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AN IMPROPER INTEGRAL*
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Let us consider the integrals

(1)

J= ff(z)dz
c

where C =K U [-R, R] and K={z: Izi = R 1\ 1m(z) > 0, R > max yak2 +bk2},
I

fez) = n

IT ((z--akF + bk2)
k~l

Being
+R

1= lim r f(x) dx,
R->-+OO-R

+R
J = Jf (z) dz + J ftx) dx,

K -R

lim Jf(z)dz=O
R->-+ 00 K

we have

n
and J=2ni:L resf(zd, zk=ak+ibk

k~l

(2)
n

1= 2ni :2:
resf(zk).

k~1

Since
I

resf(zk) = ,, ~- = n

2bki rr ((ak + ibk-aj)2 + b/) 2bki IT(mj,k + inj,k)
j~1 j~1
j :r!"k j-dk

---.._---

* Presented November 1, 1967 by D. S. Mitrinovic.
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where mj,k = (aj-ak)2 + b/-bk 2, nj,k = 2bk (ak -aj) and since the integral (1)
is real, it follows from (2) that

where
"" ni l k

'"
n ,

'
k mj

l k. . . mJ
,

k,
2P" n-2P'

stands for the sum of all combinations of the form

nil>k ... ni2p,k mh,k .., mjn-2P,k

in which ik =F-j. and 1 ~ h, js ~ n excluding the cases i,=k and jt=k
(r=I,2, ...,2p; t=I,2, ...,n-2p).

In [1], the integral (1) has been considered in the cases when n = 1, 2, 3.
I;or n = 4, it follows that

fin =
m2, I m3,1 m4, I -m2,1 n3~1 n4,1 -m3,1 n2, I n4, I -m4,1 n2,1 n3,:

bl TI(mj,12+nj,12)

j~2

m m m -m n n -m n n4 -m n n3
+

1,2 3,2 4,2 1,2 3,2 4,2 3,2 1.2,2 4,2 1,2 ,2
4

b2 TI(mj,22 + nj,/)
j~1
j-:F2

m m m -m n n -m n n -m n n 3
+

1,3 2,3 4,3 1,3 203 4,3 2,3 1,3 4,3 4,3 1,3 2,
4

b3 TI (mj, l + njj)
j~1
j*3

+
ml,4 m2,4 m3,4-ml,4 n2,4 n3,4-m2,4nl,4 n3,4-m3,4nl,4 n2,4

3 .

b4 Tl(mjj + njj)
j~1

In [2], the integral (1) has been considered in the cases when ak = 0,
k = I, 2, ... , n.
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