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A CLASS OF LINEAR FUNCTIONAL EQUATIONS*

l. K. long

In this paper we shall consider the functional equation

(1)
n+m

L aij (Xi + XHt + . . . + XHn-t' XHn + . . . + XHm+n-t)
i~t

+a'f(O, Xt+X2+'" +Xm+n)+a"f(Xt+X2+'" +Xm+n, 0)=0

where ai' a' and a" are arbitrary real numbers, all ai are not zero; nand m
are two arbitrary positiv~ integers; Xi are independent variables and

Xn+m+k=Xk (k= I, 2, ... , n+m-I).

The certain particular cases of (1) are solved [I], [2]. We shall giVe a
method for solving (1) in the general case.t

Let f(x, y) = F (x, x + y) and by putting Xt + X2+ . . . + Xn+m= t in (I), we
have

(2)
n+m

2: aiF(xi+xHt + . .. +XHn-t, t)+a' F(O, t)+a" F(t, t)=O.
i=t

There are three cases

(i) n + m = 2 n

(ii) n+m=Mn

(iii) n + m = Mn + r

(i) Let n = m. Let in (2)

1.e. n=m;

(M>2);

O<:r<:n-I).

(3) (i = I, 2, ... , n),

then
(4) (i=l, 2, ..., n).
..~~

*
Presented March 19, 1965 by D. S. Mitrinovic and D. Z. Djokovic.

I Remarks of the Redaction: I. The author in case (iii) gives only the general conti-
nuous solution of a particular equation, not for the general case.

II. The two terms a' f(O, Xl + X2+ . . . + xn+m) and a" f(x, + X2+ . . . + Xn+m, 0) can be
omitted from (1) without any loss of generality. This would simplify many of the later
statements.
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The first n equations of (3) are mutually independent and the last equ-
ation of (3) has an independent variable Xzn which does not appear in the
first n equations of (3). Hence Yl' Yz, . . . , Yn and t are independent variables.

It we set (3) and (4) into (2), we have

(5)
n

2: [aiF(Yi' t)+an+iF(t-Yi, t)]+a' F(O, t)+a" F(t, t)=O.
i~l

Suppose that a certain ai,
* 0 in (5). By fixing the variables

YI' Yz, ... , Yi,-I' Yi, +1' '"
, Yn

and denoting the sum of all summands of (5), except i=io' by -2ai, O(t),
then we have

ai,F(Yi" t)+an+io F(t-Yi" t)=2ai,0((t).

We have to consider three cases.

1° If an+i, = ai"
this into (5), we have

then F(y, t)=A(y, t)-A(t-y, t)+O(t). If we put

n n

2: (ai-an+i)[A(Yi, t)-A(t-Yi' t)]+ O((t) 2: (ai+an+i)
i~1 i~1

+ (a' + a") 0((t) + (a' -a") [A (0, t)-A (t, t)] = O.

Therefore, if an+ i = ai (i = I, 2, .. . , n) and

1° (a)
n

a'=a", a'+ 2: ai=O then F(y, t)=A(y, t)-A(t-y, t)+O(t);
i~1

10 (b)
n

a' + a" + 2 2: a;* 0 then
i~1

F(y, t)=A(y, t)-A(t-y, t) +
(aU-a'lJA (0. 1l-=-_1_~ ;

n

a' +a" +2 ~ a.L. 'i~1

10 (c) a' *a",
n

a'+a"+22:ai=0, then F(y,t)=A(y,t)-A(t-y,t),
i~l

where A (t, t) = A (0, t).

2° If an+io = -ai" it is clear that we alf.o have 0( (t) = 0, then

F(y, t) =A (y, t) + A (t- y, t).

If we put this into (5), we have

n

2: (ai+ an+;)[A (Yi, t) + A (t- Yi, t)] + (a' + a") [A (0, t) + A (t, t)] = O.
i=1

Therefore, if an+i= -ai (i = 1, 2, ... , n) and

2° (a) a'=-a" then F(y, t)=A(y, t)+A (t-y, t);
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2° (b) a' =F-a" then F(y, t) = A (y, t) + A (t- y, t) where A (t, t) = -A (0, t).
n

30 If i and j ex:st such that a"+i=Fai, an+ j=F -aj, and a' + a" + 2 2: ai = 0,
i~1

then (5) has only the solution F (y, t) = IX (t).

By putting above results into f(x, y) = F(x, x + y) we have the

The 0 r e ill I. The general solution of the function'll equation (1) for

n = m has the following forms:

1. f(x, y) = A (x, x + y)-A (y, x + y) + IX (x + y) if an+i= ai (i = 1, 2, . . . , n)
n

and a'=a", a'+ 2: ai=O;
i~1

(a" -a') [A (0, t)-A (t, t)]
2. f(x,y)=A(x,x+y)-A(y,x+y)+ ;; if

a' + a" + 22: ai
i~1

n

an+i = ai (i = I, 2, ... , n) and a' + a" + 2 2: ai=FO;
i~l

3. f(x, y) = A (x, x + y)-A (y, x + y) where A (t, t) = A (0, t), if an+i= -ai
(i= I, 2, ... n) and a'=F-a";

4. f(x,y)=A(x,x+y)+A(y,x+y) if an+i=-ai (i= 1,2, ... , n) and
,

"a = -a ;

5. f(x,y) = A (x, x + y) + A (y, x + y) where A (t, t) = ---A (0, t) if an+i = -ai

(i = 1, 2, .., , n) and a'ie-a";

6. f(x,y)=IX(x+y) if i and.i exist such that an+i =Fai, an+j=F-aj, and
n

2: (ai + an+i) = 0;
i~l

7. f(x,y) =0, in other cases;

where A (x, y) and IX(t) are arbitrary functions.

(ii) Now we take n+m=Mn(M>2). Let in (2)

(6)

We have

t=(Xi+Xi+l + . . . +X;+n-I)+(Xi+n+xHn+l +. . . +X;+2n-I)+ . . .

(i = 1, 2 , . . . , n),
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i.e. Y(M-l)n+l, Y(M-l)n+z, . . . , YMn are linear combinations of Yl' Yz, . . . , Y(M-l)n
and t which are independent variables for the first (M -1) n equations of (6)
are mutually independent, and the last equation of (6) contains an independent
variable YMn which does not appear in the first (M -1) n equations of (6).
Thus (2) can be written in the form

(7)

+ a' F(O, t) + a" F(t, t) = 0.

Suppose that a certain a(M-l)nH 7"'=

°
(or aionH7"'=O)exists in (7). By fixing

{he variables Yin+.i(i=1,2, ..., M-2; j=I,2, ... ,jo-l, jo+ 1, ..., n) and
denoting the sum of all summands of (7), except j=jo' by -Ma(M-l)n+joOC(t),
then we have

~2 ain+.ioF(Yin+.io't) + a(M-l)n+.ioF(t-
Mi2

Yin+jo' t)= Ma(M-I)n+ioOC(t).
I~O i~O

4° If alnH = a(M-I)n+.i.(i = 0, 1,2, ... , M-2) th~n the

the general continuous solution

F (y, t) = k (t) (Y - ~) + oc(t) .
we have

last equation has

Putting this into (7),

i Mi2
(aln+.i-a(M-l)n+.i) (Yln+J-~ )k (t) + [(M -1) a" -a'] ~ k (t)

.i~1 i~O M M

+
.i~1 [:~ ain+.i + a(M- on+.i] oc(t) + (a' + a") oc(t) = 0.

Therefore, if ain+.i=a(M-l)n+.i (i=O,I,..., M-2; j=1,2,...,n) and if

n

a'=(M-l)a" La(M-l)n+.i+a"=O, then
.i~l

F(Y,t)=k(t)(Y- ~)+OC(t);

n
M L a(M-l)n+.i+ a' + a" 7"'=0, then

.i~1

( t ) a'-(M-l)a"
F(y,t)=k(t)Y-M+

n

a'+a"+M La(M-,)n+.i

.i~1

5° If a certain alon+.ioexists such that alon+.io7"'=a(M-I)n+.i,' and

t
.-k(t).
M

Mn
a' + a" + L al = °

,
I~I

then (7) has only the solution F(y, t) = oc(t).

By putting above results into f(x, y) = F(x, x + y), we have the
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The 0 rem 2. The general continuous solution of the functional equation
(1) for n + m = Mn (M> 2) has the following forms:

1. f(x,y)=(x-X;Y)k(X+Y)+IX(X+Y) ifain+j= a(M-I)n+j (i=O, I,...,

n
M-2; j= I, 2, ... , n), af =(M-I)a" and a" + ') a(M-l)n+;=O;

j~l

( X+Y ) a'+(l-M)a"
2. f(x, y)= x-M k(x+ y)+ - .

n
.

a' + a" + M ~ a(M-t)n+j
j~l

X+Y
- k(x+y),

M

if ain+ j = a{M-l)n+ j (i = 0, 1 , . . . , M - 2; j = I, 2 , . . . , n) and

n
af

+ a" + ~ a(M-l)n+ r=l=0;
j=l

3. f(x, y) = IX (x + y) if a certain aionh exists such that aion+jo=1=a{M-I)nh'

Mn
and af

+a" + ~ ai=O;
i~!

4. f(x, y) = 0, in other cases,
where k (t) and IX(t) are arbitrary continuous functions.

(iii) Now we consider the cases n + m = Mn + r (1.;;;;r.;;;n-I). Let in (2)

(8)
(i = I, 2, ... , Mn + r),

Xl + Xl + . . . + XMn+r= t.

This is a linear system of the algebraic equations. By subtracting certain M
equations from the hist equation given above, we obtain the equivalent system
of the equations

n

Xi+XHI + . . . +xHr-1 =t- ~ YHr+n(j-l) = Yi,
i=!

(9) Xl +Xl+' . . +XMn+r=t.

(i= I, 2, ... , Mn+r; j= I, 2, ... , Mn+r-I).

There are two cases

1. Mn + r = Mj r. This is the second case which we have considered above;

2. Mn + r = M,r + rj (1.;;;;rj .;;;r-I). In this case we reduce (9) to a sim-
pler equivalent system of the equations by using the method as that of chan-
ging (8) to (9).

For the sake of better understanding we give an example.

Let us take the following equation

(10)
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,

Let f(x, y)=F(x, x+ y), we have

(11) F(Xi -+ +Xi+9' XI-i-X2+". +X14)o--c::O.

We introduce the new variables

(12)

Tho;:y are equivalent to the system of the equations

(i ~ I, 2, ... , 14),

Xl + X2 -;- . . .
+ Xl4 =--=t.

If we subtract Yit, + Yit.
-'- YitlO' from the la,t equation given above, then we obtain the

equivalent ~ystem of tho;: equations

(13)
Xi+Xi~I=-2t+Yi+. Yitlo+Yi=Zi (io--I, 2, ...,14),

Xl -+X2 + . .. j--c X14 = t.
By (13) we have

(=ZI +Z3+Z5+Z7'''9--i-Zll +Zu

= -14 1+ 3 YI + 3 y, + 3 y, -,-.3 y, +- 3 Y9 + 3 YI1 + 3 Ylj,

YI3..51-YI-Y'-Y'-Y'-Y9-Yl1
and

- -14 t - 3 y, + 3 Y4i 3 Y. + 3 Ys -,-3 y,o' 3 YI2 + 3 Y14'

where y" y" ... , YI2 and i are indep::ndent variables. Putting YI:" Yl4 and (12) into (10),
we have

.1: F(Y2i-p t) +F (5 t-.1: Y'i--" t)= - [ .1: F(y'i'
t) +F (51-.i Y'i'

t )
]

~O

,~I 1=1 I~I 1=1

and its general continuous solution is

F(y, I)~k (t)( y-
~

t ).

If we put this ;nto f(x, y) -~ F (x, x + y), we obtain the genera! continuous solutin of (10)

f(x, y) = k (x + y) [x-
~

(x + y)
]

where k (t) is an arbitrary cont'nuous function.
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