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248. A CYCLIC INEQUALITY*

Dragoslav S. Mitrinovic

This is an expository article concerned with the cyclic inequality

x x Xp_ x n
(1) e T s S
X, +X X3+X, Xp+X, X+x, 2
where
(2) x>0, x4+ X34, >0 (Xps1 =X15 Xpip=2X,, i=1,..., 1)

and its generalizations.

The challenge of inequality (1) has created lively interest among mathe-
maticians, as may be seen from the historical sketch which follows.

As will be seen, at the present time, the only undecided cases of (1) are
n=9, 10, 11, 12, 13, 15, 17, 19, 21, 23, 25.

One can hope that this review of inequality (1) and allied inequalities
will initiate some new contributions and in particular help to solve the men-
tioned undecided cases of (1).

The simplest case for n=3 of this inequality appeared in the literature
[1] in 1903; though it is possible that it is not the first appearance.

In 1954 H. S. SHAPIRO [2] raised the question of proving (1) for all
n=3,4,.... In 1956 a partial answer [3] to this question was obtained.
Namely, the editors of The American Mathematical Monthly noted that M. J.
LIGHTHILL succeeded in proving that (1) is not true for n=20. The editors
also announced that H. S. SHAPIRO submitted the proof of (1) for n=3 and 4,
and C. R. PHELPS for n=5. The counterexample of M. J. LIGHTHILL was
published in detail in [4].

In 1958 L. J. MoORDELL [5] has proved that (1) is true for n=3, 4, 5, 6.
There is a short note [6] by A. ZULAUF appended to this paper by MORDELL.
In this note he gave a counterexample by which he proved that (1) does not
hold for n=14. This result implies that (1) is not true for even n> 14. Indeed,
if we put

Jo(X1, i, Xp)=

x x Xy X
14 2 U st E T R
Xo+ X3 Xy+X, Xp+ X, X +X,
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16 D. S. Mitrinovié¢

then the following funcitional identity holds

(3) fn+2(x13 cer s Xp—1s> Xps Xp—1> xn)=fn(xls L axn)+1'

Hence, if (1) is false for some n, then it is also false for n+2.
Another counterexample for n= 14 was given later, 1960, by M. HERSCHORN
and J. E. L. Peck [7]
All these counterexamples are of the same kind. Namely, if we set n=2m,
Xop =X3€, Xop—1=1+bge (k=1,...,m), and e is sufficiently small and positive,
then
Som (X1 5 o oo s Xop)=m-+qe2+ O (e3) (e—~0),

where ¢ is a quadratic form in a3 and b;. If m=7 then a,>0 and b, can be
found such that ¢<<0. For instance, in the counterexample by ZULAUF we have

@a,-..,a)=0,6,52,0,1,4), (by,...,0)=(7,4,1,0,1,4,6) and g=—2.

DiNA GrLaDYS S. THOMAS [8] has proved that, for n=8, 10, 12, g is a
positive definite quadratic form in a; and b,. Hence, in these cases there does
not exist a counterexample of this kind.

Let us define

. n
p)= inf fues oo ), A0 =F,
xi>0 n
Identity (3) implies that
4) um+2)<pu@+1.
In 1958 R. A. RANKIN [9] has proved that there exists A= lim A (n) anc
n->+o
(%) lim A(m)=inf A (n).
n—-co nz=1

He proved also that /'L<—;~——7- 10-8, which implies that (1) is false for suffici

ently large n. In his later paper [10] he proved that 1>0,33.

The upper bound for A was improved by A. ZULAUF [11]. He provec
that 4<<0,49950317. In the same note he proved that (1) does not hold fo
n=>53, ie., A(53)<<1/2. This and (4) imply that A(n)<<1/2 for odd n>53.

L. J. MoRDELL [12] has proved that (1) holds for n="7 if besides (2
we have
6) X\ 2Xi2 X2 Xg, X42Xp, Xi2X;.

K. GOLDBERG informed L. J. MORDELL in his letter of February 9, 1960
that he has checked (1) for n=7 and he found it to be true for 300.00(
pseudo-random values of x.

A. ZuLAUF [13] remarked that the supplementary inequalities (6) are ver:
restrictive. He proved that if » positive random numbres are chosen, then th
probability that (1) is satisfied is at least 1/2. This is implied by the inequalit,

2 7P xn)+fn(xna Xp—is e s X)) >H.



A cyclic inequality 17

The proof of the last inequality follows:
If Ak =Xg+ Xg1 (ka = xk), then
Ja (s oo s Xp) HSn (Xns Xpogs -+ 5 Xy)

o Xt Xpes "z Ax—Apri +Apy

k=1 Ak+1 k=1 Ak+1
A n A4
=—n+ L4 > 2o,

‘ k=1 Ager K1 Agny
since ‘

A n A
Esn, S E2sn.

k=1 Ak+1 k=1 Ak+>1

P. H. DIANANDA [14] has obtained the following result: If (2) is satisfied
and Xpyg5 -+ 5 Xman (Xgen =X;) is monotone for some natural number m, then
(1) is true. , ‘ ,

The bounds for A were improved by P. H. DIANANDA in [15] and [16].
Namely, he proved that

0,461238<1<0,499197.

In 1963, D. Z. Pokovi¢ [17] proved that (1) is true for n=8. P. H.
DiaNANDA [18] and B. BAISANSKI [19] have proved independently of each other
that this result of DIOKOVIC implies that (1) is true for n=7. More generally,
they proved that

@) ' ,u(2m)<,u(2m—1)+—;—.

In the same paper, P. H. DIANANDA has proved that (1) is not true for
n=27. So, now the only undecided cases of (1) are n=9, 10, 11, 12, 13, 15,
17, 19, 21, 23, 25. :

A. ZULAUF [20] has proved that for the modified cyclic sum -

o 2, %5/ (g + Y1)
the following inequality holds
X Xp— X
Pz ST S I - SRR S
X1+Xp Xp+Xx; Xp—1+Xp Xpt+ X

where x;, ..., X, (n>3) are nonnegative, and all denominators positive. These
bounds are the best possible.

Let x,,...,x, be any nonnegative numbers such that A;=ux;+ X34,
(%g+7=xx) 1is positive for k=1, ..., 7. In this case A. ZULAUF [21] has proved
the following inequalities

X Xg Xg
(®) * 53, 3 >3, LA}
z A Z Agrs 2 Ay

2 Publikacije



18 D. S. Mitrinovi¢

and some others. All bounds in (8) are the best possible. For instance, putting

(x1, ..., x)=(0222¢, 0, 2, 12, 0, t), we obtain
2 2t
L =2 (t>+w).
Apis t 2r+1
In [5] L. J. MORDELL conjectured that
n 2 n
) (Z x,) >k > x(Xpeg e Xpm) s
i=1 i=1
where x,.;=x;, and x,,..., x, are all nonnegative, n>m+1 and
k = min (i, 2’"“).
m m

He proved this assertion for n=m+ 1, n=m-+2 and for n>2m.

It was remarked by T. MURPHY that this conjecture does not hold for
m=4, n=7. The best possible value of k is 12/7, which is smaller that 7/4.

In the same papar L. J. MORDELL proved that the minimum values F,, G, of

Fy (x)= z (> —2x;%;:1) (*ne1=%1),
i=1

n n—1
Gy (%) = Z X2—2 Z XiXir1
‘ i=1 i=1

are
Fam—t (1=3,4,5), F=-—b @>6),
n 6
1 1
G,=0, Gy=——, Gn——? (n>4),
where x,>0 (i=1,...,n) and x;+ - - - +x,=1.

In [22] P. H. DIANANDA obtained interesting results concerning (9), namely:
Let k (m, n) be the largest value of k, such that (9) holds. Then

1° k(m, my=-""-if n|m+2 or 2m or 2m+1 or 2m+2,
m

or if n|m+3 and n=8 or 9 or 12,

or if n|m+4 and n=12,

n .
k (m, n) <— otherwise;
m

2m+2

2° k(@m,n)= if n>2m+2;

3° k(m, n)=<—-~izi— if n|2m—1 and n>6;
n+12m—6
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k(m—rn, n)
1 +rk (m—rn, n)
5° k(myn+1)=k(m, n)y>k(m+1, n).
V. J. D. BAsTON [23] has complemented these results by the following:

4° k(m, n)= if rm<m (r=1,2,...);

6° k(m, 2m—z)=i(’—+9 if t£3 and m>max(2t, 3, 2);
3t+4 2

7 k(1,11)<k(m, 2m—3)<%§ for m>17;

8" k(m, n)< 2+ Dr+ D) (m+ 1)—rn]
(2r+1)[(r+1)m—rn]+2r(r+1)
r+2 _n _r+l

if m4+2<n<2m—1

and r is an integer such that

r+1 m r
P. H. DIANANDA [24] also considered the following two inequalities

" X n
(10) >,
lei+1+“'+xi+m m
n 2 n n
(1) (2 5) 20 3wt -t xm,
i=1 i=1

where x,.,=x; and x;>0 (i=1, ..., n), and proved the following results:
1° Inequality (10) is true if

(12) sin 7> sin @m+1) L <r=l, [1'])
n n 2
2° Inequality (10) is true if
13 nlm+2, or 2m, or 2m+1, or 2m+2.

3° If (12) is true, then inequality (11) holds.
4° If (13) is true, (12) is -true.
In [25] P. H. DIANANDA obtained more general results, as for example,
2 2 2
inf (x 4 et22) )=6.
x, y,z>0

——+
Yz yz+4zx zx+2xy

Let x; (i=1, ..., n) be positive real numbres and x,,,=x;. P. H. DIA-
NANDA in three papers [16], [26], [27] has proved respectively the following
results:

. 4 X, 1=
FUES JR T——1
Xty oo ¥n B 1 3x¢+1 + X0+ I Xiv1—Xi+2 I nl|3

n
. X; n+t
inf z > 2 = s
Xps o ¥n =1 Xpp1"— Xg11Xg4p T Xpip 2

n x; >L[n+m—l]>l

m



20 D. S. Mitrinovi¢

Finally, we note the following cyclic inequality [28]

X+ - +X Xp+ o+ X Xp+ X+ - o+ X nk
1 k + 2 k+l+...+ (3 1 kl> ,
Xpr1t o0+ Xy P ADE +x1 : Xgp+ 0+ Xy n—k

where x,, ..., x, are positive numbers, and n>k>1.

The author wishes to thank Professors R. A. RANKIN and P. H. DIANANDA
which have read this paper in manuscript and gave valuable comments.
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