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1. Introduction. - Let Fi (x, y), i = 1, ... , m + n be unknown real valued
functions of two real var:ables, which sat'sfy

(1)
m+n

') Fi(Xi+xHI+'" +xi+m-i' Xi+m+xHm+i+'" +Xi+m+n-i)=O,
i::t

where Xi' i = 1, ... , m + n are independent variables and Xi+m+n= Xi' i = 1,
2, ... In [2] the general cont'nuous solufon of (1) is found. But, the argument
given there is vaLd only if the greatest common divisor of m and n is
(m, n) = 1. The general case is not solved, which will be done in this paper.

2. A Correction. - Let us restate the theorem from [2] in the correct
form.

Theorem A. The general continuous solution of (1) if (m,n)= 1,
m + n>2, m>O, n>O, is

(2) Fi(x, y) = (nx-my) f(x + y) + gi (x + y), i=l,...,m+n;

(3)
m+n
') gi(X) = 0,
i~i

where f(x) and gi (x), i = 1, ... , m + n-l are arbitrary continuous functions.
The proof of Theorem A which is g;ven in [2] is valid since (m, n) = 1

impJ:es that the variables

ms
ti=Xi+XHi +. . . +xHm-i

'm+n
i=l, ... , m+n-l;

and

are independent. In order to prove their independence we can use instead of
ti, i=l,..., m+n-l and s the variables

(4) i=l,...,m+n

smce
1 m+n

t.=T-- " TI I ~ -"m+n i=1
i=l,..., m+n-l;
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and
ms

Tj=t;+-,
m+n

ms
Tm+n=-(tl+t2+... +tm+n-l)+-~'

m+n

The determinant D of the system (4) of linear forms is a circulant whose
first row is 1, 1, ... , 1, 0, 0, ... , O.

'--.,,-"
"' "m n

i=l, ..., m+n-l;

Hence,

where
xm-l

0((x) = 1 + x + x2+ . . . + Xm-l = - ,
x-I

2 n i
E=exp--.

m+n

D will vanish if and only if for some k = 1, ... , m+ n-l we have Ekm= 1,
i.e. if and only if (m,n» 1. Hence, jf (m,n)= 1 the variables Tj, i= 1, ... ,
m + n are independent and so are the variables tj, i ~ 1,

'"

, m + n- 1 and s.

A minor completion of the proof in [2] furnishes the following

Theorem B. The most general solution of (1) if (m,n)=I, m-j-n>2,
m>O, n>O, is

(5) Fj (x, y) = <p(nx-my) f(x + y) + gj (x + y), i=I,...,m+n;

(6)
m+n

L gj(x)=O,
j~1

where f(x) and gj(x), i= 1,
'"

, m+n-l are arbitrary functions and <p(x)

is the general solution of the Cauchy functional equation

(7) <p(x + y) = <p(x) + <p(y).

Remark. We can write the solution also in the following form

Fi (x, y) ~ q>(x) f(x + y) + gi (x + y), i~l, ..., m+n;

m+n

L gi (x) ~ -mq> (x)f(x).
j~1

Cor 0 11a r y 1. The most general solution of the functional equation

(8)
m+n

L Gj(Xj+X;+I+'" +X;+m-l' X1+X2+'" +Xm+n)=0
j=1

if (m, n) = 1, m + n>2, m>O, n>O, is

(9) Gj(x,y)=<p(x)j(y)+gj(Y), i=l,
'"

, m+n;

(10)
m+n

L gj (y) = -m <p(y) f (y),
;=1

where f (y) and gj (y), i = 1, ... , m + n-l are arbitrary functions and <p(x)
is the general solution of (7).
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Cor 0 II a r y 2. The most general solution of the functional equation

(11)
m+n

2: Hi(Xi+XHI+'" +Xi+m-I'XI+X2+'" +Xm+n)

i=1
=H(xi +X2+ . . . +xm+n)

if (m, n) = 1, m +n>2, m>O, n>O, is

(12) Hi (X, y) = rp(x) f(Y) + gi(Y), i=I,...,m+n;

(I3)
m+n

2:
gi(Y) = H(y)-m rp (y) f(Y)'

i~1

where f(y) and gi(Y), i= 1,..., m+n-I are arbitrary functions and rp(x) is
the general solution of (7).

Proofs. Corollary I follows by putting Gi(x, y) = Fi(x, y-x). Corollary 2
follows from Corollary I by introducing Gi(x, y) = Hi (X, y)--H(y)j(m+ n).

3. Main Results. - Firstly we prove

The 0 rem 1. The most general solution of the functional equation (8),
if (m,n)=d>l, mjd=[1., njd=v, [1.+v>2, is

i = 0, I , . . . , [1.+ v-I, j = I , . . . , d;

(I 5)
d

2:
Hj(y)=O;

j~1

(I 6)
Il+v-I

2: g/ (y) =
Hj (Y)-[1.rpj (y) P (y),

i~O
j=I,...,d,

where fj (y), j = I , . . . , d;
Hj (y), j

= 1 , . .. , d-I; g/(y), .i = I , . . . , d,
i = 0, 1 , . . . , [1.+ v-2 are arbitrary functions and rpj(y), j = I , . . . , d are the
general solutions of (7).

Proof Let us introduce the new variables

(17)
and

Yi=Xi+Xi+1 +. . . +Xi+d=-I' i= 1,... , m+n (YHm+n=Yi)

(18) Z = XI + X2+ . . . + xm+n ..
They are not independent since

(19)
Il+v-I

2: Yid+j=z,
i~O

j=I,...,d.

The variables Yi, i = 1 , . . . , m + n-d, and z are independent since it is easy
to see that the rank of the matrix of linear forms determining them is
m + n-d + 1. In the sequel we shall use all variables (17) and (I8) but we
must have allways in mind that (19) holds. The equation (8) IS now

m+n

2: Gi(Yi+ Yi+d+ . . . + Yi+(Il-I)d, z) = O.
i=1



48 D. Z. Djokovic
-

It caa b;:: rewritten in th,:: form

d ~+v 1

2: L Gid+i(Yid+i+YU+l)d+j-i-'" +YUH-J)d+h z)=O.
j~1 i~O

sd hereIf we

Yid+j=O, i=O, I , ... , !J.+ v-2, j= 1, 2, ... , r- I, r+ I, ... ,d;

Y(~+v-l)d+j=Z, j= I, 2,... ,r-I, r+ I,..., d,
we get

11--!-\l-l

L Gid+r (Yid+r + Yu+ I)d-Lr+ . . . + YU-L~-l)d+" z) = Hr (z), r = I , . . . , d,
kO

and
d

L H r (z) C2 °.
r~l

Remembering that (!J.,v) = I and by using Corollary 2 of Theor.;::m B we get

Gid+r(X,y)=q{(x)F(y)+g{(y), i=O, I,... ,!J.+v- I, r= I,... ,d;

fJ.+v--l

L g{ (y) = Hr (y) - Wpr(y) F (y), r = I , . . . , d,
io=O

where F(y), r= I, ... ,d; g{(y), i= 0, I, .,. , !J.+v~2, r= I,
'"

,d are arbi-
trary functions and cpr(y), r = I , . . . , d are the general solutions of (7).

Convers~Iy, any system of fun(;tions Gi (x, y), i = I , . . . , m + n defined
by (14), (15), (16) satisfies (8). This completes the proof.

Corollary 1. The most general so'ution of (1) if(m,n)=d>I, m/d=!J.'
n/d=v, !J.+v>2, is

.

(20) Fid+i(X,y)=cpi(x)P(x+y)+g/(x+y), i=O, I,..., !J.+v---I, j= I,..., d;

(2 I)
d

L Hi(y)=O;
i~1

(22)

where P (y), j = I , . . . , d; Hi (y), j = I , . . . , d- I; g/ (y), j = I , . . . , d, i = 0, I,
. . . , !J.+ v-2 are arbitrary functions and rpi(x), j,l, . . . , d are the general
solutions of (7).

Proof Put Fi(x,y)=Gi(x,x+y).
The exceptional case m = n is solved by
The 0 rem 2. The most general solution of (8) if m = n is

G; (x, y), i = I,
'"

, m, are arbitrary;

Gm+i(X, y)=Hi(y)-Gi(y-x, y), i= I, .,. , m;

(23)

(24)

(25)
m
;> Hi (y) = 0,
i-=1

where Hi (y), i = I, ... , m - I are also arbitrary functions.
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Proof Putting in (14)

i=1,...,m; Y = Xl + X2 + . . . + X2 m

we get
m

2: [Gi (Yi, y) + Gm+i(Y-Yi' y)] = O.
i=l

It follows that

Gi (Yi, y) + Gm+i (Y-Yi' y) = Hi (y), i= 1, ... , m;
m
)' Hi (y) = O.,

i=l
This proves the theorem.

Cor 011 a r y 1. The most general solution of (1) if m = n is

(26)

(27)

(28)

Fi(x, y), i= 1, ... , m are arbitrary;

Fm+i(x,y)=Hi(x+y)-Fi(y,x), i=l, ..., m;
m

2: Hi (x) =0,
i=1

where Hi (X), i = 1, ... , m -1 are arbitrary functions.

Proof Put Fj (x, y) = Gj (x, x + y).

Remark. The general continuous solutions are given by the same formulae with the
additional condition that all the arbitrary functions are continuous and that q>(x) and q>r(x)
should be replaced by x.

4. Some Applications. - It is clear that the functional equation.
(29)

m+n
)' ajf(xi+ Xi+1+ . . . + xi+m-t> xi+m + xi+m+1+ . . . + Xi+m+n-1)= 0,

j=l
(some aj7"'=O),

is a special case of the equation (1). The last equation with a minor unes-
sential modification was considered by Jong [1]. The results of long are
easy consequences of our theorems. We shall show this in the case m = n. By
Corollary 1 of Theorem 2 we have

(30)

(31)

(32)

ad (x, y) = Fj (x, y), i=l,...,m;

am+d(x, y) = Hj (x+ y)-Fj (y, x), i= 1, ... , m;
m

2: Hj (x) = O.
j=1

From (30) and (31) we get

(33) am+jf(x, y) + aj f (y, x) = Hj (x + y), i= 1, ... , m.

I Case: aj = am+!, i=l, ..., m.
Summing (33) over i and taking (32) into account we find

S (f(x, y) + f(y, x» = 0 (S=.I aj).
1=1

4 Publikacije
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If S 7'= 0 then f(x, y) + fey, x) = 0, i. e.
(34) f(x, y) =A (x, y)-A (y, x),

where A(x,y) is an arbitrary function. If S=O we get from (33) that
f (x, y) + f (y, x) = 2 B (x + y), i. e.

(35) f(x, y) = B (x + y) + C (x, y)-C (y, x),

where B (x) and C (x, y) are arbitrary functions. The general solution is given
by (34) and (35).

II Case: -aj=am+j, i= 1, ... , m.
From (33) interchanging x and y we get Hj (x + y) = O.

=fey, x), i. e.
(36)

Hence, f(x, y) =

f(x, y)=A (x, y)+A (y, x),

where A (x, y) is an arbitrary function.

III Case: aj7'=am+j and -aj7'=am+j for some i and j.

From (33) we have

am+J(x, y) + aJ(y, x) = Hj (x + y),

am+J(y, x)+aJ(x, y)=Hj(x+y),

(am+j-aj) (f(x, y)-f(y, x))=O,

f(x, y) = fey, x).
2m

If 2: aj7'=0, summing (33) over i and using f(x, y) = fey, x),
;=1

we get

(37)
2m

If 2: aj=O then f(x, y)=f(y, x) and (33) gives
j=1

f(x, y) = O.

(38) f(x, y)=B(x+y),

where B (x) is an arbitrary function. The general solution of (29) in this case
is given by (37) and (38).
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