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389. ON THE NUMBER OF PSEUDOPRIMES ;=;; x*

Andrzej Rotkiewicz

A composite number n is said to be pseudoprime if n 12n- 2. Let P (x)
denote the number of pseudoprimes ;=;;x. K. SZYMICZEK[3] proved the fol-
lowing theorem:

If k is a natural number and x is sufficiently large, then

1
P(x»4 {logx+loglogx+... +Ioglog.. .Iogx}.

k times iterated logarithm

Here we shall prove the following much stronger theorem.

Theorem 2. P(x» 2 log2 x (Here log2 x denotes logarithm at the base 2.)
8

Definition. A factor m of 2n- I is said to be primitive if it does not divide any
of the numbers 2k-l, k= I,..., n-1.

Lemma. For every n>2, n=l=6 the number 2n- I has at least one primitive
prime factor of ,he form nk+l. For 221In1), n>20 the number 2n-l has two
primitive factors of the form nk + 1.

This Lemma follows from theorem of K. ZSIGMONDY[4] and theorem of
A. SCHINZEL[2].

Theorem 1. If n is a positive even integer =1=2, 4, 6, 8, 12 then 2n - 1 has at
least one primitive composite factor of the form nk+ 1. For 2211n, n>20 the
number 2n - 1 has at least two primitive composite factors of the form nk + 1.

Proof of the Theorem 1. We shall distinguish the following three C::lses:
a) 211n, n=l=2, 6 or 161 n.

n
Let 211n, n=j::.2,6. By our lemma the number 22 - 1 has a primitive

prime factor of the form ~ k + 1. Since 2{ ~ this prime factor is of the form
2 2

nk+ 1.

*
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r"llm means that r"'lm but r"+l{m.
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n

If 161 n then by lemma the number 22 - 1 has a primitive prime fac-
n

tor p of the form -k+ 1.
2

p-l
Since 81 ~ the number 2 is a qU:ldratic residue mod p. Thus p \22 - 1 .

n

Since p is a primitive prime factor of 2"2- 1, thus ~ IP-l , hence p is of the
form nk+ 1. 2 2

n

Thus in both cases (211n, n -=1-2,6 or 161 n) the number 2"2- 1 has a prime
factor of the form nk + 1.

If we multiply this prime factor by a primitive prime factor of the
number 2n - 1 we get a composite primitive factor of the form 2n- 1, which
is of the form nk+ 1.

b) Let 2211n. If n = 20, then 341.41 is the primitive composite factor of
the nLmber 2n- 1, which is of the form nk + 1.

Let 2211n, n > 20. By lemma the number 2n - 1 has two different primitive
prime Lctors p and q of the form nk + 1.

01 the other hand, since 2211n, n-=l-4, 12 we have n=4(2k+l), where
k>1. The numbers

n n

24 -1 =22k+l-l, 22 -1 =22(2k+1)-1

have prime factors r=~ k1 + 1 and s=~ k2 + 1.
2 2

If 21 kj k2 then one of the numbers r, s is of the form nk + 1.
If 2{ kj k2, then 21 kj + k2 and the product rs has the form nk + 1. In

n

the both cases the number 22 - 1 has a factor of the form nk+ 1. Denote
this f.:.ctor by t. The numbers pt and qt are composite primitive factors of
the number 2n- 1. Both are of the form nk + 1.

c) 81n. Since n-=l-8 we have~=(2k+l)4, where k~1. For k=1 the
2

number 5 . 13 . 17 .241 =1 (mod 24) is a composite primitive factor of the number
2n-l=224-1.

n

Let k = 2, then 41 1220- 1 = 2"2- 1 and 41p, where p denotes primitive
prime factor of the number 240- 1, is a composite primitive factor of 2n- 1,
which is of the form nk + 1.

If k>2, then by our lemma the number 24(2k+l)
- 1 has two different

primitive prime factors r=~kj + 1 and s=~k2 + 1.
2 2

(f 21 kj k2, then one of the numbers r, $ is of the form nk + 1. If 2{ kj k2,
n

then 21 kj + k2 and rs is of the form nk + 1. In both cases the number 22"- 1
has a factor of the form nk + 1. If we multiply this factor by a primitive prime
factor of 2n - 1 we get a primitive composite factor of 2n - 1, which is of the
form nk+ 1.

This completes the proof of Theorem 1.
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Proof of the Theorem 2. Let x~ 1905. Let a denote the greatest positive
integer a such that 2 a ~ logz x and b donote the greatest positive integer b
such that 4 (2b - 1) ~ logz x.

Let us consider the following two sequences:

(1)

(2)

As it is easy to see every composite divisor of the number 2n-1 which
is of the form nk+ 1 is a pseudoprime number. Indeed, if nk+ 1 is a compo-
site divisor of 2n-1, then nk+112n-112nk_112nk+1-2 and nk+1 is a
pseudoprime number. We also see that every number of the sequence (2)
occurs in the sequence (1).

By Theorem 1 every number 2zc- 1, where c is any positive integer

~ ~ logzx, c* 1, 2, 3, 4, 6 has a primitive composite factor of the form 2 ct + 1
2

and every number 24(Zd-l) - 1, where d is any positive integer such that
4 (2 d - 1) ~ logz x, d

*
1, 2, 3 has two primitive composite factors of the form

4 (2 d - 1) t + 1.

Thus P(x)~a+b-8. But 2a>10gzx-2, hence a>log2x -1. Similarly
2

4 (2 b - 1) > log x - 8 hence b >
log2 X

- ~.z,
8 2

5 5
Thus P (x»-10gzx-1.5 - 8>-10gz x- 10.

8 8
From the proof of Theorem 1 it follows that any primitive composite

divisor of 2n - 1 which we obtain by applying the method given in this the-
orem is not divisible by any of the numbers: 3, 5, 7 with the exception of
the number 3.13.17.241. B'.lt ([1]) 10 numbers: 561 = 3.11.17, 645 = 3.5.43,
1105=5.13.17,1729=7.13.19,1905=3.5.127, 2465=5.17.29,2821=
7.13.31, 4371 = 3.31.47, 6601 = 7.23.41, 8911 = 7.19.67 are pseudoprimes.

5
Thus P(x»-logzx for x~8911. For 1905~x~8911 we verify The-

8
orem 2 directly.

This completes the proof of Theorem 2.
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