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346. ON A FUNCTIONAL DIFFERENTIAL EQUATION*

Radomir P. Luci¢

Consider the equation with respect to the unknown function y(x)
1) ') = A@Y(f(x) + B(x)
where
(2) function f maps an open set D onto D.

Function f can be iterated in the following way
©) A =FQ) ooy D=L i @) .., (D =% (x € D)
where n is the least natural number for which the last relation (3) holds.

(4) Functions 4, B and f are n—1 times differentiable on D, and y is n times
differentiable on the same set.

The following example shows that there exists such a function f.
X, X € (—ow0, 0)U(n, + o),
f(x)=< x+1, xc O HUL, YU U (@B—2, n—1),
x—(n—1), x¢& (-1, n)
where D=(—o, ) U @O, 1) J-- - (m—1, 1) (# + o).

Introduce the notation g(f;)=g(fx(x)) for any function g.
In this paper we shal prove the following theorem:

Theorem. Egquation (1), for which conditions (2)—(4) hold, can be reduced a
linear differential equation of order n.

Proof. Differentiating (1) n—1 times, we obtain
V'xX)=A'y(/)+Ay' (/)" + B,

V@) =AY () + 24V () ]+ @y (N)f *+ Ay (NS + B,
) -

YA = gua (5 1) Y () - s YD),
PP = ga (% (s Y () seen s YOI, ().

*Presented November 10, 1970 by M. Kuczma and P. M. Vasi€,
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Using (1) and the first n—2 equations of system (5), by Gauss’ me-
thod we find

(6) Y®(f)=Re(x, ¥ (x), ..., y%D(x)) (k=0,1,...,n—2).
In virtue of (6), the last equation of (5) becomes
(7) YW (X)=Hypy (%, y'(X) 5 ..., y®D(x), y@=D(f)).
Replacing x by f(x) in the last but one equation of (5) we get
(8 YOO =81 (, y (2D, ¥ (D)5 - .o, Y P (), Y 2(f2))

Replacing x by f(x) in (6) for 0 <k <n—3, and substituting the obtain
results in (8) and (7), in virtue of (6), we have

y(n) (x):Hn—z (x’ y’(x)’ v y(n—l)(x), ym_z\(fz))'

Continuing this procedure, we obtain

9 VP (x)=Hyy (x, y'(X), ..., Y D(x), Y (f,)) (r<n).
According to (1) and (2), (9) yields for r=n—1
(10) YW x)=H(x, y'(x), ..., Y V(x), A(fn1)y(*)+B(fp-1))-

Since equations (1) and (5) are linear we conclude that (10) is a linear
differential equation of order n. Let the solution of equation (10) be given by

(11) y=h(x, C. Cs\ ..., Cp)

If there is a (» times differenticble) solution of (1), it has to have the
form (11). Substituting (11) into (1) we obtain the solution of equation (1).
This comletes the proof of the theorem.

ExampLE. Consider the cquation p'(x)=yp(f) where f(x)=(l—x)"1 and
D=(—0o,00U(O, 1)U(l,+ »). For f we have f;(x)=x for x€D. In this
case equation (10) reads

x2(1—=x)2p"" (x)—2x2(1—x) y"' (x)—y (x) = 0.

1
Remark. Eqation (1) was considered in [1] for f({x)=—, and for some special cases of 4 and B.
X
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