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ON THE SPECTRUM OF THE FINITE LAPLACE
TRANSFORM WITH SOME APPLICATIONS

Hichem Ben Aouicha, Tahar Moummni

This paper is devoted to the computation of the spectrum of the finite Laplace
transform (FLT) and its applications. For this purpose, we give two different
practical methods. The first one uses a discretization of the FLT. The second
one is based on the Gaussian quadrature method. The spectrum of the FLT
is then used to invert the Laplace transform of time limited functions as
well as the Laplace transform of essentially time limited functions. Several
numerical results are given to illustrate the results of this work.

1. INTRODUCTION

The finite Laplace transform (FLT) defined as

b
Lonf(z) = /0 eV i(y)dy, b >0,

plays an important role in solving boundary value problems for ordinary and partial
differential equations, see [7]. It is also used to solve a weakly singular integral
equation in transfer theory, see [18]. Several applications of this transform in
linear control problems have been studied in [15]. The finite Laplace transform was
studied first by DEBNATH and THOMAS in [8]. They have given some properties
of the FLT. Some other properties can be found in [20]. In [4], the authors have
considered the following integral transform

b
(1) Lopf(z) = / eV f(y)dy,
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from L2[a,b] to L? ([0, +oc[) which is also the finite Laplace transform. Here 0 <
a < b are two positive real numbers. They have proved that the differential operator
D given by

Df =~ ((@® = 1)(0® =) f') +2(* ~ 1)

commutes with the Stieltjes transform

“ fly)
1 Tty

Sozf(x) = (‘Cmb)* Ea,bf(x) = dya

where a = g. In [3], the authors have studied the spectral properties of D.

Note here that the parameter a, introduced in (1), cannot be equal to 0. In
this paper, we complete the work given in [3]. We suppose that a = 0, we study
the spectrum of the operator Lo, defined from L2[0,b] into itself and we give some
of its applications. The eigenfunctions of FLT and their corresponding eigenvalues
are computed by two methods. The first one is based on the discretization of Lo
following a suitable set of orthogonal polynomials while the second method is based
on the use of a Gaussian quadrature method. Finally, we use such eigenfunctions
and eigenvalues to invert the finite Laplace transform as well as the Laplace trans-
form over the set of essentially time limited functions. In the following, the Laplace
transform is given by

+oo
Cf(x) = /0 e f(y)dy,

see [7]. Note here that a large number of different methods for the inversion of
the Laplace transform can be found in the literature, see for example the extensive
list of papers collected in [16, 17]. A comparison of methods of inversion of the
Laplace transform is given in a survey by DAVIES and MARTIN in [5].

The outline of this paper is as follows. In section 2, we provide two meth-
ods of computation of the eigenfunctions of the finite Laplace transform and their
corresponding eigenvalues. The first method is based on the discretization of Lo .
The second method is based on the Gaussian quadrature method. Section 3 is
devoted to some applications of the results given in section 2. The first application
is the inversion of the finite Laplace transform while the second one is the inversion
of the Laplace transform of functions essentially time limited to [0,b]. In section 4,
we illustrate such methods by several numerical results.

2. ON THE COMPUTATION OF THE SPECTRUM OF THE
FINITE LAPLACE TRANSFORM OPERATOR

It is easy to see that Lg; observed as a map from L?[0, b] to itself is a Hilbert-
Schmidt operator, with the Hilbert-Schmidt norm

b b 1/2
1o/l g = (/ / e "dx dy) <b.
o Jo
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Let (n)n>0 denote the infinite set of the eigenvalues of Ly, arranged in the
decreasing order of their magnitude, that is

lo| > |pa] > - > |pn] > -+

In the following, we denote by ¢,, the n*! eigenfunction of Lo, associated with p,,
that is

b
(2) Lop(eon)(x) = / € (y)dy = inipn (),

and we adopt the following normalization of ¢,,

. 1/2
”(PnX[O,b]”? = <A |50n(x)|2dx> = |/1'n|

Note here that both ,, and u,, depend on b, but for simplicity of notation we have
omitted this. In accordance with the previous statements, we state the following
result about the eigenfunctions of Lo .

Proposition 1. The set B = {¢,,n € N} is an orthogonal basis of L*[0,b)].
The following lemma gives the derivative of u, with respect to b.

Lemma 1. Let v, be the function given by ¥, (x) = @, (bx). Then

5 2 _ (a1

Proof. We adopt the techniques used in [19] to prove a similar result for the
eigenvalue of the finite Hankel transform. Let us introduce the following changes
in the integral equation (2):

y=bu, z=0bv, Yu(x)=pn(bz),
to obtain the equivalent integral equation
1 2
(4) b/ e, (w)du = pnthy (V).
0

By differentiating both members of the previous equality with respect to b, we
obtain

1 1
(5) / e—bzuvwn(u)du _ 2b21}/ —b? uu du + b/ Zuv 8¢n )du _
0 0

O, (v)
ab

Ot
me fin
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Differentiating (4) with respect to v, we get

1
(6) —b3/ ue*b%vd}n(u)du = Mnaiﬂn(v).
0 ov
Using (5) and (6) together with (4), we obtain
M_n & 81!1»@(’0) /1 7b2uvawn(u) _ % &bn(v)
(1) Bty 4 2o 2 g [t POl gy Oy, (o) 4, 2l

Multiplying both sides of (7) by ¥, (v) and integrating over (0, 1), one finds

1

1 1
n n 0 n _ 21“,8 n
©) Lol +252 [oun 22 a0 s [ v [ etana,
0 0 0

1
Olin, M (v)
= T Wonxon B+ po [ dn0) 2 a.
0

By using Fubini’s theorem and (4), the equality (8) can be simply written as follows

Hn Hn Opin
9) TH%X(OJ)H% + 271 = W"wnxw,l)“%y

1
where [ = f v (V) 6w5v(v) dv. Integrating I by parts one can easily check that
0

1
(10) 1= 2 () =[x )
2
Remark also that |[¢nX (0,15 = (11n) . Thanks to (9) and (10) and the normaliza-
tion of 9, one obtains (3). O

Let (Pg)g>q be the set of polynomials given by:

_ V2k+1 dr
VTl dat

The following properties of { Py, k € N} will be used in the following (see [11], for
example):
Py : The set {Pg, k € N} is an orthonomal basis of L2 (0,b) .

P, : For all £ € N we have

Pyt (x) = (agx + Br) Pe(x) — v Pr—1(x),

(11) Py (z) [¢F (z —b)*], k>o0.

where

JETIETT
(12) ak:z (2k+3)(2k+1)75k: (2k +3)(2k + 1) k Tﬁfi’

b k+1 k+1 PR T
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Note that from the theory of orthogonal polynomials it follows that Vn > 0,
P, (z) has n distinct zeros inside [0, b]. Moreover, these n different zeros are simply
given as the eigenvalues of a tridiagonal symmetric matrix D of order n, given by

Bi—1
D=dijlicsjcn> dii= P
(13) -1 "
dijy1 =dig1=——, diy;=0ifjF#i—-1,4,94+1,

Q1

where the «; and 3; are given by (12).
2.1. Matrix representation of L,

In this section, we follow the techniques introduced in [10, 11] to compute
the spectrum of the finite Fourier transform. For the sake of completeness of the
paper, we describe briefly such techniques. First, we introduce the finite moments

b
M, :/ 2" Pj(z)dz, i,j €N,
0

of the polynomials given by (11). Using a similar method to [10], we can easily
get:
(ml) For i < 7, Mij =0.
(mg) For j < i,
L VHYAFFT (i)
Y G-t

(mg3) For j <1,
(14) | Mij| <

To proceed further, we first expand ¢, into its Fourier series following the
polynomials Py

“+oo
(15) on(r) =D npPe(x), x€0,b],
k=0
where
b
(16) ny = /0 n () Py (2)dz.

As in [10], the following lemma gives the decay rate of the coefficients n* given in
(15).
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Lemma 2. Under the previous notations and assumptions, for any positive integer
k > [2eb?], we have the following upper bound of ny:

b2 1

\/2145 2k

(17) Ink| <

Here [x] denotes the integer part of x.

Proof. By combining (16) and (2) with (14) and Holder’s inequality, we obtain

([

_L ' ’ (_1)jx1 x)dr
[l /0 /Og 7 Y on(y)dy | Py (z)d
b .
/xjpk(x)dx
0

(y)d

mn@]v/y@ My
1/2 )

1 bj""l/2 b 9 b2i 2b2k

J N <b < bet —.

IMnIZ T </ dy | llenxoplla <Y — 5 -

Jizk

Ine| =

From Stirling’s formula, [1] we have that
D(s+1) > V2rs"T/2e7° Vs> 0,
hence (17) follows. O

To proceed further, we need the following lemma

Lemma 3. Let k;£ > 0 be two integers and let b be a positive real number. The
coefficients axe = (Lo (Pr), Pe) satisfy the following two conditions:

(Cl) Ay = Z %MnéMnk-

n>v
1
(c2) |aw| < ;|Ml,ng,k|, where v = max(k, {).

Proof. Note that the proof of this lemma is based on some techniques similar to
those used in [10]. We have that

ﬁoyb(Pk)(x):/Ob T P(y /zj:o

z"y" Py (y)dy.
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It is well known, see [2], that

b 2k +1
P < — .
o | kwnﬁv 5

—+oo n
Hence, Vz € [0,b], the series Z %x"ynPk(y) converges uniformly in [0, b].

n=0
Consequently, we have

+oo 1\ b +oo 1\
LoP ) = > S [yrpay =3 Slaman
n=0 w 0 n=0 n:

Since, for j < k, we have Mj; = 0, then, for all k,¢ > 0,

1"
Agp = Z %Mn,éMn,k-

n>v

1 . .
Moreover, we have |age| < ] | My My, which completes the proof of the previous
lemma. ' O

Asin [10, 11], we can easily check that the spectrum of Ly j coincides with the
spectrum of A = (axe)k,e>0, where aye is given by (c1). Moreover, the coefficients
of the Fourier series given by (15) are nothing but the components of the n'"
eigenvector of A. In practice, one can get a highly accurate approximation f, of
pn by using a submatrix of A of order K > 0. The eigenvector (7))« is taken
as a good approximation in the L2-norm of (n}) w>0- Consequently

K
(18) Bu(z) =Y i Plx), z€0,b]
k=0

is the approximation of the exact eigenfunction ¢, (x) on the interval [0, b].

To approximate the spectrum of the operator Ly, by its matrix representa-
tion, we need the following perturbation result on the spectrum of matrices, cited
in [12].

Theorem 1 (Weyl’s perturbation theorem). Let A and B be two Hermitian ma-
trices of order n. Let 0(A) = {ag > -+ > ap—1} and o(B) = {fo > -+ > Bn-1}
denote the spectrums of A and B, respectively. Then, we have

B < _ .
(19) Jmax oy = | < |4~ B

REMARK 1. The previous theorem holds for more general hermitian operators on a Hilbert
space.
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As a consequence of (c3), we deduce that the coefficients ay; decay exponentially to
0 as k+ 1 — +o00. Hence, by using the previous theorem, we conclude that, for any
positive integer K we get highly accurate approximation of the first K eigenvalues
of Loy by considering the first K eigenvalues of the appropriate submatrix of A
given by Ax = (are)o<k <k

2.2. Gaussian quadrature method

In this paragraph, we use the polynomials (Py); and their properties to con-
struct a quadrature method for the eigenvalue problem (2). Note that the Gaussian
quadrature method of order 2n, associated with the orthogonal P, (z), given by (11)
over [0, ] is given by

/1 fl@)zde = Xn:wkf(xk), 1<k <n,
0 k=1

where the nodes xj, are the eigenvalues of the matrix D given by (13) and the
different quadrature weights (wg)i1<k<sn are simply given by the following practical

formula
kn+1 1

kn Puyi(or) Py (2r)

Wi = — 1<k <n.

V2k + 1(2k)!
VR (k)2

the Gaussian quadrature method, the reader is referred to [9].

Here, k, = is the highest coefficient of P,(x). For more details on

The following theorem provides a discretization formula for the eigenproblem (2).

Theorem 2. Let € be an arbitrary real number satisfying 0 < € < 1. For a fized

22mb4m+3/2
positive integer n, let N; , = min ¢ m € N, 5 < €|pn| p- Then for any

(2m + 1)1

m

integer N > N¢ p, we have

N
1
on(x) — N_ pr exp(—xap)n (p)
n o=

sup <e.

x€[0,b]

Here, xzp, 1 < p < n are different zeros of the orthogonal polynomial P, (z) and
on (), un are as given by (2).

As a consequence of the previous theorem, we obtain the following discretization
scheme for the eigenvalue problem (2),

N

> wie I Ga(y;) = finda(w), 1<ij < N,
j=1

where x;,y; and w; denote the different nodes and weights of our proposed quadra-
ture method. If Ax denotes the square matrix of order K, defined by

Ag = (wje*“yj)lgi’jSK )
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then the set of the eigenvalues of Ax is an approximation of a finite subset of the
eigenvalues of the operator Lo given by (2). Moreover, for any integer 0 < n < K,
the eigenvector [j'n corresponding to the approximate eigenvalue p, is given by
Un = (Pn(®i))1<;< k- Finally, to provide approximate values ¢, (x) of &, (z) along
the interval [0, b], we use the following interpolation formula,

K
N 1 i~
(20) Pn(z) = o D wie G (y;), 0<wz<b.
n j=1

REMARK 2. As stated by the previous theorem, the interpolation formula (20) is highly
accurate. As an example, for b =5, n = 0 and K = 40, we have found that

K 2
% (Z (on(mi) — @n(xi))2> = 2.038073914E — 02,

=0
ib
where z; = e
Now, using similar techniques as in [2, 10, 11], we assert that the first K eigenvalues
of Ly are well approximated by the eigenvalues of Ag. This is given by the
following theorem.

Theorem 3. Let 0 (Lop) = (fn)n>0 and 0 (An) = (fin)g<p<n_1 denote the spec-
trum of the finite Laplace operator Lo, and the matriz Ay, where N is a positive
integer larger then N . Then we have

SUp  |ptn — fin| < ebV/'N.
0<n<N-1

3. APPLICATIONS

Our goal here is to invert the Laplace transform of time limited functions as
well as essentially time limited functions by the use of the eigenfunctions ¢,, of the
finite Laplace transform. Suppose that the Laplace transform L£f of an L?—unit
norm function f, is known at least on [0,b]. We find f.

3.1. Inversion of the Laplace transform of time limited functions
Suppose that f is time-limited on [0,b]. That is, f(z) = f(z)x,(z). To
find the unknown function f, we expand it into its Fourier series with respect to

{¢n,n € N},

(21) Fly) =" ae(Herly), vy eo,b],

keN
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b
where a,(f) = ,ui f vk (y) f(y)dy are the Fourier coefficients of f to be determined
ko
in the following. Combining (21) and (2), we obtain

(22) Lonf(y) =D ar(Huwer(y), ye0,0].
keN
Multiplying both sides of (22) by ¢ (y) and integrating over [0,b], we conclude that
1 b
oulh) == [ oln)Lonf)dn, kN
0

Once (ax(f))r are known, we use (21) to obtain the unknown f. Note here that in
practice the series given by (21) is truncated to an order N to obtain the following
function

N
@) = an(Herly), vy e0,].
k=0
Then, an error bound of the approximation of f by fx, over [0, 5] is given by the
following proposition.

Proposition 2. Under the above notations and assumption, we have

If = sl = D" lax(HPri < (uwve)®.

k=N+1

The approximation error in the previous proposition can be assessed via the fol-
lowing lemma [13, 14].

Lemma 4. Let T be the integral operator given by:

b
Ta(t) = / k(t, $)a(s)ds,

where k(.,.) is symmetric, positive definite and has pt" order continuous partial

derivatives. Then, the n'™™ eigenvalue N, of T satisfies A\, = 0( p+1).
n

3.2. Inversion of the Laplace transform of essentially time limited
functions

In the sequel, we suppose that f is time-limited to [0, b] at level €,. That is

feBle)={fecL?(0,+)), [fl2=1, [fXp+oofllz < e} Remark that, by
the use the Holder’s inequality, one gets for x > 0,

+ oo
(23) |Lf(2) — Lopf ()] = /b e (y)dy

+o0 2, etoo V2 —2ab
< =2V ) ( / 2 ) < .
( / o) ([ Ity -
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Note that

b
(24) Lonf(z) = /ﬁ e iy (y)dy,

where fi,(y) = f(¥)xjo,4)(y). Our aim is to find f, and to show that f; is a good
approximation of f. Asin 3.1., we expand f into its Fourier series following {y,,n €
N}

N

(25) Bw) =S arfey), v e 0,8,

k=0

By using (24), one gets

1 b
MM:EAWMMMM% keN.

Once (ar(fp))r are known, we use (25) to obtain the unknown f,. Note here that
in practice the series given in (25) is truncated to an order N and the function fj

N
is approximated by fp v (y) = Zak(fb)cpk(y), y € [0,D].
k=0

Note that the error of such approximation is given by

fo = fonlz =D lan(HPui < (pvi)*

k=N+1

Under the assumption that f € E(e,) we get the following estimate of approxima-
tion error for f.

Proposition 3. Under the above notations and assumptions, we have

I1f = fonll2 < e+ |pns1]-

4. NUMERICAL EXAMPLES

To illustrate the results of section 2, we have considered different values of the
bandwidth b. Also, we have applied the Gaussian quadrature based method for the
computation of the spectrum and the eigenfunctions of the finite Laplace transform
Lop with N = 40 quadrature points. Table 1 shows the obtained eigenvalues
iy with different values of the parameter b. Moreover, we have used (20) with
a maximum truncation order K = N to obtain accurate approximations to the
normalized ¢, (z) along the interval [0,d]. Table 2 lists, for b = 5, the approximate
values $p () of po(x), for different values of x as well as the different approximation
errors in absolute value |pg(x) — @o(x)|. Also, in figure 1 and 2, we have plotted the
graphs of the first three normalized eigenfunctions of the finite Laplace operator
Lo corresponding respectively to the parameter b =1 and b = 5 (¢o = solid, ¢1 =
dot and 9 = dash).
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b=1

b=5

b=10

fn

Hn

Hn

—_ =
S B o oS3

0.809579221e-00
0.216334666¢-02
0.929136341e-08
0.299404378e-18
0.798452541e-30

1.343346838e-00
2.168106787e-01
3.806005533e-03
5.676369190e-07
1.167244175e-11

1.440931952e-00
0.386895185e-01
0.247988181e-02
0.101780894e-04
0.176316362e-07

Table 1. Values of the eigenvalues u, of the finite Laplace transform Lo, corresponding
to the different values of parameter b = 2,5, 10.

Figure 2

Figure 1
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