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1. Let a, (k=1, ... , n) be real numbers and let
f(x)z(x_i_al) e (x+an):xn+clxn—l+ Tt G Xy

Then ¢, (k=1, ..., n) is the k-th elementary symmetric function of q,, ..., a,.
We define ¢,=1 and ¢—,=0 for k=1, 2, ...
Let ¢, denote the k-th elementary symmetric function of a,, ..., a,.

The following inequality is valid for the coefficients of the polynomial
f(x) (see: [1], p. 117): '
(1.1) Chm1 Cot1— 2 < 0.
Let » be a positive integer and consider the pelynomial
Fx)=(x—1)(cgx"+ ¢, X" 1+ + - - + ¢y X+¢,)
=hyx" b xm b X+ by

The inequality (1.1) corresponding to the polynomial F(x) is

_ bey by —b2 <0 (k=1, ..., n+v—1);
ie.,

A2 (3 0 (5) ennmt) (3 () v =( 3, = 11() ckf,)z< 0,

for k=1, ..., n—1.
In what follows a,, ..., a, will denote positive numbers.

2. We begin with the identity
Cr= a1zk—1 +¢
and consider o _ _
g(a) = ciry— = ay (Cr—Cp—) + (Crr1— €1 -
This yields
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Theorem 2.1. If k=1, ..., n—2, then
= Cy >0 > Oy — G Z oty — O
G—Cy <0 >y —cx <
The following results are also valid:
Theorem 2.2. For k=1, ... , n—1 the following inequality holds
Chmt Cety — €42 < Chomy Chpy — G2
Theorem 2.3. If ;k_l —Cy—p > 0, then
(Chm1 — C2) (Cat1— € — (€ — €xm)? < (Chmy — Cag) (Crty— ) — (€= Camr)?.
Proof of theorem 2.3. By Darroch — Pitman’s result [2]
CGe1—C =0 = c—c >0 k=1, ..., n=-1)
we have, by analogy,
@.1 G—Cy =0 D Gy =y >0 > Goy— Gy > 0.
Now consider the functions
(2.2) h (a,) = (ci-1—Ck—2) (Cht1— ) — (ce—cx—p)*
=ty (Cey—Crms) + (Cm1 — )1 [ (66— Chy) + (Chtr—€8)]

—[a; (€xm1—Ch—z) + (cx—C—) 1%

23) K@) =2a](cr—-3) (e Cr) — (G —Ck)’]
+ (G C—5) (k1) — (Gt — Chma) (C— i),
(24 k' (@) = 2] (Cimp—Cie—3) (ck—Ciom1) — (ks —C1)?].-
For v=1 inequality (1.2) has the form
(2.5) ' (Ck—1—Ck—2) (k41— ) — (r—Cr—)* < 0.
From this inequality it follows that A4”(q;) <0 and consequently

h' (a) < h' (0).
From (2:3)
(2.6) ' (0) = (Chmg—Ch3) (€1 — &) — (Chmy —Ch) (& —Ch—y)

is obtained.
Starting with (2.5), we have

(2.7 (h=1—Ch—) (Ch1—x) < (o~ Crp)™.
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If ¢x—cry = 0, then, by virtue of (2.1), the inequality (2.7) is equivalent to
(Cht—Cis) (Chrr— &) (Ckmp = Chms) < (Ch—Cuy)? (e —Ci—s).
By (2.1) and (2.5) we obtain
(Ckmr— k=) (Gt~ &) (Comg— k) < (G—Chmy) (o — a2
Now, by virtue of (2.1) we have
(2.8) (Cr1—0a) (Chmr—Crs) < (ek—Ciy) (Chm— i)

From (2.8) we conclude that A’ (0) <0, and consequently A’ (a)) <
Hence 4 (a)) < h(0), which proves theorem 2.3.

3. Let us now prove our main result. We shall use the notation

e, =S (=1)(Me, ..
igo ( ! ) *
Theorem 3.1. If

(3.1) (=) Aepmyy >0, (—1y&cy_y>0 and (—1)y4d¢_,> 0,

then
A gy Xy — (L 0, < A"Ck—v—l 4 Ck—v+1—(A"Ck )%

Proof. Consider the function of ag;:
H@a)=AMci oy Lpysy— (D8 ciy)?
=@y A Cpmyy + N Cmy ) (O A ey + Ny i)
— (@ A gy + L )2

The derivatives of H (a,) are:

H' (@) =X cieyy (@ X cyy + X eryyy)

+ Ay (@ A g+ L Chyy)

~ 2 G (4 B Gy + 26,

and — — —
H" (a) =2 (& exyy X ey — (A7 €4 —y—)?)
From (1.2) we have H"' (a,) < 0, and consequently
(3.2) H' (a) < H'(0),
where

H Q) =l¢ ety + Xy X ejmy =28y K iy
=X yry A4y i — A Chgy A4, -

2%
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If conditions (3.1) are satisfied, by inequality (1.2) we have the following

Ay Ky (= 1 L efeyy < (X ) (1) By,

< (—' l)’J Avck—v (Avck—v——l)z’
whence _ _ -~
A"Ck_',+1 Avck—r-z < il Che—r - Pck—v—] .

Hence H’(0) < 0, and consequently (3.2) becomes H'(a,) << H' (0) <= 0.
With this, theorem 3.1 is proved.

4. The inequalities in theorems 2.2, 2.3 and 3.1 can be sharpened in the
following way. The variables a,, ..., a, occur symmetrically in the expressions

biybrs —bd k=1, ..., n+v—1).

Therefore, for instance, instead of theorem 2.3 we have as a better result:

Theorem 4.1. Let ‘c, be the k-th elementary symmetric function of a,, ... . a;_,,
Aivy. - s Ay ]f ) )
le__l —Ick_2 > 0,
then
(Ch—i~ Ch—z) (Cht1—C) = (Ch — Ch—1)?
< min (Copmy—icr—2) (o =) —(ep —icr—y)?).
1<<in
5. Let a,, ... .a, be real numbers and let v be a positive integer. By con-
sidering the polynomial
(x—a) (x—a,) -+ (x—a) (X" +¢;x" 1+ -+ - + ey Xx+0cp)

=A X" A X e ey X+ Ay,

we can obtain more general results than those proved above.

6. In the literature, and particularly in [3] and [4], we could find no inequa-
lities of this type.
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