i PiXi— X, i pi . . 1—-.3 L7
(1.10) ZPJ@)§EL———ELJ(me%—n’ﬂM—ZpﬁJ@J
i=0

i=0 i=0
PiXi—X, Zpixi_xo
i=0

I

1

F. Giaccarpr [1] proved the inequality (1.10) under the assumptions
that f is a convex function and

(1.11) 0<x,<x,< S P, (i=0, 1, ..., n).
i=0

Condition (1.9) is weaker than (1.11).

2. Let us write
@1 P, x; f) =f( s p,-x,-)— s p,-f(x,-)—( -3 p,-)f(O).
i=1 i=1 i=1

If x,=0, the inequality (1.10) yields
(2.2) P,(p, x; /)=z0

provided that f is a convex function,

2.3) x,.(i pkxk—x,.>>0 (i=1,..., n
=1
and
2.4) > Pixe#0.
k=1

Evidently, the condition (2.4) is implied by (2.3) and hence 1t can the disregarded.

The inequality (2.2) is a particular case of this result under the condi-
tions that f is a convex functon, x,, ..., x,>0, p;, ..., p,=1 (see [2]) and M.
PETROVIC’s inequality (see: [3]):

@.5) 13 %)z 3 re—a-nso
i=1 i=1
where x,, ..., x,20 and fis a convex function.

From (2.1) we have

Pa (b, 33 1)=Pams 35 1) =1 5 x| g 2| paf () £,/ O)

For n=2, from (2.2), (2.3), we obtain

(26) f(pj -xl +p2 xz)_P1 f(xl) _pzf(xz)*(l _p1_p2)f(0) = 0

under the conditions

X, (g % +p, x,—x,) 20,
2.7

X, (Py X, + D, x,—x,) = 0.
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Substituting

n—1
Xy ™ Xps Xy > Z Pixys py—>Dps Dy —> 1:
i=1

from (2.6) we find
(2.8) P,(p,x; f)—P,_(p, x; /)20

provided that f is a convex function and

x, < > p,-x,.—x,,)>0,
i=1
2.9

n—1 n n—1 n—1
> b xi( DPix— > b xi) =Dp %, > P;%;>0.
i=1 i=1 i=1 i=1

Therefore, the following theorem is valid:

Theorem 2. If f is a convex function and if the conditions (2. 9) are valid, then
the inequality (2.8) holds.

REMARK. By iteration of the inequality (2.8), we arrive a1
Pp(p, x; NZPy-1(p, x5 NHNZ---2P(p, x; /)=0,
where f is a convex function and
k k—1
( > pixi— xk)>0 PrXk 21 pixi>0 k=1,...,n.
i=1 i=

This result is an improvement of (2.2).

3. N. LEVINSON [5] proved the inequality

n

> S > Prxk > prfQa—xy) > pfQRa—xy)
(3.1) k=1 —f k=nl < k=t _ —f k=1 _
Pe > > e > Pk

k=1 k=1 k=1

M=

k=1

under the assumption that /' (£)>0 for t£(0, 24), 0<x, <a, p;>0.
P. M. Vasi¢ and R. R. Jani¢ [6] proved, by taking into account the

n
supplementary assumptions p, =1 and S p,x, [0, g], that the inequality
k=1

(3.2 i DS () — i P f(2a—xy) -Z-f(i kak>—f(2a— i kak)
k=1 k=1 k=1

k=1

It

—(1 _ il pk) (F O —f (20))
k=
holds.
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Putting n=2 in (3.1) and substituting

n Z Dy Xp—X;
Xy D PeXps Xp—> X Py 1, pzeﬂ—— @i=1,..., n
k=0 Xi—X,
we find
33)  S)—fQa—x)z—"5 z », xk)
>, PrXg—X, k=
k=0
Z DPrxp—X;
50 (fCxp)—f(2a—x))
Z PrXe—%,
———;ixL—f(Za—zpkxk) (l=1,, n).
Z PrX—%, k=0
k=0

Therefore, after multiplication by p,>0, summation and addition of f(x,)—

—fRa—x,)=f(x)—f(2a—x,) to the corresponding sides of the resulting ine-
quality, we get

(3.4) zp,f(x) Eo”’f(z"_ )
E lx, xo i
_—p——z—p (f( S p,xx)—f(za— S o ))

Z PiXi—X,

i=0
i pi—1
e zp, x; (f(x)—f(2a—x,))
._Zopixi—xo i=0

subject to the conditions

(xi_xo)(ipixi'—xo>>0 @(i=1,..., n

i=0
and £ (t)>0 for t€(0, 24) and 3 p,x,E[0, .

Inequality (3.3) yields (3.2) for x,=0.
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4. Let f be a convex function of the second order for x< (0, 2a) and let
Xps -« ooy X,E&[0, a]. Then the inequality
(41) f(x) + Sf(x,)
(6, —x,) (x,—x3) (x;—xy) (x,—x;) (x,—x3) (x,—x,)
f(x3) + f(xa) =0

(63— x) (6—,) (—x)  (x4—x) (x,— %) (X—X;)

holds (see [4], pp. 15—17).

Upon substitution x; > 2a—x; (i=1,.... 4), wé/ c;btain from 4.1)
(42) ‘_f(z a_x1) -+ _f(2 a_xz)
Co—x,) (6, —x3) (x,—x)  (6—x;) (X, —x3) (x,—X,)
—f(2a—x;) i —f(2a—x,) > 0.

(ey—x1) (e3—x) (3—x,)  (ry—xy) (x,—x,) (x,—x3)
Replacing x,=a in (4.1) and (4.2) and adding the obtained inequalities,

we get
fx)—fRa—x,) f(xz)_f(z a—x,) f(xs)_f(z a—x;)

x,—a L x,—a . X;—a 0.
(2, —x,) (x,—x3) (x,—x)) (x,—x3) (X3—x1) (x3—X,).

v

Therefore, the function
o S D) —fQ2a—x)

X—a
is convex (order 1) on [0, a] and from JENSEN’s inequality we get
n n
2 Pk 2 Prxi
55— |2e—
. ., > P > b
(4.3) S S ) —f(a—xy) =S n k=1 - k=1 __ 7

Xj—a

n - n
Z Pyxp—a Z Pr
k=1 k=1

The inequality (3.1) does not imply the validity of (4.3), and vice versa.
This stems from the fact that the convexity of x+> g (x) does not mean

of necessity that x>E9 s also convex, and vice versa.
X—a
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