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WEAK AND STRONG CONVERGENCE OF AN
ITERATIVE METHOD FOR NONEXPANSIVE
MAPPINGS IN HILBERT SPACES

Yu Miao, Junfen Li

In a real HILBERT space H, starting from an arbitrary initial point o € H, an
iterative process is defined as follows: xp41 = an®, + (1 — an)Tf)‘"“yn7 Yn =
bnn + (1 — bn)Tgﬂ"attn7 n > 0, where T;7L+1:E =Tz — Any1uys f(T2), Tgﬁ"m =
Tz — Bnapgg(Tz), (VW x € H), T : H — H a nonexpansive mapping with
F(T)# 0 and f (resp. g) : H — H an ny (resp. 1g4)-strongly monotone and
ks (resp. kg)-Lipschitzian mapping, {an} C (0,1), {bn} C (0,1) and {An} C
[0,1), {Bn} C [0,1). Under some suitable conditions, several convergence
results of the sequence {zn} are shown.

1. INTRODUCTION

Let H be a HILBERT space with inner product (-, -) and norm ||-||. A mapping
T : H — H is said to be nonexpansive if | Tz — Ty| < ||z — y|| for any =,y € H.
A mapping f : H — H is said to be n-strongly monotone if there exists constant
n > 0 such that (fr — fy,x —y) > n|lx — y||* for any z,y € H. f: H — H is said
to be k-Lipschitzian if there exists constant & > 0 such that || fz — fy|| < k|lz — y||
for any =,y € H.

The interest and importance of construction of fixed points of nonexpansive
mappings stem mainly from the fact that it may be applied in many areas, such
as image recovery and signal processing (see, e.g., [1,2,12]), solving convex min-
imization problems (see, e.g., [3,16—19]). Iterative techniques for approximating
fixed points of nonexpansive mappings have been studied by various authors (see,
e.g., [1,6-10,13,14], etc.), using famous Mann iteration method, ISHIKAWA itera-
tion method, and many other iteration methods such as, viscosity approximation
method [7] and CQ method [8].
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Let f : H — H be a nonlinear mapping and K a nonempty closed convex
subset of H. The variational inequality problem is formulated as finding a point
u* € K such that

(1.1) (VI(f,K){f(u"),v—u") >0, YveK.

The variational inequalities were initially studied by KINDERLEHRER and
STAMPACCHIA [5], and ever since have been widely studied. It is well known that
the VI(f, K) is equivalent to the fixed point equation

(1.2) u" = Pg(u” — pf(u)),

where Pk is the projection from H onto K and p is an arbitrarily fixed constant.
In fact, when f is an n-strongly monotone and Lipschitzian mapping on K and
w1 > 0 small enough, then the mapping defined by the right-hand side of (1.2) is a
contraction.

For reducing the complexity of computation caused by the projection Py,
YAMADA [18] proposed an iteration method to solve the variational inequalities
VI(f,K). For arbitrary ug € H,

(1.3) Uny1 = Tup — App1pf(T(un)),n >0,

where T is a nonexpansive mapping from H into itself, K is the fixed point set
of T, f is an n-strongly monotone and k-Lipschitzian mapping on K, {\,} is a
real sequence in [0,1), and 0 < u < 2n/k?. Then YAMADA [18] proved that {u,}
converges strongly to the unique solution of the VI(f, K) as {\,} satisfies the
following conditions:
oo
(1) lirf A =0;  (2) +Z An =00;  (3) lirf (A = Ang1) /A2 =0.
n—-+0o0o n=0 n—-+oo

Based on the idea of iterative process (1.3), recently, WANG [15] discussed
the more general MANN iteration scheme and gave the following results: Let H be
a HILBERT space, T : H — H a nonexpansive mapping with F(T) := {z € H,Tx =
x} #0,and f: H— H an n-strongly monotone and k-Lipschitzian mapping. For
any xog € H, {z,} is defined by

(1.4) Tl = @&y + (1 — an)T)‘"“:cn, n >0,
where
(1.5) Tz = Tx — M\uf(Tx),V x € H,

where {a,} C (0,1) and {\,} C [0,1), then under some suitable conditions, the
sequence {x, } is shown to converge strongly to a fixed point of T and the necessary
and sufficient conditions that {z,} converges strongly to a fixed point of T are
obtained.

Motivated by the above works, we will generalize the scheme (1.4) as follows.
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Let H be a Hilbert space, T : H — H a nonexpansive mapping with F(T) #
and f(resp. g) :+ H — H an n¢(resp. ng)-strongly monotone and kg (resp. kg)-
Lipschitzian mapping. For any xo € H, {x,} is defined by

AW,
Tnt1 = an@p + (1= an) T yn,

(1.6)

Yn = bpxn + (1 - bn)TgﬁnInv n >0,
where
) TJZ\"“:E:T:cf)\nHuff(T:c), VaxeH,

Tgﬁ"m =Tz — fppgg(Tx), Yo eH,

and {an} C (0,1), {b,} C (0,1) and {\,} C [0,1), {8,} C [0,1) satisfy the follow-
ing conditions:

() o <an<1—a, B<by <1 for some a, B € (0,1/2);

+oo —+o0
(i) D A <400, D Bn < +00;
n=1

n=1

(iti) 0 < py < 21y /K3, 0 < pg < 21my/k3.

2. PRELIMINARIES

In this section we will state some useful notations and lemmas.

A BANACH space F is said to satisfy OPIAL’s condition if for any sequence

{zn} in E, x,, — x implies that limsup ||z, — z|| < limsup ||z, — y| for all y € E
n—-+00 n—-+o00

with y # x, where z,, — = denotes that {x,} converges weakly to z. It is well
known that every HILBERT space satisfies OPIAL’s condition.

A mapping T with domain D(T") and range R(T") in E is said to be demiclosed
at p; if whenever {z,} is a sequence in D(T) such that {z,} converges weakly to
x* € D(T) and {T'z,} converges strongly to p, then Tx* = p.

A mapping T : K — F is said to be demicompact if, for any sequence {z,}
in K such that ||z, —Tz,| — 0 (n — 00), there exists subsequence {z,,} of {z,}
such that {z,,} converges strongly to z* € K.

Lemma 2.1. [18]. Let T*z = Ta — A\uf(Tx), where T : H — H is a nonexpansive
mapping from H into itself and f is an n-strongly monotone and k-Lipschitzian
mapping from H into itself. If0 < X < 1 and 0 < p < 2n/k?, then T is a
contraction and satisfies

(2.1) 1Tz = Ty| < (1= A7)l —yl, ¥ 2,y € H,

where 7 =1 — /1 — p(2n — pk?).
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Lemma 2.2. [14]. Let {s,}, {tn} be two nonnegative sequence satisfying for some
real number Ng > 1,

Sn+1 < Sp+t,  Vn > No.

—+o0
If > t, < 400, then lim s, exists.
n—-+o00

n=1

Lemma 2.3. [4]. Let K be a nonempty closed convex subset of a real Hilbert space
H and T a nonexpansive mapping from K into itself. If T has a fized point, then
I —T is demiclosed at zero, where I is the identity mapping of H.

3. MAIN RESULTS
First we give the following key lemma.
Lemma 3.1. For the iterative process (1.6), we have

(1) lim ||, — p|| exists for each p € F(T);
o0

n—-+

(2) lim ||xn — Ty =0.
n—-+o00

Proof. At first we recall the well known identity in HILBERT space H: for any
z,y € H and t € [0,1],

(3.1) [tz + (1 = )yll* = tll=]* + (1 = )y [|* — (1 = )|l — y||*.
For any p € F(T), from Lemma 2.1, we have

Ty a0 —pll = Ty 20 — T, + T,"p — pl|

(3.2)
< (1= Butg)l|zn = pll + Bupgllg@),
and
1Ty = pll = Ty = T p+T7 = |
(3.3) <Ny — T3 pl| + 1T p —
< (1= A1)y — pll + Angapg 1 £ ()l
where

Tg=1— \/1 — pg(2ng — pgk2), T =1~ \/1 — ur(2ny — ufk]%).
Furthermore, by the elementary inequality,

2ab < ta® + (1/t)b?, for any a,b € R, t > 0,
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we obtain
1T — pl2 < (1+ f—gj@xl A
(3.4) e+ %)ﬁzuingw
(1= Burllen - pI? + 2222 g P
and
2
5) 15—l < A= Mwsarpllon 9l + 2L 7

From (3.1) and (3.4), it follows

Hyn —p||2 = an(mn_p) + (1_bn)(Tgﬁn$n_p)H2
= by ||z, —p||2 + (1_bn)||Tgﬁnxn_p||2_bn(1_bn)||Tgﬁ"In_xn||2

< [+ (1= ba)(1 = Barg)ll 2 — pl* + (1 — bn)ﬁnjg lg(w)II®

—b,(1— bn)||Tgﬁ”:cn — x|

(3.6)

Thus by (3.5) and (3.6), we have
@41 — plf?
= llan(xn —p) + (1 = an) (T3 g = )|
= apllzn = Pl + (1= an)IT7" gy = I = an(1 = @) [T} g —
<Han + (1= an) (1 = Ansa7p)[bn + (1= ba) (1 = Butg)]}lzn — pII?
+ (1an)(1An+1Tf)(1bn)@;—ug||g(p)||2 + (I—an)

— (I=an)(1=Anq17s)bn (1 _bn)HTgﬁ"In —zn|®

An
—an(1=an) [T yn —wnll?,

(3.7)

)‘n+lﬂ?f
i

I1£ ()12

which implies

Puti

g

A1 2
W+ =2 ) 2
f

01 = plI* < [l — 2l +

From Lemma 2.2 and the conditions: Z An < 00, Z Bn < 00, it follows that
lim ||z, — p|| exists for each q € F( ) It follows that {z} is bounded. From

n—-+4oo
the iterative process (1.6) we have

)\n 1
(3.8) [Znt1 — znll = (1 - a")HTf Y — x|
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and
(3.9) lyn — zn|l = (1 - bn)”Tgﬁ"xn — T
By (3.7), (3.8) and the condition a, € [a,1 — @], it follows that

Bnp o
M”g

g

1 Zn+1 _xn”Qa

Ant1143
|1 = pl* < llza —pl> + )I*+ Tf IF @I -

11—«
that is to say that

it — all? < 2 — pl — omss — I+ 22 g
1704 n+1 n > n n+1 Tg

Anp1
W+ =2 )
f

which implies that

(3.10) lm ||@p+1 — 2,] =0.
n—-+o00

In addition, from (3.8), we know that

3.11 m [Ty, — 20 = 0.

(3.11) i [Ty,

From (3.9), (3.7) and similar proof as (3.10) and (3.11), we have

(3.12) Jim (lyn — |l =0
and

(3.13) im TP 2 — 20| = 0.
Thus

lxn — Txn|| = |20 — Tgﬁ"acn + Tgﬁ"xn — Tz,

(3.14) 4
< lzn — Tg "o | + ﬁnﬂgHg(Txn)”-

Since {xy} is bounded, then {Tx,} and {g(Tx,)} are bounded as well. Therefore
limy, o0 ||2n — Tp|| = 0. O

Theorem 3.2. The iterative process {x,}, which is taken as in (1.6), converges
weakly to a fixed point of T.

Proof. The proof is normal. It follows from Lemma 3.1 that liIJP |z — p|| exists
n—-+0o0

and {z,} is bounded. Now we prove that {z,} has a unique weak subsequential
limit in F(T'). To prove this, let p; and py be weak limits of subsequences {zy, }
and {x,,} of {x,}, respectively. It follows from Lemma 2.3 and Lemma 3.1 that
ngrfoo |xn, — Tz,|| = 0 and I — T is demiclosed with respect to zero, therefore
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we obtain Tp; = p1. Similarly Tps = pe, i.e., p1,p2 € F(T). Next we prove the
uniqueness. For this purpose that p; # ps. then by OPIAL’s condition, we obtain

il = pall = Jim o, —pall < T, — pol
= lim e~ pll = T _flan, ol
<M o, —pofl = limlen = pa.
This is a contradiction. Hence {x,,} converges weakly to a point in F(T). (]

Theorem 3.3. Let T be completely continuous, then the iterative process {xy},

which is taken as in (1.6), converges strongly to a fized point of T.

Proof. By Lemma 3.1, {z,} is bounded and lir}rl |zn —Tay| =0, then {Tx,} is
n—-—1+0oo

also bounded. Since 7" is completely continuous, there exists subsequence {1z, }
of {T'x,} and p € H, such that [|[Tx,, —p|| — 0 as n; — +oo. It follows from
Lemma 3.1 that 1in$ l2n, — T2y, || = 0. So by the continuity of 7" and Lemma

3.1, we have lirg |#n, —p|ll = 0 and p € F(T). Furthermore by Lemma 3.1

again, we get that lim ||x, — p|| exists. Thus lim ||z, — p|| = 0 which implies
n—-+00 n—-+00

the desired result. g

Theorem 3.4. Let T be demicompact, then the iterative process {x,}, which is
taken as in (1.6), converges strongly to a fized point of T.

Proof. Since T is demicompact, {z,} is bounded and lirf |z — Tay,|| = 0,
n—-—1+0oo

then there exists subsequence {x,;} of {z,} such that {z,,} converges strongly to

p € H. It follows from Lemma 2.3 that p € F(T'). Since the subsequence {zy, }

of {x,,} such that {z,;} converges strongly to p and lir}rl ||z — pl| exists for all
n—-+oo

p € F(T) by Lemma 3.1, then {,} converges strongly to the common fixed point
p € F(T). The proof is completed. O
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