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SOME FORMULAS FOR THE GENERALIZED
LAGUERRE POLYNOMIALS*

S. K. Chatterjea

1. In a recent paper [1], we have defined the generalized Laguerre
polynomials 7% (x, p) by the Rodrigues’ formula

(1.1 T (x, p)z__x—aepx D*(x*tne P ),

where k is a natural number. The polynomial T (x, p) is of exactly degree kn.
In[1, p. 186] we notice that

m+n min (m, kn) X' (@t ) )

o r r (-4
a2 (") TR = 3 HTE (n p) D T (3 p)
= ]
Rod .In anf earli?r work [2], we defined the polynomials TS (x) by the
odrigues’ formula

(1.3) T (x) = gy x® e Dr (eetre),
Thus when p=1, T (x,p)=T x(c‘f;)(x). In fact, when p=1, we have

min (m, kn) r o
(1.4) ( ’”nj") Tnem @)= > ST 0D TR (x).
r=0
Subsequently in a paper [3] we have found operational derivation of the

following results for T§2 (x, p):

(1.5) z T(a)(x p)t" (l—t)““ lepxk{l t-n—k}
n=0

(1.6) 3 T (x, p) 1= (1 +1)xer* Ui-a+0

n=0

(1.7) S (m':,—n) T i (%, p) ™ = (1—1)—a—n-1 er ¥ {1-a-n=k} 7l (lit ) P)
m=0
sy 3 (mr:z—) Tmim (%, p) 1" = (1 + £y er* (1=0=0F T3 (x (1 +1), p)
n=0

Here we shall show that the results (1.7) and (1.8) can be obtained by
using (1.2) and the analogous formula (2.3), derived in the next section.

* Presented december 1, 1965 by D. S. Mitrinovi€.
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2. First we shall derive (1.7) from (1.2). It follows from (1.2) that

0
z ("H‘”) Tk(m+n) (X, P) m

m=0

kn (xeyr @ 2 (atntr)
=2 7 DTt (. p) 3 Tim ™ " (x P) 2"
r=0 " ° m=0

kn r
— @ Dr Tﬁ",‘,’ (%, p)- (1 — f)~a—n—r-1 ers¥ {1—(1—n—k}

r=0 :

kn ri o
___(l_t)—a—n-l epxk 1-(1-0— k} Z (l—t) r—' Dr Tl(cn) (xop).
Now
y kn r1 o
T (1 — p) =T() (x o P): (—xt_) = DT (x,p).
r=0 :

Thus we obtain

@D 3 (") T (5 p) = (1= et e Um0 TR (G5 p),
m=0 -
which is (1.7). Conversely (2.1) implies (1.2).
Next to derive (1.8) we require an analogous formula of (1.2). It may
be noted here that (1.2) is equivalent to the following formula:

min (n, km)

(2.2) (m;")Tk“(’mm(x,p)— > ETENSY x p) D TR (. p).

<o
Now we shall prove that

(2:3) (m; ) TGtm (%, p)—m(i:m T (x, P D T (x, p).
In proving (2.3) we make use of the result [1, p. 183]

2.4) g(xD—pkxk+a+j) Y=n! ZO:— TEED, (6 p) D' Y

Thus we obtain

m+n

(m+n)' TXimtmy (%, P)= ] D =pkx*+a—n+j)- 1
j=t1

=1'I(xD—pkx"+ot—n+j)H(xD——pkx"+<x+i)-1

j=1

—m'H(xD —pk X+ a—n+j) Tio (x, p)

Jj=

noxr —n+tr
=minl ¥ T8I (x p) DT (% p)
r=0""*
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which implies that

min (n, km) , -
(") T ()= S TG D TR ()
. r=0
Now we shall deduce (1.8) by using the formula (2.3).
We have
3 n km £yr a ) wen
> (") T e = S S 7@ p) S TS (x, p) 1
n=0 m r=0 I* n=0
2 (’“) D T (x, p)- (1 +£)r ep (1-0+0%}
But
km (Xt) @
T (x(L+0), p)= T (x+xt, p) = 2, —= D" Tiu (, p).
r=0

Thus it follows that

@5 3 ("’;") TE=M (x, p) 1" = (1 + 1) er* 1-04+08 TE (x(1+1), p) ,

k (m+n)
n=0

which is (1.8). Conversely (2.5) implies (2.3).
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