PUBLIKACIJE ELEKTROTEHNICKOG FAKULTETA UNIVERZITETA U BEOGRADU
PUBLICATIONS DE LA FACULTE D’ELECTROTECHNIQUE DE L'UNIVERSITE A BELGRADE

SERIJA: MATEMATIKAIFIZIKA — SERIE: MATHEMATIQUES ETPHYSIQUE

Ne 338 — Ne 352 (1971)

347. SOME CONTRIBUTIONS TO THE MEAN VALUE THEOREM*

Ivan B. Lackovié

0. In his paper [1] J. KARAMATA has generalized the theorem on mean values,
replacing the existance of the first derivative by the existance of the left and
right derivatives in the interval in question. Using these results, V. VuCkovi¢
[2] generalized, in the same way all the important consequences of LAGRANGE’s
theorem. All these theorems from [1] and [2] reduce to the usual theorems of
that type (i.e. the theorems exposed in [3]) if one supposes that the derivative
exists. The mentioned theorems refer to real functions.

In paper [4] S. REICH using DINI’'s derivatives, proved the following
theorem:

Let f be a function with the following properties: 1) f is continuous in
fa. b}, 2) the four DiNI derivaives of f are finite in (a, &), 3) f(a)=f(b).
Then either (@) thore exists ¢ ia (a, b) such that f+(c)=0 and f_(c)=0, or
(b) there exists d in (a, b) such that f,(d)=0 and f-(d)=<0.

The proof of this theorem is left out in paper [4], since it can be
found in [5].

In this paper we shall generalize FERMAT’s, ROLLE’s, LAGRANGE’s and
CAUCHY’s theorems analogously to [1] and [2]. These generalizations include
the mentioned theorem from [4], but in a new form.

1. In this paper we shall use the following definitions and results:

1.1. Let xz(k=1,...,n be real numbers with ¢=min (x;,..., x,) and
b=max (x;, ..., X,). Then any number ¢ € [a, b] can be represented in the form
t= > ey
k=1

where p,=0(k=1, ..., n) and where ipk= 1.
k=1

1.2. In [6] one can find the following definition: If for a function f for
some x € R there exist

lim D(x, k), lim D(x, k), lim D(x, ), im D(x, h),
h—0+ >0+ h—0— h—0—

* Presented November 1, 1970 by R. P. Boas and D. S. MrTrRiNOVIC.
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58 1. B. Lackovi¢

then we say that f has the upper right, lower right, upper left, lower left
derivative respectively in x, which we denote D*f (x) D, f(x), D°f(x), D_f(x),
ie. by D+, D,, D-, D_, if we know which point is considered. Besides, we have

D(x, h)zf(x'i'hlz—f(x) .

1.3. If f and g are defined on I R, then if the limit values
im f(x), lim f(x), lim g(x)

X =X xSy X—>2xg

exist when x — x, through 7, then

im (f(¥)+g @)= lim f£(x)+ lim g (x),

X=Xy X —» Xy X=Xy
lim (f(x)+g(x))= lim f(x)+ lim g(x).
X — Xy X —> Xy XX

2. The following theorem is a gencralization of FERMAT’s iheorem (sce, for
example [3]):

Theorem 1. Let f be defined in [a, b] and let [ have the derivatives D%, D,,
D=, D_ in (a, b). If f reaches its highest (lowest) value for r € (a, b) then there
are real numbers pp=0(k=1,2,3,4) where p,+p,+p;+p,=1, such that

oD f () +p, Do f (1) +p3 D™ f(r) +py D-f (r)=0.
Proof. Let f reach its minimal value in r € (a, ). Then
M [+h—f() =0
for all A£0 and &ll r+h € (a, b). Let h>0. Then

freh—=f0)
e

and, since D*, D,, D-, D_ exist, by 1.2. we see that
D f(n=0, D.f(r)=0.
For h<0, in a similar way we conclude
Dfr)=0, D_f(r)=0.
Since D_< D~ and D, =< D*, we have
D_f(N<Df(NSO=D.f(N<D[(r)

and therefore the interval [D_f(r), D*f(r)] contains the numbers 0, D—f(r),
D, f(r). According to 1.1. we can write

0=p D' f(1)+p, D.f(r)+p; Df (1) +ps D_f (1)

where pp=0(k=1, 2, 3,4) and p,+p,+py+p,=1. This completes the proof.
The proof. is analogous when f reaches its maximum in r € (a, b).
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Some contributions to the mean value theorem 59

The mentioned theorem from [4] is a consequence of Theorem 1, and
can be formulated in this way:
Theorem 2. Let

D f)ECw n; f(@=F),

2) derivatives D*, D,, D~, D_ exist for f in (a, b).

Then there exist real numbers p,=0(k=1, 2, 3, 4) with p,+p,+ps+p,=1,

so that ;
D f () +p2 Dof () +ps D f (1) + P D_f (1) =0
for some number r < (a, b).

This form of ROLLE’s theorem is a consequence of Theorem 1 and of
Theorem from [4] and is a generalization of the KARAMATA-—VUCKOVIC type.

LAGRANGE’s theorem is a direct corollary of Theorem 2.

Theorem 3. Let

) f() €Cl, n,

2) the derivatives D+, D,, D~, D_ exist for [ in (a, b).

Then there exist r < (a, b) and real numbers p,=0(k=1, 2, 3, 4) with
Pi+py+py+py=1, so that

TOZLE _ b, D)+ p2Dof () + s DS @) +2,D—f (7).

Proof. Consider, as usual, the function
f
%) F@ =10 —f @—LOLO x—a)
From (2) it follows
F(x+h)—F(x) f&x+h)—f(x)_f®)—f(a)

h h b—a
for h+0. Using 1.3. we directly have
D+ F(x) - D+f(x)—f(bz'—f(a) ,
—a

D.F(x)=D.f 9—LO=1O,

3 :
D-F(x)= D=f () —LO=LQ,
D_F(x)=D_f (x) —flz:.i(_‘”

and, therefore, D*, D,, D-, D_ exist for F(x) in (a, b). Since F(x) is conti-
nuous by the hypothesis in [a, ] and since from (2) we see that F(a)=F(b)=0
according to Theorem 2 there exists r€(a, b)) and real numbers p,=0
(k=1, 2, 3, 4 where p, +p,+p;+p,=1, so that
O] DY F(r)+p, D F(r)+p, D~ F(r)+p,D_F (1)=0.
Multlplymg (3) by ps, addlng and using (4), the Theorem follows.

CAUCHY’s theorem can be proved in following, form:
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Theorem 4. Let
D f(x), §(x) €ECra vy, g@FL(),
2) the derivatives D*, D,, D—, D_ exist for f(x) in (a, b),
3) g'+ (x) and g (x) exist in (a, b),
4) 0&[g_, g4] or 0 [y, g1,
then there exists r € (a, b) and real numbers p,=0 (k=1, 2, 3, 4), with

Pitp+pstps=1,
so that
f®)—=f@ _ p,D*f()+p, D, f(r)+P; D= f () +ps D f(r) ]

g b)—g (@) (Pr+P) & (1) +(Pr+P) g4 ()

Proof. Introduce the function

(5) F(x)=f(x)—f (@) — f(b) f(a)

(g( )—8 (@)

F(x) is continuous in [a, b}, F(a)=F (b)=0. From (5) it also follows
Fx+h—F(x) _fx+BD—f(x) SfB)—f(a) g(x+MH—¢ ™)

6
© h h gb)—g @ h
From (6) it directly follows
DF(9)=Df ()~ L0~ o (),
(7) g)—¢g (@
b
D_F()=D_f()—LTE o (o),
by 1.3. In the same way we also get
b
DF@) =D f(x)— D=L ()

g (b—g(a)

Sfh)y—f(a)
X
g (b)— g()g +®

(8)
D, F(x)=D.f(x)—

by 1.3. On the other hand, according to Theorem 2 there exists rE(q, b) and
rcal numbers p, =0 (k=1, 2, 3, 4) with p,+p,+p;+p,=1, so that
% p1DYF(ry+p, Dy F(r)+ps D~ F (r)+p, D_F (r)=0.

Multiplying (7) and (8) respectively by p, (k=1, 2, 3,4) and adding, using
(9), the Theorem follows. -

3. Theorem 4 can be used to prove the following theorem which generalizes
the Lemma proved in [7]

Theorem 5. Let the followmg conditions be fulfilled for functzons fand g:
D) f(x), g(x)SCl, b] :
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2) there exists D*, D., D-, D_ in (a, b), so that
@ D" f(x) +q, D, f (x) +q; D~ f (x) + g, D_f (x)#0
Sfor all x€< (a, b) and all numbers q,; =20 (k=1, 2, 3, 4) with q,+q,+q;+q,=1,

3) g'+ (x) and g_ (x) exists for x€ (a, b) and r, g'+ (X)+ 18- (x)~0 for
all x€(a, b) and all ry=0 (k=1, 2) with r,+r,=1,

4) g (a)#g (b).

Then for all natural numbers m, there exist different points x, € (a,b) (k=1,...,m)
so that

fO—f@ _1 ﬁ 2D f(x) + P, D, f ) + P D~ £ () +p B D_ £ (x2)
g—g@ m“= (P, @+, g, (x) + (2 +p, ) g (x)

where p®=0 (k=1, ..., m; i=1,2,3,4) are some real numbers with
PP+ ® L p®Lp® =1 for k=1,...,m.

Proof. In the prove of the generalized theorem in [7] one uses the ordi-
nary CAUCHY’s theorem. The proof of this theorem is the same, except that
CaucHy’s theorem is replaced by the Theorem 4.

From Theorem 5 we obtain:
Theorem 6. If the conditions 1, 2, 3, from Theorem 5 are fulfilled for a function f,

then for every natural number m there exists real numbers x; S(a, b) (k=1, ..., m)
so that

1T m
SO —=F@=" 3. (p* D f(5) + 0D f (5 + P8 D1 (5 + PD_ (x2)

where p®) =0 (k=1,...,m; i=1,2,3,4) and p/®O+p,® +p,® + p® =1 for all
k=1,...,m.

Proof. In Theorem 5 put g(x)=x. g satisfies the conditions of the
Theorem 5. This comletes the proof.
A consequence of Theorem 6 is:

Theorem 7. If the conditions of Theorem 6 are fulfilled for a function [ and if
S (@) =f(b), then for every natural number m, there exist real numbers x;, € (a, b)
so that

2. (B{PD*£() + PP Dy () + PP D™ f (x2) + PP D_f () = 0

where p/®¥=0 (k=1,...,m; i=1,2,3,4) and p® +p,® +p,® 4 p B =1 for
all k=1,...,m.
*
* *

The author wishes to express his gratitude to Professor D. S MITRINOVIC
and Professor R. P. BoAs whose comments and suggestions have improved this paper.
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