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IIOPR,lJ;KOBbIE CXEMbI M HEOTPbIQATEJIbHOCTb
OIIPE,lJ;EJIHTEJIR*

/(paiOMUp )[(. nOKo6un

B :nOH pa50Te peIIlaeTCH Bonpoc nOCTaBJleHHbIH 10. H. Mep3AAKOBbIM B
ero CTaTbe [1]. HeKOTOpbIe H3 npHBe)J;eHHblx onpe)J;eJIeHHH B3HTbI ~eJIHKOM
H3 [1].

1. llYCTb )J;aHHa)J;eHcTBHTeJIbHMMaTpH~a A = (aij) pa3Mepa m x n; 3anHIIIeM
3JIeMeHTbI ee j-oro cToJJ5~a B BH)J;e y5bIBalO~eH ~enOqKH

H nOJIO)KHM
S; .

J'=
1,

IJ
S;lj j = 2, ... , S;mj j = m.

IJ;eJlOqHCJIeHHYIO MaTpH~Y S = {s;J Ha30BeM nOpH)J;KOBOHcxeMoH MaTpHn:bI A,
a TaK)Ke nopR)J;KoBOH cxeMoH ee onpe)J;eJlHTeJIR, eCJIH OH cy~ecTByeT. OTMeTHM
qTO O)J;Ha H Ta-)Ke MaTpHn:a MO)KeT )J;onycKaTb H 50JIbIIle qeM O)J;HYnopR)J;KoBYIO

cxeMY S. MbI 5Y)J;eM HMeTb )J;eJIO TOJIbKO C KBa)J;paTHbIMH MaTpH~aMH.

Onpe)J;eJIHTeJIb C 3JIeMeHTaMH 0,1 5Y)J;eM Ha3bIBaTb 3JIeMeHTapHbIM.

KBa)J;paTHYIO MaTpHD:Y, )J;onycKalO~YIO nopSl)J;KoBYIO cxeMY

Zn + = Z+ =

r

;;

- 1 n-2
n n-l

n

5Y)J;eM Ha3bIBaTb ~HKJIHqeCKOH, a ee onpe)J;eJIHTeJIb D:HKJIHqeCKHM.

llpHBe)J;eM )J;Be JIeMMbI Mep3JISIKOBa.

JI eM M aMI. BCJlKUU onpeiJe/lUme/lb C Heompblu,ame/lbHblMU 3/leMeHmaMU,
oonycKalOllfuu nopfliJKo6YlO cxeMY S, fl6/lflemCfl Heompblu,ameJlbHou /lUHeUHOU

KOMouHau,ueu 3/leMeHmapHblX onpeiJe/lume/leu C mOU-)f(e nopfliJKo6ou cxeMOU S.
JI e M M a M2. BCflKUU U,UK/lUI./eCKUU onpeiJe/lUme/lb C Heompblu,ame/lbHbIMU

'MeMeHmaMU Heompblu,ameAeH.

Bonpoc Ha KOTOpbIH MbI 5Y)J;eM OTBeTHTb 4>oPMYJIHPyeTcR TaK:

Onpe)J;eJIHTb HaH50JIee IIIHpOKbIH KJIaCC K+ nopH)J;KoBbIX cxeM S, )J;JJSI
KOToporo HMeeT MeCTO cJIe)J;YIO~ee npe)J;JIO)KeHHe, aHaJIOrHqHOe JIeMMe M2:
BCRKHH onpe)J;eJIHTeJlb C HeOTpbID:aTeJIbHbIMH 3JIeMeHTaMH, )J;onycKalOIIIHH nop-
SI)J;KOBYIOcxeMY S E K+, HeoTpbI~TeJIeH.

. IIpeACTaBJIeaO npo<iJ. ,[(, C. MHTPI!.HOBH'IeM.

2 Publikaciio



18 .n;. )1(. DoKOBHh

2. I1pe)l()le 'ieM c4>OPMYJlHpyeM OTBeT Ha 3TOT Bonpoc, )la)lHM HeKoTopble
onpe,n:eJleHHM.

110,n: TpaHcn03HIIHeH MaTpHllbI A oY)leM nOHHMaTb 3aMeHY KaKHX-JlHOO
)lBYX CTpOK HJIH ,n:BYX CTOJlOll,OB 3TOH MaTpHll,bI.

I1YCTb nOpjI,n:KOBajI cxeMa 82 = cr(81) nOJlY'IaeTCjI H3 cxeMbI 81 COBepWajI
Ha,n: nOCJle)lHeH ll,eno'ixy TpaHcn03HIIHH (cr). ny,n:eM nHCaTb 81~82 HJlH 81, ,82
B 3aBHCHMOCTH OT Toro co,n:ep)l(HT JlH (cr) 'IeTHOe iWH He'IeTHOe 'IHCJlO TpaH-
Cn03Hll,HH. JIerKo BH,n:eTb 'ITO ~ eCTb OTHoweHHe 3KBHBaJleHTHOCTH, T.e.

1° 8~8 )lJlH Ka)l()lOH cxeMbI 8;

2° eCJlH 81~82 H 82~83 TO 81~83;

3° eCJIH 81~82 TO 82~81.

OTHoweHHe , , CHMeTpH'IHO, T.e.

4° eCJIH 81, ,82 TO 82, ,81,

CYIlI,eCTBYIOT TaKHe cxeMbI 81 H 82 'iTO 81 ~ 82 H 81, ,82,

Haw pe3YJIbTaT cO)lep)l(HTCH B CJIe,n:YIOIlI,eH TeopeMe.

T e 0 p e Mal. K//acc K+ cocmoum U3 mex u mO//bKO mex cxeM 8 O//R
KomopblX 8~Z+.

C Ha'IaJla ,n:OXa)l(eM TPH JIeMMbI.

JI e M Mal. /{//R Ka)[(OOU nopROK060U cxeMbl 8 cyU/ecm6yem 3//eMeHmapHblu
onpeoe//ume//b OonycKalOU/uii cxeMY 8, Komopblu He pa6eH HY//IO.

/{OKa3ame//bcm60. .LI:JIH cxeM BToporo nOpH)lKa YTBep)l(,n:eHHe JIeMMbI JlerKO
npOBepHeTCH. I1YCTb YTBep)l(,n:eHHe JleMMbI BepHO ,n:AA cxeM nopM,n:Ka n-l;;;. 2.

I1YCTb 8 = (Sij) cxeMa nopM,n:Ka n. Be3 YMeHbweHHM OOIll,HOCTIi MO)l(HO npe,n:-
nOJlO)l(HTb 'ITO SI1 = 1. 0003Ha'IHM 'Iepe3 811 nO)lMaTpHll,Y MaTpllll,bI 8 KOTopaH
nOJIY'IaeTcM OTopocbIBaHHeM nepBoH CTpOKH H nepBoro CTOJIOll,a cxeMbI 8.
Onpe)leJlHM 3JIeMeHTapHbIH onpe,IIeJIHTeJlb A = laijl (i,j= 1, ... , n) CJle,n:YIOIlI,HM
00pa30M:

(a) au = 1, ail =0 (i> 1);

(0) AI1=laijl(i,j=2, ..., n) eCTb 3JIeMeHTapHbIH Onpe)leJIHTeJlb )lonyc-
KalOIllHH TY-)I(e nopM,n:KoBYIOcxeMY 'ITO H -811 II AI1#O;

(B) 3J1eMeHTbI a1j (j = 2,
'"

, n) onpe,n:eJlMIOTCMTaK 'ITOObIau = 0 HJIH1
H 'iTOObI onpe,n:eJlHTeJIb A ,n:onYCXaJI nopM,n:KOBYlO cxeMY 8.

YCJlOBHIO (0) MO)l(HO y,n:oBJleTBOpHTb no npe,n:nOJlO)l(eHHIO HH,n:YKll,HH.

I1YCTb il (f), i2 (j), ... , in (j) j-TbIH CTOJlOell, cxeMbI 8. ECJIH i1 (j) = 1
TO nOJIO)l(HM al j = 1. I1YCTb i1 (j) > 1 H nYCTb 'iHCJlO i1 (j) -1 Haxo,n:HTCM B

CTpOKe r (j) j-oro CTOJlOll,a. Tor,n:a nOJlO)l(HM au = ar (j). j' TaKHM oopa30M MbI
y,n:oBJleTBOpHM YCJIOBHIO (B).

Pa3J1araM onpe,n:eJIHTeJlb A no 3J1eMeHTaM nepBoro CTOJlOu,a nOJlY'IHM
A = Au#O. JIeMMa ,n:OKaJaHa.

AHaJIoru'IHO KJIaccy K+ onpe,n:eJlHM KJlaCC K- KaK HaHOOJIee WHpOKbIH
KJlaCC nopM.n:KoBblX cxeM 8, ,n:JISI KOToporo HMeeT MeCTO CJle,n:YIOIlI,ee npe,n:Jlo-

)l(eHHe: BCMKHH onpe,n:eJlHTeJlb C HeOTpblll,aTeJIbHbIMH 3JIeMeHTaMH ,n:onycKaIOIlI,HH

nopM,n:KoBYIO cxeMY 8 E K-, HenOJIO)l(HTeJleH. Qepe3 Z- 0003Ha'IHM cxeMY
xOTopaM nOJlY'iaeTCM H3 cxeMbI Z+ TpaHCn03Hll,HeH ,n:BYXnepBblX CTOJlOll,OB.
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J13 JIeMMbI 1 CJIe,I:(yeT qTO K+ H K- ,I:(H3IOHKTHbI. H.3 onpe,I:(eJIeHHH KJIaCCOB
K+ H K- H oTHomeHHH R:i H

"-'
nOJIyqaeM

5° eCJIH Sr E K+ H SIR:iSZ TO Sz E K+;

6° eCJIH Sr E K- H SrR:iS2 TO Sz E K-;

7° eCJIH Sr E K+ H Sr-Sz TO Sz E K-;

8° eCJIH Sr E.K- H Sr"-'Sz TO Sz E K+.

H.3 ::noro CJIe,I:(yeT qTO TeopeMa 1 3KBHBaJIeHTHa YTBepJK,I:(eHHIO qTO S ~ K-
TOr,I:(a H TOJIbKO TOr,I:(a eCJIH SR:iZ-. 3TOT $aKT 5Y,I:(eM HCnOJIb30BaTb B nOCJIell-

CTBHH 5e3 oroBopKH.

JI eM M a 2. Ha cYUfecm8YJOm cxeMbl Sr U S2 Komopble UMeJOm OOU/taK08ble

8ce CmO/l6u,bl KpOMe (MO}/(em 6blmb) OgH020, maKue 'lmo S[R:iZ+ u SzR:iZ-.

/(oKa3ame/lbCm80. Ha OCHOBamfH JIeMMbIM2, z+ E K+ H Z- E K-. H.3

5° H 6° H npe,I:(nOJIOJKeHHH JIeMMbI CJIe,I:(yeT qTO TOJKe Sr E K+ H Sz E K-. Ho
K+ H K- lIH3IOHKTHbI, n03TOMY Sr=F-Sz, llycTb (cr) IIenO'IKa qeTHOrO qHCJIa
TpaHn03HIIHH TaKaH qTO cr (SIJ = Z+. CxeMbI cr(Sf) = Z+ H cr (Sz) pa3JIHqaIOTCH

TOJKe TOJIbKO B O,I:(HOM H3 CTOJI5I10B TaK KaK 3TO CBOHCTBO HHBapHaHTHO npH
TpaHcn03HIIHHx. CxeMa cr(Sz) HMeeT no KpaHHeH Mepe B OLIHOH H3 CTpOK O,I:(HO
H TO-)Ke qHCJIO H50 H3 npOTHBHoro CJIe,I:(yeT qTO cr(Sz) = Z+. 3TH ,I:(Ba qHCJIa

OCTaHYT B O,I:(HOH H TOH JKe CTpOKe KaKYIO 5bI HH 5bIJIO lI,eno'iKY TpaHCn03HlI,HH
Hall cr (Sz) COBepmHJIH. 3TO npOTHBOpeqHT npe,I:(nOCbIJIKe S2R:iZ-. JIeMMa ,I:(OKa-
3aHa.

JIeMMa 3. IIycmb S=(Si;) nOpllOK08aR cxeMa nopRoKa n, SR:iZ+ u

Sir = i, Sii = 1 (i = 1, ... , n),

m020a S=Z+.

/(oKa3ame/lbCm8o. 0503HaqHM qepe3 (a) IIenOqKY qeTHOrO qHCJIa TpaHcno-
3HIIHH KOTopaH npHBO,I:(HT S K $opMe Z+. llYCTb npH TOM nepBbIH cToJI5eIl
CXeMbI S nOnaJI B k-TbIH cToJI5eIl CXeMbI Z+. ECJIH nOCJIe,I:(HHH cToJI5e:u;
CXeMbI Z+ nOCTaBHM nepe,I:( nepBbIM, a 3aTHM nOCJIe,I:(HIOIO CTPOKY nOJIY'leHHOH
cxeMbI nOCTaBHM nepe,I:( ee nepBOH CTPOKOH, TO nOJIyqHTCH CHOBa cxeMa Z+.
HOMep KaJK,I:(OrOcToJI5I1a KpOMe nOCJIe,I:(HerO YBeJIHqHJICH 3a e,I:(HHHIIYa nOCJIe,I:(HHH
cToJI5ell, CTaJI nepBbIM. 3Ta TpaHc$opMall,HH 3KBHBaJIeHTHa HeKOTopOH :u;enOqKe
qeTHoro qHCJIa TpaHcn03HlI,HH. llpHMeHHH 3TY TpaHc$opMall,HIO n-k+ 1 pa3,

k-TbIH cToJI5eIl nepeHlIeT B nepBbIH. 0503Ha'lHM qepe3 (r) cooTBeTcTBYIOIlI,YIO
lI,enOqKY TpaHCn03HlI,HH. CJIOJKHaH IIenOQKa (aT) npHBO,I:(HTCXeMY S K $OpMe
Z+ H OCTaBJIHeT 3JIeMeHTbI nepBOrO cToJI5I1a Ha MeCTe. H.3 3TOrO CJIe,I:(yeT qTO
IIenOqKa rpaHcn03HlI,HH (crT) CBOllHTCH K lI,enOqKe TpaHCn03HlI,HH CTOJI5l1,OB C
HOMepaMH 2, ... , n. H.3-3a Tora qTO ,I:(HarOHaJIbHble 3JIeMeHTbI cxeM S H z+
COBna,I:(aIOT CJIellyeT qTO lI,enO'IKa (crT) 3KBHBaJIeHTHa nYCTOH lI,enOqKe, T.e.

S = Z+. JIeMMa ,I:(OKa3aHa.

II p H M e Q a H He. TaK}/(e MO}/(HO OOKa3amb 'lmo eC/lU S U Z + C08naoaJOm
Ha 2/la8HOU OUa20Ha/lU U 8 OOHOM U3 cmO/l6u,08 U SRi Z+ m020a S = Z+.

3. Tenepb MbJ B COCTOHHHH ,I:(OKa3aTb TeopeMY 1.

/(oKa3ame/lbCm80 TeopeMbl 1. B CHJIY JIeMMbI M 1 ,I:(OCTaTOqHO orpaHH-
qHTbCH paccMoTpeHHeM TOJIbKO 3JIeMeHTapHblx onpe,I:(eJIHTeJIeH.

/(ocmamO'lHOCmb YCJIOBHH SR:iZ+ CJIe,I:(yeT H3 5° H JIeMMbI M2.

2*
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Heooxoi)uMocmb. ,[I,JISI n = 2 JIeno npOBepHTb TeopeMY. IIycTb OHa BepHa

D.JISI n-l:> 2. IIYCTb S cxeMa nopSl~Ka nuS E K+.

,[I,oKa)KeM 'I TO Bce e~UHUIJ,bI cxeMbI S HaxO~SlTCSI B pa3HbIx CTpOKax.
,[I,onYCTHM 05paTHO, T.e. npe~nOJIO)KUM 'I TO CYIIJ,eCTByeT cxeMa S E K+ HMelOIIJ,aSI

B O~HOH CTpOKe ~Be HJIU 50JIbIlle e~UHHIJ,. I1cnOJIb3YSI Ha~JIe)KaIlJ,YlO IJ,enOqKY
TpaHCn03UIJ,UH nOJIyqUM cxeMY T = (tij) ~JISI KOTOpOH tll = t12 = 1 H T ~ S,
T E K+. IIYCTb A = Iaul KaKOH-JIu50 3JIeMeHTapHbIH onpe~eJIUTeJIb ~onycKalOIIJ,uii
nopSl~KoBYlO cxeMY THall = 1, ail = 0 (i> 1). Oq03Ha'fUM qepe3 All MHHOp
:meMeHTa all' Qepe3 TII 0503Ha'fUM nopSl~KoBYlO cxeMY nO~MaTpHIJ,bI nOJIY-
qeHHOH oT5pocbIBamfeM nepBoH CTpOKU H nepBoro cToJI5:u;a MaTpu:U;bI - T.
MHHOp Au ~onycKaeT nopSl~KoBYIO cxeMY Tu. 113 All = A:> 0 cJIe~yeT 'I TO

Tu E K+. IIo npe~nOJIO)KeHUlO HH~YKIJ,UU TII~Z;;-I' AHaJIOrU'fHO ~OKa3bI-

BaeTCSI qTO TI2~Z;;-1 r~e T12 nOpSl~KOBaSl cxeMa nO~aTpHIJ,bI nOJIY'feHHOH
oT5pocbIBaHueM nepBoH CTpOKH H BToporo cToJI5IJ,a MaTpUIJ,bI - T. Ho cxeMbI
Tu H T12 pa3JIJfqalOTCSI (MO)KeT 5blTb) TOJIbKO B nepBoM cToJI5IJ,e 'ITO HeB03-
MO)KHO Ha OCHOBaHUH JIeMMbI 2. I1TaK, MbI ~OKa3aJIU 'I TO Bce e~UHUUbI cxeMbI

S HaxO~SlTCSl B pa3HbIx CTpOKax.

COBepIllaSl :u;enOqKY qeTHOrO 'fUCJIa TpaHCn03UIJ,UH Ha S MbI B B03MO)KHOCTH
nOCTaBHTb e~HHHIJ,bI Ha rJIaBHblX ~HarOHaJIbHbIX MeCTax B nepBbIx n-2 CTOJI-
5IJ,ax. 0503HaqUM HOBYlO cxeMY 'fepe3 S' = (s'u). Tor~a e~UHHUbI B nOCJIe~HUX
~BYX cToJI5IJ,ax TaK)Ke ~OJI)K}IbI JIe)KaTb Ha rJIaBHOH ~HarOHaJIH. B caMOM ~eJIe
eCJIH 3TO He TaK, Tor~a onpe~eJIHTeJIb A = laul r~e

ajj = 0 B OCTaJIbHblx CJIY'faSlX,

~onycKaeT nopMKoBYlO cxeMY S' H oTphIlJ,aTeJIeH.
COBepIllaSl HOBYlO :u;enoqKY qeTHOrO qHCJIa TpaHCn03HIJ,uH w:! S' Mbi MO)KeM

nOJIY'lHTb cxeMY S" = (s"u), KOTopaSl Ha rJIaBHOH ~HarOHaJIH HMeeT e~UHH:U;bI
H B KOTOpOH nepBbIH cToJI5e:u; 1, 2, ... , n. ECJIu, Ha nplfMep, qlfCJIO 2 H3
nepBOIO cToJI5:u;a HaXO~IfTCSI B k-TOH CTpOKe (k> 2), Tor ~a Ha~o COBepIIIHTb
TpaHCn031f:U;HH k-TOH H BTOpOH CTpOKH uk-oro H BToporo cToJI5:u;a cxeMbI S'.

,[I,oKa)KeM 'I TO S" = Z+ H 3TlfM TeopeMa 1 5y~eT ~OKa3aHa. ,[I,JISIn = 2 H

n = 3 B 3TOM MO)KHO y5e~IfTbcSI Henocpe~cTBeHHo. 113-3a Toro MbI npe~nOJIO)KHM

'I TO n:> 4. IIYCTb A = laul KaKoH JIH50 3JIeMeHTapHbIH onpe~eJIHTeJIb ~onyc-
KalOIIJ,HH cxeMY S" H akk = 1, ajk = 0 (i*-k> 1). 0503HaqUM 'fepe3

A(k) MHHOp

3JIeMeHTa akk' MHHOp A(k) ~onycKaeT cxeMY
p(k)

me P(k) nopSl~KoBaSl cxeMa
nO~MaTpHIJ,bI nOJIyqeHHOH oT5pocbIBaHHeM k-TOH CTpOKH H k-oro CTOJI5:u;a

Ma TplfIJ,bI - S" . ECJIH
P(k)

= (/V) SlCHO'ITO /'!? = 1, pW = i (i = 1, . .. , n - 1).
113 A(k)

= A:> 0 cJIe~yeT qTO
P(k) E K+ H no npe~nOJIO)KeHHlO IfH~YK:U;HU

P(k) ~ Z;;-I . Ha OCHOBaHHH JIeMMbI 3 P(k)
= Z:-I. TaK KaK 3TO BepHo ~JISI

Ka)K~OrO k = 2, 3, .., , n nOJIyqaeM 'ITO S" = Z;; ~JISI n:> 5. ,[I,JISIn = 4 UMeeM

[

1 4 3 2

]
S" = ~

1 j
421
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f,L:\e Ha nYCTbIX MeCTax B BTOpOM If qeTBepTOM CTOJIon:e ,L:\OJI)I(HbIObITb 2, 3
If 3, 4 B KaKOM-TO nOpH,L:\Ke. Ih P(l)EK+ If

P(l)
= [

1

! 1 ]

H JIeMMbI 3 (CMOTpIf npIfMeqaHlie) cJIe,L:\yeTqTO S" =zt. TeopeMa ,L:\OKa3aHa.

n p H M e 'I a H If e. Ha OCH06aHUUJIeMMbl 3 U a/l20pUmMa U3 oOKa3ame/lb-
cm6a TeopeMbl 1 MO)KHOO/lR Ka)K0020 /lamUHCK020 K6aopama ycmaHo8umb 3K6U-
6a/leHmeH /lU 3mom K6aopam K6aopamy Z+ U/lU Hem.

QMTMPOBAHHA~ ~MTEPATYPA

[1] lO. M. Me p 3 n II K 0 B, 0 cyU/ecm808aHUU nOJlO){(UmeJlbHbIX peUJeHUU y cucmeM
JlUHeUHUX ypa8HeHUU. YcneXH MaTeMaTHQeCKKX HaYK, 18. BblII. 3 (111), (1963), 179-186.

Resume

I.ES SCHEMAS D'ORDRE ET POSITIVITE DU DETERMINANT

D. Z. Djokovic

On demontre que la classe K des schemas est identique a celle obt~nue
par application d'un nombre pair de transpositions des lignes et des colonnes
au schema cyclique.

Pour la terminologie voir l'ouvrage cite.


