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AN ALTERNATE CIRCULAR SUMMATION FORMULA
OF THETA FUNCTIONS AND ITS APPLICATIONS

Jun-Ming Zhu

We prove a general alternate circular summation formula of theta functions,
which yields a great deal of theta-function identities. In particular, we recover
several identities in Ramanujan’s Notebook from this identity. We also obtain
two formulas for (¢;q)2".

1. INTRODUCTION AND MAIN RESULTS

Throughout the paper we put ¢ = e2™7, where Im 7 > 0. The Jacobi theta
functions 0y (z|7) for k =1,2,3,4 are defined as follows:

0 n(n+1) I n(n+1)

1 — 7 .
Or(zr) = —igs Y (-1)'q 2 ePEE gyl g5 Y gz et

s n? . o n2 )
93(z|7'): Z qTeQ"”, 94(2‘7’): Z (_1)nq—e2m,z.

To carry out our work, we need some notations and basic facts about the Jacobi
theta functions. We use the familiar notation

oo

(210)o0 = [J (1 = 2¢")

n=0
and also
(a: b7 6 q)oo = (a; q)oo(b§ Q)oo t (C§ Q)oo'
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Using the well-known Jacobi product identity [2, p. 35, Entry 19]

e n(n+1) n(n—1)
(1) flab):= Y a2 b 2 = (ab—a,—b;ab)w,

n—-—oo

we can deduce the infinite product representations for theta functions, namely,

61(Z|7') — Z‘q%e—iz(q, 622'2’ qe—2iz; q)o<37
) b2(z|7) = q%e‘izl(q, —eziz,l—qe‘%'z; @)oo

05(2|7) = (q, —q2e**, —q2e q)oo,

04(z|7) = (q,q%e”iq?e*m q)oo.

Employing the above identities, we easily get the relations:

3) 01(z + w|T) = —01(2|7), O2(z 4 m|1) = —02(2|7),
03(z + w|T) = 05(2|7), 04(z 4 7|T) = 04(2|7)
and
1 _ 1 )
0 01(z + 77|7) = —q" 272201 (2|1), Oa2(z + 7T|T) = ¢~ 2e72205(2|7),
. 1 .
O5(z + 77|T) = ¢~ 2e72#05(2|7), Os(2 + w7|7) = —q~ 2e7 20, (2|7).

‘We also have
0, (z—i—%h) = 0s(z|7), 92(z+g|7) = —01(z|1),

) 03 (z + gh) = 04(z|7), 04 (z + gh) = 03(z|T)

1 X 1 .
01(z + ﬂ|T) =iq 8e “04(z|T), 62 (z + E|7’) =q 8e *03(z|7),
(6) 2 2

1. 1
05 (z + %h) =q 8e ly(z|T), b4 (z + %h) i 8e 01 (z|T).

We also need the following special case of f(a,b):

(7) v(@) = fa.9), ¥(a) = flg,4%).

Definitions (7) can be found in [2, p. 36-37, Entry 22]. The following properties of
©(q) and 9(q) can be verified through simple computations.

(8)  wlg) =05(0127) = (¢*, —¢. —4: ¢*) x>
(45 @)oo

9)  ¢(=a) = 04(0127) = (¢°, 4,4 4*) oo = (&5 Do (454" ) o0 = Cras



116 Jun-Ming Zhu

(10) w(a) = balmrlar) = Ba(rlar) = T 020017) = (0.0, = (L)
(11) 6(-0) = it (n7]47) = Ou(a7147) = (G300 (P =

On page 54 of his Lost Notebook [12], RAMANUJAN recorded the following
statement (translated here in terms of 5(z|7)).

Theorem 1.1. For any positive integer n > 2,

n—1

(12) ST qF 08 (2 + krrlnT) = O3(2|7) Fu(7).
k=0

When n > 3,

(13) Fo(t)=1+42n¢" ' +---.

The proof of (12) was first given by RANGACHARI [13], and later, SON [15].
Several authors have obtained results related to evaluation of F,(7) for the integers
n not found in Ramanujan’s work (see [1, 6, 7, 11]). The first proof of the entire
Theorem 1.1 was given by H. H. CHAN, Z.-G. Liu and S. T. Na [4], i.e., (12)
and (13). By applying the Jacobi imaginary transformation to (12), CHAN, LIu
and NG [4] got

Theorem 1.2. For any positive integer n, there exists a quantity G, (7) such that
n—1 kn
S oy <z + —‘T) = G (1)05(nz|nr).
k=0 "
M. BOON et al. [3] proved the following additive decomposition of f5(z|7)
(see [3, Eq. (7)])-

Theorem 1.3. For any positive integer n, we have

n—1

Z 03(z + km|T) = nf3(nz|n’7).
k=0

Inspired by [4] and [3], X.-F. ZENG [17] proved the following important
formula unifying Theorem 1.2 and 1.3 .

Theorem 1.4. For any positive integer m,n,a and b with a + b = n, there exists
a quantity Ggpmn(y|T) such that

a a

mn—1 y - y kr
Z 9; <Z + + — |T) 93 (Z + — |T) = Ga,b,m,n (y|7—)95 (’ITLTLZ"I’)’LZTLT).
=0 mn mn
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Recently, S. H. CHAN and Z.-G. L1vU [5] eliminated the unnecessary restric-
tions in Zeng’s Theorem 1.4 and added many free parameters into it. S. H. CHAN
and Z.-G. Liu [5] extended Zeng’s theorem to the following more general and
concise form.

Theorem 1.5. Suppose that y1,ya, ..., yn are complex numbers such that y1 +y2 +
-+ 1y, =0. Then there exists a quantity G n(y1,Y2, -, Yn|T) such that

mn—1 n

km
S 110 (5 15+ 22 7) = Gonntinam ol )s (sl

k=0 j=1

BoON et al. [3] also obtained the following alternate circular summation
formula (see the second identity in [3, Eq. (8)].

Theorem 1.6. For any positive integer n, we have

(14) i (—1)%65 (z + k—w\r) = 2mba(2mz|dm>T).

2m
k=0

Motivated by [3] and [5], we obtain the following general alternate circular
summation formula of theta functions.

Theorem 1.7. Suppose that m and n are such positive integers that mn is even
and y1,Y2, - .., Yn are complex numbers such that y1 +y2 + -+ yn = 0. Then we
have

mn—1 n
km
(15) ;) (_1)k 1_{ 93 (Z + y] + %h—) = an,n(y17y27 e 7yn|T)02(ng‘m2nT)7
= j=
where

7YL27L

(16) Hpmn(y1,92,- - Yn|T) =mng™ "8

i 1, 2, 2 2 .
% q§(81+32+"‘+5‘n)622(81’y1+5292+"‘+3nyn)'
S1 ,...,szn:z—oo
st tsn="5"

Note that if m and n are such positive integers that mn is odd, the sum-
mations on the left-hand side of (15) are not “circular”. For convenience, in what
follows we always denote Hyy, (0,0, ...,0|T) simply as Hy, »(T).

The following sections will be organized as follows. In Section 2, the proof of
Theorem 1.7 will be given. In Section 3, we deduce Theorem 1.6 and the ensuing
Corollaries 1.8 and 1.9 from Theorem 1.7.

Corollary 1.8. We have

2n—1

(17) Z (—=1)kg2n (z + ];—Z\T> = Hj 2, (7)02(2n2]2n7T).

k=0
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Corollary 1.9. We have

2m—1
km km
— k - JES— — —_—
(18) E (-1) 6‘3<z+y+ 2m|7’>03<z Y+ 2m|7‘>

k=0
| 2mb2(2y|27)02(2mz(2m2T), if m is odd;
2ml3(2y|27)02(2mz|2m?T), if m is even.
In Section 3, this identity will be discussed in detail. We obtain many modular

identities from (18). In particular, several identities in Ramanujan’s notebook will
be recovered.

In Section 4, we give the proofs of the following two identities for (g;¢)2"
respectively, using Theorem 1.7.

Corollary 1.10. We have

- Z(w Snte)(20— 1)
(19) (g3 9)* = q ™ (¢*; > Z q2(81+82+ +530) o

$1,82;...;82n=—00
s1+82+ -+ 52,=2n

Corollary 1.11. We have

oo 1 &
R e 0 N S AT R
§1,82,...,82p=—00

S1+Ss2+-+Ss2n=n
2. PROOF OF THEOREM 1.7

Proof. For any positive integers m and n such that mn is even, we set

mn—1

9(2) = ;) kH93<*+ya+Zn . )

Then we find that

mn—1

gm =Y (—1)k1'[93 <%+yj+% %)

k=0

mn k
Z k1H93(—+yJ+m7;m2>

k=1 Jj=1

mn—1 k L kﬂ' T
> (= H9 <—+ya o m)

k=1
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L z T
~TI6s (= +ws+7l—5)
i1 mn msn

mn—1

:7;:0( kHeg(—+y7 :mm2>:fg(Z)-

In the above deduction, we have used the condition that mn is even and the property
of 03(z|7) in (3). Using the property of 05(z|7) in (4), we also have

mn—1 n
z km T T
= 1)k R BT I PR
g(z +7T) (-1) | | 03 (mn +y; + + )

k=0 j=1
mn—1 n
z_ il z km T
= -1 k T 2n 72“”( +y’Jr’mn)Q —_— —_
k=0 -y 31;[1 [q ‘ ’ v mn m?n
—% —2iz mnz_l( 1)k ﬁ 0 o + km T —% —2iz ( )
= e — — | = e z
4 P e \m YT n men a g
Therefore the function F(z) = 9(2) is an elliptic function of z. It is well-known

02(z|7)

that 6(z|7) has only a simple zero at z = g in the period parallelogram. This
shows that F'(z) has at most one pole in its period parallelogram. Hence F(z) is
independent of z, say, it equals S(y1,y2, - ,yn|7). It follows that

mn—1
km
(21) ;O ’“Heg (— Yyt ) = S(y1,y2,- - yn|7)02(2I7).

Replacing z and 7 in the above identity by mnz and m?nr, respectively, gives (15).

Now it remains to determine S(y1,y2, - ,yn|7). To complete this, we com-
pare the coefficients of e** on both sides of (21). Using the definition of 63(z|7), we
easily get

n
z km T
o (oo 2207)
i1 mn mn msn
©0 2z(z+kﬂ')

Z q2mz (si++sh),

813..38n=—"00

(s1+-4sn)+2i(s1y1+ - +5nyn)

Then the coefficient of e** of the above series is

oo

(_1)k Z q2m2"(31+52+ +s7) e2i(s1y1+s2y2+-Fsnyn)

514...,8,=—00
mn

s1+-- +9n7 B}
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The coefficient of €** on the left-hand side of (21) is

oo
1 p .
mn S qTmTn (STt sl) 2i(s1y1tsayattsnyn)
81 4eeySp=—00
S1+"'+Sn=&2n

From the definition of 62(z|7), we have
L s 1
ASnlr) 3 TR o)

81,078 =—00
mn
Sit e tsn="5"

This is (16), where H(y1,¥2,---,¥n|T) = S(y1,¥2, .- -, yn|m?n7). This completes
the proof. O

In the above proof, we have used the fact that an elliptic function with at
most one pole in its period parallelogram is a constant (see, for example, [16, p.
432]).

Now, we split Theorem 1.7 into two cases according to the parity of m and
n. Replacing m in Theorem 1.7 by 2m gives

Case 1 of Theorem 1.7. Suppose that m and n are any positive integers
and y1, Y2, - ,Yyn are complex numbers such that y1 +y2 +-- -+ y, = 0. Then we
have

2mn—1 n
km
22 > (-] i —
( ) k=0 ( ) Jj=1 63 <Z i Y i 2mn|7->

= HZm,n (ylv Y2,y yn|7-)'92 (2mn2‘4m2n7)

We replace n in Theorem 1.7 by 2n to obtain
Case 2 of Theorem 1.7. Suppose that m and n are any positive integers

and y1,y2, - , Y2, are complex numbers such that y; + y2 + -+ - + y2, = 0. Then
we have
2mn—1 2n j-
k
(23) > (-1 H93 (z+yj+ %h)
k=0 j=1
= m72n(yla Ya,..., y2n|T)92(2ng|2m2nT)-

Note that both Hapm n (Y1, Y2, - - Yn|7) in (22) and Hy, 20 (Y1, Y2, - - -, Y2n|T) in
(23) are defined by (16).

3. SOME SPECIAL CASES

Proof of Theorem 1.6. Putting n =1 in (22) gives Theorem 1.6. O
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Proof of Corollary 1.8. Setting m =1 and y; = 0 in (23) gives (17). O

T+ 7T

Replacing z in (17) by z + and then using (5) and (6), we get

2n—1

> o <z + ’%%) = Hy 9, (7)05(2nz|2n7).
n

k=0

The left-hand side of this identity is the same as the even case of [4, Thm. 4.2].
We note that there is a misprint in [4, Thm. 4.2].

Proof of Corollary 1.9. From (16), we have

m? & Shmos)?
Hn oy, —y|T) = 2mq~ "4 Z ¢ 2 e2wlsm(m=s)l

S§=—00

2 oo
m= . 2 ol
_ qu L e 2imy § : qs e2zs(y mmT)
s=—00

mz

T2 2mby(2y[27),  if m is odd;
= 2mgq 621’my93(29—m7r7'2T):{ mby{2y[27), if m is odd;

2m03(2y|27), if m is even.
Then setting n = 1 in (23), we obtain (18). [
Taking m =1 in (18) and then using (5) gives
Proposition 3.12. We have
03(z + y|m)03(2 — y|7) — Ou(z + y[7)02(z — y|7) = 20(2y[27)02(22[27).

This identity is equivalent to [8, Eq. (16)] and [14, Eq. (1.3d), p327]. J. A.
EwELL [9, Eq. (1. 10)] deduced a sextuple product identity from this one. Z.-G.
Liu and X.-M. YANG [10, Eq. (1.11) in Thm. 4] also deduced this identity from
the Schréter formula. Using (5), (6) and the Jacobi imaginary transformation on
this identity, all the other identities in [10, Thm. 4] can be deduced.

Setting m = 2 in (18), and then using (5), we get the following remarkable
identity.

Proposition 3.13. We have
) Ol ylrate = o) — 0 (=4 y+ Tl o5y 3l
(e + ol —al) 0 (x4 y+ Fir)oa(s - )
= 493(23/|2T)92(4Z|8T)

We show that the following identities can be deduced from (24). The first
four identities can also be found in BERNDT [2, Entry 25, p. 40].
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Corollary 3.14. We have

(a) p(9)v(¢®) = ¢¥*(q), (b) ¢(q) — w(—q) = 49¥(¢®),

(c) (q) + v(=q) = 2¢(¢"), (d) ¥*(9) — ¢*(—q) = 8q¥*(d?),

(e) ¥*(q) — ¢(—a)¥(¢?) = 4y (a*)¥(a®),  (£) ¥*(q) + p(=a)v(a®) = 2¢(¢*)p(q").
Proof. We only prove (a) in detail.

(a) Setting y =0 and z = % in (24), we have

gg(LQT|T)_9§(%+§|T>+9§(%|T)_93(%%\7) = 46(0[27)02(277(87).

Applying (6) to the above identity gives
1
03(017) — 03 (§17) + 03(01) + 03 (T17) = 4q703(0127)02(2n7(87).

Note that 61(0|7) = 0 by (2) and 922(%7) = 9%(%\7’) by (5). Then the
above identity reduces to
02(0[7) = 4q105(0[27)02(277(S7).
Combining (2) and (7) with the above identity gives what we need.
(b) Take y = % and z = 0 in (24).
(c) Take y = % and z = 77 in (24).
(d) This identity can be proved by either combining the above three identities or
taking y = z = 7;—7 in (24).
(e) Take y = == and z = 0 in (24).
(f) Take y = 5 and z =77 in (24). O
Obviously, more modular identities can be deduced from (24).

4. PROOFS OF THE TWO FORMULAS FOR (g; )"

2n

22 from two special cases of

In this section, we prove two formulas for (g¢;q)
Hpyon (Y1592, - -, yn) in Theorem 1.7, respectively.

Proof of Corollary 1.10. Note that

2n

12[193 (Z + %IT) 03 (z - W@ = (q(q&eg(znzmm).

2n; q2")oo
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In (23), we set y; = @ —Dm (2]4—71)7r for 1 < j < n. Then the
n

T and g =
left-hand side of (23) equals

2mn—1 n .

27—1
H%(HL L
. In

(2D km
2mn|T) b3 (Z 4n * ’

2mn
(q q)2” 2mn—1
) o0

km
_ 1)k
= @) E (—1)%65 (2nz + - \2n7‘> .

k=0
Hence we have
2mn—1
k
Z (—1)"63 <2nz + —W\2n7'>
m
k=0
2n. 2n
(25) = (a™ g 2)0092(2mnz|2m2n7) X
(¢ 9)3
Hypop (237 .. Guolr m 8¢ @e=Dr
’ dn’ 4n 4dn dn’  4n 4in
The left-hand side of the above identity is

2n—1 ({+1)m—1

2n—1m—1
Z Z (_1)’“93 (QTLZ + %|2n7>: Z Z(_l)k+5m93
=0 k={m

k
<2nz ttr+ T |2n7’>
P m

k
(—1)kFtmg, <2nz + l|2n7’) .
=0 k=0 m

Substitute the above identity back into (25) to obtain
2n—1m—1

&
o

o

2

3

[

[u

o~

Z (_1)k+2m03 (an + kj|2n7—)
m

0 k=0
" ®se T 37 2n — )m T 3 2n — )
H — —
= my2n \ 5, 27" A B T B T
(g; )22 20\ 4n’ 4n 4n dn’ 4dn 4n
X Bo(2mnz|2m2nr).

Note that the left-hand side of the above identity is 0 when m is odd. When m is
even, replace m by 2m in the above identity to get

2m—1

ke 2n; 2n
2n Z (—1)%03 <2nz+ %|2n7> = (™ )

) 2
02 (dmnz|8m*nt) X
= (¢ @)% ( | )
T 3 2n — )w s 3
HZm,Zn PR au
4n’ 4n

(2n—1)7r|
—_— [ p— CEEY —77- .
4n. 7 4n’ 4n’ 4n
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Simplifying the left-hand side of the above identity by (14), we obtain

I T 3 @2n—1)r @ 3w (2n — 1)7r| dmn(q; q)%"
m2n \ s Ty Ty Ty Ty, (T | = o5
2ma2n \ 4n’ dn 4n 4n’  4n 4n (@™ ¢°)o
Then, combining with (16), we obtain

> Ii § s1—s —
(GO =a ™" ("6 > g2 b sd 2 & (e G

81,82...,82n, =—00
s1t+s2+-+s2,=2mn

Note the left-hand side of the above identity is independent of m. Setting
m =1, we get (19), which ends the proof. O

Proof of Corollary 1.11. We put y; = @ and yp4; = —-———— in

(23), for 1 < j < n. Note the fact that
- (2j — Vmr (2j — mr (4:9)2 T
j=1 g

In a similar way, we obtain

m?n > n(s2 483452, )+ 5 3 (s1—snti)(21—1)
(q2n;q2n)§g — q— ) (q; q)oo Z q =1 .
81,82...,82n,=—0Q
S1+8s2+-+s2pn=mn
Setting m = 1, we get (20). This completes the proof. O
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