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A CLASS OF LINEAR FUNCTIONAL EQUATIONS*
J. K. Jong

In this paper we shall consider the functional equation

n+m
(1) > oaif (it X+ Xy Xint 0+ Xitmtn—1)

i=1
+a f(0, X +x4 - X))+ @ X+ -+ X, 0)=0
where a;, a’ and @' are arbitrary real numbers, all g; are not zero; n and m
are two arbitrary positive integers; x; are independent variables and
Xpimix=Xx (k=1,2, ..., n+m—1).
The certain particular cases of (1) are solved [1], [2]. We shall give a
method for solving (1) in the general case.!

Let f(x, y)=F(x, x+y) and by putting x; + x,+ - - - + Xur,, =1 in (1), we
' have

n+m

) S @ F (it X+ - o0+ Xipnq, ) 4@ F(O, )+a" F(t, 1)=0.

i=1
There are three cases
>i) n+m=2n e n=m;
(i) n+m= Mn (M >2);
(it1) n+m=Mn+r (I<r<n—1).
(1) Let n=m. Let in (2)

(3) Xi+Xpp + 00 0 F Xipn—1 =Y (i=1, 2’ e n)a
Xi+Xp+ oo +Xp=1

then

4) Xnpit Xppipr+ o o FXonp =t—y;  (=1,2,...,n).

* Presented March 19, 1965 by D. S. Mitrinovi¢ and D. Z. Djokovié.

! Remarks of the Redaction: 1. The author in case (iii) gives only the general conti-
nuous solution of a particular equation, not for the general case.

II. The two terms a’ f(0, x, +x,+ -+ +X,1) and a” f(X, + X, + -+ - + Xptp, 0) can be
omitted from (1) without any loss of generality. This would simplify many of the later
statements.
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The first n equations of (3) are mutually independent and the last equ-
ation of (3) has an indcpendent variable x,, which does not appear in the
first n equations of (3). Hence y,, y,, ..., y, and ¢ are independent variables.

It we set (3) and (4) into (2), we have

(5) [aiF(yi’ t)+aﬂ+iF(t—yi’ t)]+a/F(Oa t)+aIIF(t, t):()
=1

1

Suppose that a certain a;, # 0 in (5). By fixing the variables

Yis YVas «ov s Vie—1s Vig+1s ««+ s Un

and denoting the sum of all summands of (5), except i=i,, by —2a; «(?),
then we have

ainF(yiu s t)+aﬂ+io F(t—yio ’ t) :Zaio & (t)
We have to consider three cases.

1° If a,.s, = a;,, then F(y, )=A(y, ) —A(t—y, t)+a(t). If we put
this into (5), we have

(@—ar A (i D—A (=i O]+ 50 S @1 @)

i=1

WL

+(@+a)a(t)+(a—a")[4(0, t)—A(t, t)]=0.
Therefore, if a,.;,=a; (i=1, 2, ..., n) and

1° (@) a'=a", d+ Z ;=0 then F(y, )=A(y, )—~A{—y, t) +a(t);

i=1

1°() a+a"+2 % a;#0 then
i=1
FO 1) A, DA (. 1) 3 DA DA 01

n
a+a’ +2 z a;
i=1

1° (0 a'#a’, d+a"+2% a;=0, then F(y,t)=A(y,1)—A(—y, 1),

i=1
where A (t,1)= A0, ¢).
2° If a,y4, =—aj,, it is clear that we also have «(¢)=0, then
F(y,)=A(y,0)+A(—y, 1)
If we put this into (5), we have

S @+ an ) A G 1) + A (=13, D]+ (@ +a") [40,1) + A (2 )] =0,
i=1

Therefore, if a,;;= —a; (i=1,2, ..., n) and
2° (a) a'=—a' then Fy,0)=A(y,0)+A@—yt);
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2° (b) a'#—a" then F(y,t)=A(y, 1)+ A(t—y,t) where 4 (¢, 1) = —A(0.¢).

3° If i and j exist such that a,.,#a;, a.4 ;7 —a;, and a'+a" +2 i a;=0,
then (5) has only the solution F(y, ) =u« (). =

By putting above results into f(x,y)=F(x, x+y) we have the

Theorem 1. The general solution of the functional equation (1) for
n=m has the following forms:

1' f(xsy):A(xs x+}')_A (y,x—\‘y)+0((X+y) ifan-!-i:ai(i: 19 2a LEEEEIY n)
and a'=d’, a'+ % a;=0;
(@"—a)[A(0, 1)—A (¢ 1)]

n
al+a//+2z ai
i=1

i=

2. f(x7 .V)ZA(X> x+y)_A (y’ x‘*“y)'+

if

Qnyi;=4a; (i:l, 2’ e l’l) and a’+a”+2 Z ai;éO;

e
3. fO,y)=Ax,x+y)—A(y, x+y) where A(t,)=A(0,1), if ap;; = —a;
(i=1,2, ... n) and a#—a";

4, fO, V) =AC,x+p)+ A, x+p) if @Gpi=—a; (i=1,2, ..., n) and

5. fx,y)=Ax,x+y)+A(y,x+y) where A(t,t)=--A(0,t) if ay,;,= —ai
(i=1,2,...,n and a'#—ad";

6. f(x,y)=a(x+y) if i and j exist such that a,.; #a;, a,;7—a;, and
i @i+ ans)=0;
i=1

7. f(x,y)=0, in other cases;
where A(x,y) and «(t) are arbitrary functions.

(i) Now we take n+m=Mn(M>2). Let in (2)

6) Xit Xipy+ o0 A X =y (=1, 2, ..., Mn)
X+ Xg v o+ Xy =1
We have
P=(Xi+ X4 - s Xn ) T Kign+ Xpgni g+ 0 0 0+ Xipaaq) + 0 -
+ (X M—2yat XM= ya—) T X - a0 X May)
=Yit+Vitat * 0 T Vir@M—nt Vit @M-1)n>

YVir(M—pyn=t—=Y;i—Vitn— " * * —Vir(M—2)n (i=12,...,n,



42 ) J. K. Jong

i.6. YM—1yn+1s YM—1ynt2s - - - » YMn ar€ linear combinations of y,, y,, ..., Ym—1yn
and ¢ which are independent variables for the first (M —1)n equations of (6)
are mutually independent, and the last equation of (6) contains an independent
variable yu, which does not appear in the first (M —1)n equations of (6).
Thus (2) can be written in the form

n iy M-2
(7) Z [ Z Aintj F(ym+15 t)-l' AM—-1yn+j (l— Z Yintjs t):l

i=0 i=0
+d' F(0, )y+a" F(t,£)=0.

Suppose that a certain auar—ynyj, 70 (or a,o,,+,n7&0) exists in (7). By fixing
the variables y;,,;(i=1,2, , M—2; j=1,2, ... s Jo— 1, jo+1,...,n) and
denoting the sum of all summands of (7), except J=Jo> by —Ma(M_l),,Hooz(t)
then we have

M-2 M-2

> ain+ioF(yin+fo’t)+a(M—1)n+ioF<t_ S Vintis f)=Ma<M—1)n+f.,°C(t)-

i=0 i=0

4° If ainyj, = a—1yn+5, (=0, 1,2, ..., M—2) then the last equation has

the general continuous solution

t
)=k —— )+ a(t).
FO,0 =k @ (y— )+ 20
Putting this into (7), we have
M-2
S (am+j—a(M—1)n+1)()’xn+;——)k(f)+[(M—l)a” @)~ k()
j=1 i=0 M

n [M-2
z[z a,n+,+a<M-m+,]a(t>+(a+a"> (1) =0.

Therefore, if a4 ;j=am-1ya+; (=0,1,..., M=2; j=1,2,...,n) and if

4° (@) a=M—-1)a" 3 ap—yyn+;j+a’ =0, then

=1

F(y, t)=k(t)(y—j)+a(z>;

4°(b) M3 am-ynij+a’ +a’7#0, then
=1
t

FOu 0=k (O (y— )+

a—(M—1)a”

t
e k).

a+a’+M Z AM—)ntj
=1

5° If a certain a;,,.j, exists such that a;.ij, # aw—1yn+j, » and

Mn
a+a’+% a=0

i=1

then (7) has only the solution F(y,t)=a(t).
By putting above results into f(x, y)=F(x, x+y), we have the
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Theorem 2. The general continuous solution of the functional equation
(1) for n+m=Mn(M=>2) has the following forms:

X -+ . .
L f(x, y):<x———M—~y)k(x+y)+a(x+y) if @insj=apt—pnes ((=0,1,...,

M—2;j=1,2,...,n), a=M-—1)d" and a"+2a(Mw1),,+,»=O;

=

a+(1—M)a”

x+y)

2. fx y)=<x—7 k(x+y)+ -x;yk(ery),

n
a+a’+M Z AM—1)n+j
j=1

if Guyj=ap—pnt; (=0,1,..., M—2; j=1,2,...,n) and

n
a+a’+ Z aM—1ynt ;7 0;
Jj=1

3. f(x,y)=a(x+y) if a certain a; ny;, exists such that a; 1 j, 7 Ar—1yn+j, »

Mn
and a' +a' + Z a;=0;

i=1

4. f(x,y)=0, in other cases,
where k (t) and «(t) are arbitrary continuous functions.

(iif) Now we consider the cases n+m=Mn+r (I1<r<n—1). Let in (2)

(@) Xi+Xigpy 4+ -0 A Xpqnm =y, (@=1,2, ..., Mn+r),

X+ X0+ - -+ XMap,=1.

This is a linear system of the algebraic equations. By subtracting certain M
equations from the last equation given above, we obtain the equivalent system
of the equations

n
Xt Xpgy T 2 T X =0 z Yitr+ni—n =Y,
i-1
) Xy FXy+ - Xy, =L
(i=1,2, ..., Mn+r; j=1,2, ..., Mn+r—1).

There are two cases
1. Mn+r=M,r. This is the second case which we have considered above;

2. Mnt+r=M;r+r, (1<r,<r—1). In this case we reduce (9) to a sim-
pler equivalent system of the equations by using the method as that of chan-

ging (8) to (9).
For the sake of better understanding we give an example.

Let us take the following equation

(10) FOG+Xp i+ o+ Xigs Xidggt Xik1n T X2 + Xi413) =0 Qg = X))
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Let f(x, y)=F(x, x+y), we have
(11) Fx;+ -+ X104, X, 7X,+ - +Xx,,)=0.
We introduce the new variables
(12) X;+ X4+ T Xgde=Yy; (i=1, 2, ..., 14),
Xy Xy 4 oo =Xy ke
They are equivalent to the system of the equations
Xy Xpgy F Xop T Xiqy = 1=V = Y, (=12, ..., 14),
X+ X, 5 oo+ X, =1

If we subtract Y,;i,+ Y45+ Yip, from the last equation given above, then we obtain the
equivalent system of the equations

(13) Xp+Xga = =20+ Yitg v Vit t Y=z (=1, 2, ..., 14),

By (13) we have

X+ X+ ot X =1

t=z +2Z3+ 24+ 2Z;+2+ 2+ 2y
=—141+3y,+3y,+3y =3y +3y,+3 ¥y, +3 ¥,

Vi3 S t—y—y3=Ys—V—Ys— V1

and
1=Z,+2Z,+2g+ Zg+ 215+ 215+ 714
=141t -3y, 43y, 43y, +3¥s+3Y0+3 Y+ 3 V4,
Vg =S 1=V, = Vi—Ys—Vs— Y1012

where y,, ¥,, ..., y, and i are indepzndent variables. Putting y,., », and (12) into (10),
we have

6 6 6 6

Z F(yyi—1» f)+F( 51— Z YVai—-1> f):——-[ Z F(yy, ’)"FF(S’_ l Yais t )]0

i=1 i=1 i=1 i=1

and its general continuous solution is
5
F(y, t)—:k(t)(y—71).
If we put this into f(x, y)=F(x, x+y), we obtain the genera! continuous solutin of (10)
5
Fe, )=k (x+») [x—7 (Hy)]

where & (1) is an arbitrary cont’nuous function.
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