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MULTIPLICITY OF SOLUTIONS FOR
SINGULAR SEMILINEAR ELLIPTIC
EQUATIONS WITH CRITICAL
HARDY-SOBOLEV EXPONENTS

Qiangiao Guo, Pengcheng Niu, Jingbo Dou

We consider the semilinear elliptic problem with critical HARDY-SOBOLEV
exponents and DIRICHLET boundary condition. By using variational methods
we obtain the existence and multiplicity of nontrivial solutions and improve
the former results.

1. INTRODUCTION AND MAIN RESULTS

In this paper we consider the following wide class of semilinear elliptic prob-
lems,
2% (s)—2
—Au—uizgx,u —l—ﬂLu in Q,
e 9+ P

u=20 on 012,

(1.1)

where Q € RV(N > 4) is an open bounded domain with smooth boundary, 3 >

2(N —s)

< * =2 2/

0, 0€Q,0<s<2, 2%s) N 3

and, when s = 0,2%(0) = NQJj2 is the critical SOBOLEV exponent, 0 < pu < I :=
(N —2)°
TR

In [1] A. FERRERO and F. GAzzOLA investigated the existence of nontrivial

solutions for problem (1.1) with 5 =1,s=0. In [2] D. S. KANG and S. J. PENG

is the critical HARDY-SOBOLEV exponent
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Solutions for semilinear elliptic equations with critical exponents 159

dealt with (1.1) with 3 = 1 and g(x,t) = At|9~%t and obtained the existence of
one positive solution for suitable ¢ and A. They also proved in [3] that (1.1) has
one nontrivial solution for g(z,t) = At (A > 0) and in [9] that (1.1) has one pair of
sign-changing solutions for g(z,t) = At (A > 0) with some additional assumptions.
Recently the results in [2, 3] were also improved by D. S. KANG in [4] and L. DING
and C. L. TANG in [5], respectively. In this paper we discuss (1.1) with a more
general g(x,t) by the mountain-pass argument and a linking argument to improve
the main results in [2, 3, 9]. Roughly g(z,t) has subcritical SOBOLEV growth.

I
T
ou, in H} () and each eigenvalue, A\, (k > 1), of it is positive, isolated and has finite
multiplicity, the smallest eigenvalue A\; being simple and Ay — +o0 as k — +oo.
Furthermore all of its eigenfunctions belong to Hg ().

As in [1] for 0 < p < i we endow the HILBERT space, H,,, with the scalar
product

In view of [1, 6] the operator —A — (0 < p < Tr) has discrete spectrum,

uv
(u,v)m, = /Q (Vu -Vou — MW> dr Yu,v e H,
and define

u2 1/2
_ 2_ ., 2
falln, = ([ (70 =0 ) as)

We can infer that the norm || - ||z, is equivalent to the norm in Hj(Q) by HARDY’s
inequality.
Define the constant

Jo(1u 0 ) 4o

inf .
weHE()\{0} (|u|2*(s)> 1 2/2%(s)
Jo o )

Then A, () is independent of Q C RY, see [7]. When s = 0, A, is the best
SOBOLEV constant. For simplicity we denote A, (€2) by A in the sequel.

(1.2) A, s(Q) =

In the paper we need some notation from [1]. For fixed k& € N we denote
an L? normalized eigenfunction relative to \; € o, by e;, Vi € N. We also denote
by H~ the space spanned by the eigenfunctions corresponding to A1,...,Ar and
Ht = (H_)L. Take m € N such that By, C (in the sequel we always assume
that), where B/, = {z € RN : |z| < 1/m}. Define

0 S Bl/m7
Cm(z) == qmlz| =1 € Ay = By \Bijm,
1 T E Q\BQ/ma

and e := (ne;, H,, :=span{el™;i=1,2,...,k}.

m
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From [2] we know that the functions

. KeV 7/ (2—5)
U (x) = N_2

2—s o
— = K 2—s
|x|\/;_ﬁ<€+|x|\/; >

_ Vi
with K = (M) ™ and k = /I — i, solve the equation —Au —
. Vi
L B |’LL|2 s)—2 . N “112 .
PR = i RO} and el w) = fou S
Since u}(z) is a radial function, we can view it as a function defined on R*. For
all m € N and € > 0 define the shifted functions as [1, 3]:

Juz|* )

de = AN=9)/2-s)

13) () e {g:cﬂ) —u/m e ‘ g\@m}

In this paper we assume:

Cl1) g(z,t) = 9@ )« R - R is a CARATHEODORY function such that
t

(( : |z[*
.oglz,t) . )
thjgo T 0 uniformly for a.e. xz € Q;

(C2) G(z,t) > 0 for a.e. z € Q and V¢t € R, where G(z,t) = =

_ o r)dr

fot g(z,r)dr

|z|*
(C3) there exist positive constants T, a1, as and p satisfying % + 2*1(5) <
1 < 1 such that
p 2
1 .
;tgl(:c,t) — Gi(z,t) > —ar|z]* —azlt|* ¥, Vae z€Q, |t|>T;
(C4) the following hold:
(i) for 0 < p < @ — 1 there exist tg > dp > 0 and 7 > 0 such that
Gi(x,t) > n|z|*t* for a.e. x € Q and V |t — to| < do;
ii) for 4 = @ — 1 there exist mg € N, tg > dp > 0,1 < 4y < fo + %o and
t
0

n > 0 such that By, C Q2 and

G1(x,t) > n|z|°t® for a.e. 2 € Qand V |t —to| < do
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_ 2 . 2
with \7_9:7_ 3 K2(to tjo/Q) In (tog;l-tfo) S C’omg %) where Cy = SN(%
B2 0
K L 2 1 . .
+ 2+( ) (2 \/: ) - —— and Sy is the surface measure of the unit
A= H—K ﬁ 2—s

sphere of RV,

(iii) for g — 1 < p < @ there exist mg € Ny,M > 0 and n > 0 such that
Bi/m, C € and

Gi(x,t) > n|z|°t? for a.e. v € By/p, and V [t| > M

with

(N—2)p N

(4ﬁ) 4-2s Np\/ﬁf"
where p = 2(N —2y/i — ) /(N —

(C5) there exist o > 0 and C > 0 such that

P » /T
nsN(1—%) K LI A

Gi(z,t) < Claf I+ 5y [t2) Ve zeQand V¢ € R;

( )
(C5)" there exist a > 0,0 € (2,2%),¥ € L9 (Q) and v > 0 such that

G1(z,t) |x| It|? + W(z)|z|*|t]® + [t Vae zeQandViteRr

2(s)
with ¢(0) = —/——

(C6) there exist o > 0,3 > 81 > 0,0 € (2,2%),¥ € LIO(Q) and v; > 0,
vo >0 such that Vae. x€eQandVteR

vlel*[t] = Bt O < gi(e, O] < valel*[t] + V(@) ||t + aft O

with ¢(0) = 5

The following technical condition is also needed:

. Moreover tg;(x,t) > 0.

1 (N-2)/(1-25) 9 C aes
(H) (m) : > b, where a =

N+2-2s 2+(5)AZ ()2

0V & (6 s

and b = ()\_) -C, (C as in (C5)).
1

It is well known that the nontrivial (weak) solutions of problem (1.1) are

equivalent to the nonzero critical points of the functional J € C*(H,,R):

1 2q B[ ut B Jul*
J(u) = 2/|Vu| dz /Q| |2d /QG(:c,u)d:c >0 Jo T2l
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The main results in this paper are:

Theorem 1.1. Let Q C RY (N > 4) be an open bounded domain with smooth
boundary. Assume that for 0 < p<n

(I) (C1)— (C5) and (H)
or

(IT) (C1) — (C4) and (C5)" with 0 < v < A1.

Then (1.1) admits one positive solution.

Moreover, if g(x,t) is odd with t, then (1.1) has one positive solution and one
negative solution.

Theorem 1.2. Let Q C RY be an open bounded domain with smooth boundary
and assume one of the following three cases holds:

(I) N>5, 0<pu<pm—1and(Cl), (C3), (C4) (i), (C6) with \t, <11 < 1o <
)\k—i-l (k’:172,) andogﬁl Sﬁ,

2

() N>8 0<pu<7— (%) and (C1), (C3), (C6) with \x = vy <
vo < Agy1 (k=1,2,...) and 1 =0,
_ 2N +2—s 2 .

> < (== >

() N > 8 0< 5 <7~ (Frgogy) o (CD), (C3), (C4) (), (C6)
with A\, =11 <o < A1 (B=1,2,...) and 0 < B1 < .

Then (1.1) admits one solution which changes sign.

Moreover, if g(x,t) is odd with t, then (1.1) has one pair of sign-changing
solutions.

REMARK 1.3. (1). Theorem 1.1 improves the results of [2, 3] and Theorem 1.2 improves
the results of [9].

(2). Here conditions (C4) (i) and (iii) are more general than (2.4) and (2.7) of [1].

(3). The condition (C3) is not the same as [12].

(4). We of course can assume 8 =1 by the classical “stretching” argument.

2. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 is based on the mountain-pass argument, see [1,
8]. In the sequel we always denote a positive constant by C.

A sequence {u,,} C H, is said to be a (PS). sequence for the functional J(u)
if J(um) — c and J'(um) — 0in (H,)* (the dual space of H,,).

Lemma 2.1. Assume (C1) and (C3). If {um} C H, is a (PS). sequence for J,
then there exists u € H, such that u, — u up to a subsequence and J'(u) = 0.

_ 9_ g  AN-8)/(2-s)
Moreover, if c € (0, 3N —s) GBI
solution of (1.1).

), then u # 0 and hence u is a nontrivial
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Proof. We just sketch the proof for it is similar to that in [1, 8]. Since {un,} is a
(PS). sequence, one can get

1 ! _ l_l U 2
Tum) = = (7' ) tm) = (5 = ) s,

2
+/Q (% (2 U )t — G(x,um)) dz + g(% _ 2*1(3)) /Q |u||:£s> Ny
=c+o(1).

When one takes (C3) into account, one obtains that {um, } is bounded. There-
fore there exists w € H,, such that u,, — u up to a subsequence and J'(u) = 0.

9_ s AN-9)/2-s)
2N —s) N-2/C) )

We assume that v = 0. Then u,, — 0. Since J'(u,,) — 0 in (H,)*, by (C1),
one has

Now we prove the statement u # 0 if ¢ € (O7

2 |t ()
(2.1) lunly, ~ 8 [ P s = o
(N—s)/(2—s)
By (1.2) and using ¢ > 0 one obtains ||um||%,M > W + o(1). Then (C1)
and (2.1) imply that
B , B L Jum2© 9_ s  AN-5)/(2-5)
J(U’m) - §||um||Hu_2*(8) Q |1,|S d$+0(1) Z 2(N78) ﬁ(N_Q)/(Q_s) +O(1)a

. . 25 AWN-9/C=9)

which contradicts ¢ < 3N —s) G-I O
Lemma 2.2. WriteI' = {P € C([0,1],H,)|P(0) =0, J(P(1)) < 0}. If (C2), (C5)
and (H) hold or (C2) and (C5) with 0 < v < Ay hold, then J admits a (PS).
sequence in the cone of positive functions with ¢ = infper max;cpo,1 J(P(t)).
Proof. We prove the statement when (C2), (C5) and (H) hold. The second case
is similar. As in Lemma 3 of [1] we just need to show that there exist o > 0 and
p > 0 such that J(v) > oVv € 0B; N H,,.

Indeed (1.2), (C5) and ||UH%{“ > Mi||v]|22 (see [1]) give

1

g [ r®
I0) = 5 ol ~ [ Glov)da - u

2%(s) Jo |zI*

1 a+ g |’U|2*(s) ~
- ||1)H%{u i . d:ch/ |v| dz
2 2*(s) Jo |z 0

L2 a+f 2°(s)  ~(192\1/2
> B vl — () AT ol — C(A_l) vl &,

v

1 2%
5 [0l — allvl 7 = bllv]lm,
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Hence one can end the proof with (H). O

Lemma 2.3. For € > 0 small enough and m € N we have

N—2
(2:2) 2, < AN=/@8) 4 I 2R,
2% (s B
(2.3) / % Az > AN=9/C=s) _ o 52 2 (IR
Q |z -

with ¢’ = MSNK2< and O = SyK2 () (

1,2 ) 1 L2 )
WE—p VE—& 2(WE—n VE—K/

Proof. The proof is more accurate than the one in Lemma 2.2 of [9]. Firstly, if
p# 0,

m\2
/(UEQ) dz
o ||

2V

*)2 o0 PEr ,
> / (ﬁl dx—SNKQ/ c =) rN=3dr
N |T m 2—s
R 1/ T2(\/ﬁ7'{) (E +r Vi /{) 2—s
1/m 35
—25yK? / — = 5 2
2—s n—kK K
0 ’r\/ﬁ_"i({f—f—?"\/ﬁn) 2—s (i) K <E+ (i)ﬁ ) 2—s
m m
Since
= = SNK?2
SNK? / - s P dr < e e YR,
m 2—s -
Y r2(VE—x) (g +rVvE K) 2=s po
1/m 6%
QSNKQ/ N—2 2—s N—2 rN i dr

2—s Vi—kK = K ;
0 r\/ﬁ*”(err o r;) 2—s (i) F <€+ (i) N ) 2—s
m m

and we have

(um)2 / (U*)Q 2 1 2 N_2 o /=
£ dx > 2 dx — SyK ( — + —= )52*5m s
/. [af? S 2i—h  Vi-r

With [, [Vul*|?dz < [pn [Vui|? dz (2.2) follows.
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Concerning the second inequality one has

m|27(s) *|2%(s) *|2%(s)
/|u P evRy S Ly
| ry |7 RN\B1 ||

Vi
9 * 2*(5)71K 35
) I A T
B

) Vi—k 2=s NTS
el () (e () T)

with
N—s
2—s
/ |“| - de= SyK? (9/ £ e
) —38 —_—
RN\B1 /m T’(ﬁf'i)?‘(s) <€+7’ = rc) s
2% (s .
< Msg{s =
T 2(s)VR—p
and
* Vi
2 (s)|uz]? 1K 2
= 2-s N-2 dx
Bi/m $|5(i) n n(€+ (i) ﬁ") e
m m
* N—s 1/m Nel_s
2*(S)SNK2 (S)E 2=s mﬁJrH/ r N—2542 dr
2—s N—25T2
° r(VBE=—K)(2*(s)-1) (E +rvE " 2—s
—s 1/m (2% (s)— 1) /I i1
2*(5)SNK2*(S)€]¥TSmﬁ+ﬁ/ J\?fnx/EQ( (2> Wi "
0 S evis
-5

< QSNK2*(S) E1;7—2 W
N |

where we use the elemental inequality (a + b)! > tab'~* a,b > 0, t > 1. Hence

|um|2 (s)
/ BEEE

>/ LE'Q d:c—SNKQ*(S)( L + 2 )s%m?(s)m.
= Jox Jal SN

REMARK 2.4. If \/Iz > (2" (s) — 1)k, according to [9] inequality (2.3) can be written as

2% s
e P s g0 _ o AR 2oV

o |zl
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Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. We only prove case (I) since the proof of case (II) is
similar to the proof of the first. Firstly we show that problem (1.1) admits one
positive solution. By Lemma 2.1 and Lemma 2.2 it is enough to show that there
exist € > 0 small enough and some m € N such that

95 AN-9)/C-3)
(24) max J(s) < 5y ) pE-mre

We proceed by contradiction. Assume that for any € > 0 and m € N, there
exists t7* > 0 such that

gl AN/
(2.5) J(te Ug ) > 2(N _ S) ﬁ(N—Q)/(Q—s) ’

By an argument similar to that in Lemma 5 of [1] for any m € N we deduce that
t7" is bounded as ¢ — 0 and t7* — ¢ > 0 up to a subsequence.

Claim: tf* = m. In fact in the spirit of [11] by the contrary,
. m 1 . _ 1 2 o ﬁ 2*(5) .
if thr # BB/ the function f(t) = 3t 5 (5) t (t > 0) reaches its

. 1 1 2—s 1
maximum at ¢t = BB/ and f(ﬂ(N72)/(4—25)) = 5N 3) . B By
Lemma 2.3 and (C2) for € > 0 small enough

1 m|2* (5)
J(tm m) _(m H mHH 2 (5)/ |u |

T
< (g0

+ £ 2 s (C/ . (
9_ s  AN-9)/(2-5)
2(N —5) fN-2/@=5)’

[\)

€

(tm)Q s))A(Nfs)/(2fs)

2 2VETE L O 2*1(35) (t?)g*(s)mg*(s)m)

which contradicts (2.5).
The claim above implies

1 m\2(,,m|2 m 2% (s) |um|2 (6)
5 (te ) ||u5 ||H“ 2* |$|5

95 AWN-s)/- s)
SOV —s) BN2/@ )
95 AN-9)/(2-3)
SN —s) BN D/E

/._ m\2 " p m\2*(s) 5 2 ()VE—1
+(c 2(t€)+C’ —2*(5)(%) )er=m

s+ Coe 2 2 VI

for € > 0 small enough.
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N—2 _
On the other hand we prove that [, G(z, t"u) dz > Coe 2-» m? (IVA=F for
€ > 0 small enough and some m € N.
In order to verify this we distinguish three cases:
(1). 0 < pu<@—1. By (C4)(i) to ensure tTu(z) € [to — do, to + do| firstly
we require that

4 K eVE/(2—s)

. m,,m < m * <
(26)  (Mula) < 7ul() v

€ — N-—2
ﬁ4—2$

<to+do Vo € By/m

to + do
0

Vidr v

o] > (= K\ omtes

el N—2 9
B1-2s to + do

for € > 0 small enough, where 1 < £y < . Hence, if

~+

-

then tMul(x) < to + do.

1
VR —
Next for |z| > (6—0 : L) g Wi+r)(2=5) one has

(2=8) (VE=r) (2—5) (VE+R) ( to )1%2 (2—5) (VE+R)

2.7 N-—2 N—2 0 N3
@7 el + ol ) e

———u: (%) +to — do < to — dp/2 for small € > 0, by (2.7) one can get

1
N—2
003125 to

__vE
e VatR)E=s) |

1 1
VR JE ViR
4_L> P e < || < < K) i

pov-cton- <) e g )

= N2
4—2s —_—
boB* =2 \\ =52
1 /1
Z to —60/2— 7]\,_72’[,%(—)
INE=x m
> tg — do-
Having the previous work in hand we have that, if

1 1
Vit+k VI N Vi
(2.8) ( 602. K ) H E(\/ﬁ+n)(2s)§|x|§(%.§) K e (VEHR)(2=9) |
I ESPE to

then t7ul(z) € [to — do,to + do]. Note that from (2.7), (2.8) and u’ (%) <
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1
1, 1 K\ Vitn —_VE__
2 I S VRt (2—
5 ul(|z|)V|z| < (Zoﬂ(NW(‘l?S) T e (VE+r)(2=5) for & > 0 small enough
- N
1 K\ VI e e
Zoﬁ(N*ﬂ/(“*?S) to
Gz, t"u™)dx > C wr ()2 N1 dr
1 e £ 1 £
Q lo LK\ mries
B(N—2)/(4—2s)  to+do
1 p—
1 K ﬁ*“‘g(\/ﬁ+ﬁ275>
N2 Zoﬁ(N—2)/(4—25) to
> (Ce2-s . . ri=2VE=1 4y
£o LK ﬁ*”’g(ﬁm?@—@
B(N—2)/(4—2s)  to+do

N—2 VBEC-2Vi—p)

= (e 2-s ¢ Wrt+r)(2-5)
N-—2 N —
> Coe 2=s m? ()Vi—n
for € > 0 small enough.
(2). w =71 —1. Case (1) shows that, if

¢ K \vis __ VB
ntr
(2.9) (% ) e(WVETR(E=s) < zf < <7

. Vo T E—
. Vi+R)(2—s)
Bi—2s to+ do

1
K)\/ﬁ-‘rm VI
el

for £ > 0 small enough, then t7*°u" (z) € [to — do,to + do]. Therefore, noting (2.7)

(L) < L (s -
and w2 () < Guzle)Vlel < (mmaroe g

small enough, by (C4)(ii), one has

1 —
by — \/_
) R for & > 0

m m
/ Gz, t7ul*) dz
Q
1
1 K\ Vit
CoBIN=2)/(1=25) . to

- N
e (VErr) (2—s)

, o (uE ) dr
) LGN s )

1V
s
/
=@
Niks
N
+
S8
i
—

‘o K
BN-2/A-25) " 1o+,

1
= VI
1 K \VEts = p—
( N=3 E) e (Wr+r)(2—s)

S 1 to — 5 2\2 N-2 —2s
> - 4N ( =2 T 0(1)) KQ(io 7 O/ ) € 2_5/ fop 2 1 Nin rldr
o 0 ¢ K _\Vitr _AmTee=s
3 <ﬁivj_2i .t0+60) e VAFm(E=3)
SN ( 1 ) 2(t0—50/2>2 (t0+5o> (N—=2)/(2—s)
A(VE + k) \pWN=2E=9) *oll) to ! {ito )

> Cog(N—Q)/(g—s)mg*(s)\/ﬂ

for € > 0 small enough.
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(3). m—1 < p <. The proof is similar to the former part of Lemma 6 in

1| and we sim sketch it here. Let k' = A . en
[1] and we simply sketch it here. Let «’ H(Q\/_ﬁs) Th

2=s)(VE—r) 2—s)(VEtr) C=s)(VI+K)
(2.10)  elz| N-2 4 |x| N-2 <2e N2 V:c € B« C Bi/m,

for € > 0 small enough. On the other hand we have

(2.11) troul (z) > MVx € B,
and
(2.12) uz(z) > puZ(l/mo) Ve € Bow )y

with ¢’ = pl/(‘/i”“) for € > 0 small enough.
Combining (2.10), (2.11), (2.12) and (C4)(ii) we obtain

1\? 1 /e N-1
/ G(z,tI"u)dx > nSy (1 - —) 5 T o(1) / (uz(r))Pr dr
Q P2\ gt 0

NI Kp  em e
> nsn(1-7) (W + 0<1)) oz & / r T hdr
G 4-2 0

p —2s 2 2-s

1\P 1 KP 1 N—2
:”SN(l - ‘) (W +0<1)) 2 N

p x=rn 9 2= NpVn

2" (s)VE—p

N2
> (Cpe2—s myg

for € > 0 small enough.
We now conclude that problem (1.1) admits one positive solution since

|tm m|2 (a)

2* |LL‘|5

Tz = i, / G, 1ur) e —

25 AWN-s
2(N —s) ﬂ(N*2)/(2*S)

<

for € > 0 small enough(m = mg in case (2) and case (3)), which contradicts (2.5).

Moreover, if g(x,t) is odd with ¢, then —u is one negative solution of (1.1).
O

3. PROOF OF THEOREM 1.2

We begin this Section with two lemmas.

Lemma 3.1 Assume (C6) with vy > Ay or vy =X\ and 0 < 81 < 3. Then every
nontrivial solution of (1.1) must be sign-changing.
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Proof. By the contrary we assume that « > 0 is a nontrivial solution of (1.1). We

have
U ,u2(s
7/9Aue17 /Q||2 / xu€1+5/|||x|6
f/Auelfu/%elz/u(fAelf%el):)\l/uel.
Q o |7l Q || Q

(C6) and the above two equations imply that

*(s)—2
)\1/UG1ZV1/UG1+(5*51)/7SU€1~
Q Q o |l

Therefore, if 1 > Ay or v = A\ and 0 < ;1 < 3, we can get a contradiction.
Then (1.1) has no nontrivial positive solutions. Similar arguments show that (1.1)
has no nontrivial negative solutions. (I

and

By (C6) we find that for a.c.x € Q and Vt € R

vi sz B 2% (s) < < V2 s U(x) | 1sp,00
(3:1) L el = 52 17 <G ) < 2ol + L o +

.

2(s)

Lemma 3.2. Assume (CG)ﬂth A <1 Sy < Agy1 or A =11 < g < Apg1 and
0< f < B. Let @5, = (Br 0 Hy) @0, R{u'}Y] and T = {h € C(Q5,, H,) :
h(v) =v,Yv € 0Q%,}. Then J admits a (PS). sequence at level

°T g )

Proof. See the proof of Lemma 4 in [1] (see also [3, 4]). O
The proof of Theorem 1.2 is the following.

Proof of Theorem 1.2. Since the identity Id € I', we have

inf J(h(v)) < J(v).
inf max (h(v)) < max (v)

Theorem 1.2 follows from Lemma 2.1, Lemma 3.1 and Lemma 3.2 if one can prove
that for some ¢ > 0 and m € N

9  AN=9)/E-5)
(32) Uselgz J(v) < 2(N —s) gN-2/2=s) °

On the contrary we assume that

. o J 9_ g AN—s9)/(2-s)
. > :
(3.3) e > 0andVm € @i‘g‘; (v) > 3(N —5) BN-—2/C)
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One notes that {v € Q%,; J(v) > 0} is compact. The supremum in (3.3) is attained.
Thus for all € > 0 and m € N there exists w* € H,, and t7* > 0 such that for

vt = wl* + t7'ult we have
2 AWN=5)/(2—5)
(3.4) J(*) = max J(v) > i

ves, " T RN —s) B2/
Similarly to [1,4], for any m € N, {¢t"*} C R* and {w™} C H,, are bounded. Up
to subsequences we assume that t7* — ¢t >0, w!* —w™ € H,,

To obtain a contradiction to (3.4) we distinguish three cases according to the
assumptions of Theorem 1.2.
Case (I). Using max llull% < A+ Cm=2VA=F (for details see
{ueHmsllull L2 ) =1} .
[10]) and (3.1) we know that

1 m||2 |w
', — [ G urar - o2 [EET

A + Cm—2VE—k ” B— 5 w™|
< A T / W <0

J(w™)

€

for m large enough. On the other hand, as we see in the proof of Theorem 1.1, we

have
29_g AWN=s)/(2—s)

2(N —s) BIN=2)/(2—s)
for € > 0 small enough and m large enough. Then the above two inequalities with
JI") = J(w™) + J(t7u) imply a contradiction to (3.4).
Case (II). By max [ull?, < A +Cm~2VF~# and (3.1), noting
{u€Hp;llullp2o)=1} '
H_ is finite dimensional and then the convergence of w]* can be viewed as in any
norm topology, we see that

1 9 B / |wm|2*(s)
- m _ G mY dr — € d
2 ||w€ ||HM /Q (wia ) T 2*(8) Q |I|‘S x

CmiQ\/ﬂ . i |wm|2*(s)
< o - i [ e

J(tTul) <

€

J(w)

€

= Cym ™ VA w2, — 02||wm||2 )

2(N—s)

< Csm  2-s ﬁiu.

. . _(N+2)(2=s)k
As was done in [3, 9], setting e = m N-2 we denote v, £, u™, w™

by v™, ™, u™, w™, respectively, in the sequel. Now we estimate J (tm m) Clearly
t™ is bounded and t™ — t° > 0 up to a subsequence. Moreover (2.2) and (2.3)
become

(3.5) HumHQ < AN=8)/2=5) 4 o/ =NVA—R

)



172 Qiangiao Guo, Pengcheng Niu, Jingbo Dou

|um|2*(s) .
(3.6) / [ 7 g0 > AN=9)/CG=s) _ Gy~ (V422 () Vi,
- . . _ (N —2)* .
When iz > (2*(s) — 1)k, that is pu > 17 — INT2_25)7 according to [9] (3.6)
can be replaced by
2% (s _N(N—s
(37) L iz g R
x|® -
By (3.1) one has
1 9 [t ™
38) Iy < g, =5 [ eePa- s |
2* |LL‘|5
With vy [, [u™[>da > Cym™N+2) (for details see [1, 9]) we know:
. . (N=2 _7(N+2)2
(i). For —4(N+2_28)2<u<u N

gy < g, = [ e - s [

(tM)Q(A(N*S)/(%S +CO'm NVE=R _ C4m*(N+2))

IN
N =N

ﬁ m\2*(s) (N—s)/(2—s) " 7N]\£J:T;s) T
_2*—(5) (t") (A —C"m )
9_g AWN=s)/(2-s)
= 2(N —s) BIN-2)/(2=s)
With J(v™) = J(w™) + J(t™u™) (by the fact |supp(u™) N supp(w™)| = 0) we get
29_g AWN=s)/(2—s) e
— —(N+2) — yrE=m
= 2(N —5) pIN=2)/(2—s) Csm +C3m™ 2
9_g AWN=s)/(2—s)
= 2(N —5) BIN=2)/(2~s)

for m large enough, which implies a contradiction to (3.4).

o~ (N2),

. - M
(ii). For0 < p<pm-— TN 4229
ey < ey, ~ [ maepan - o [
Hy 2% (s ||®
g%amﬁaﬂNﬂvwﬂ»+cmfNﬁﬁﬁfcmn*N“h

ﬁ( ) (tm)Q*(s) (A(N—s)/(Q—s) N C/lm—(N+2—2*(s))\/ﬁTu)
2*(s
9_ s AN-9)/2-3)

—(N+2)
2(N —s5) N-2/2) '

- Cﬁm

IN
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Then, as we did for (i), one obtains

N—s)/(2—s —s)
2 — S A( )/( ) B Cﬁm*(NJrQ) + CBm_ 2(?’75 )m

T = 5N —5) gvmie

9_s AN-9/(-9)
S (N —s) g2/

for m large enough, which contradict (3.4).

Case (IIT). When we use (C4)(i), the proof of case (1) of Theorem 1.1 gives

N—2 VBE(E2-2VE—p)
(3.9) / Gz, t7ul*)de > Cre2—s ¢ (VEtm(2=s)
Q
for € > 0 small enough.
(N+2)(2—s)k _ 2
Settinge =m~  N-2  asin Case (II), since 0 < p < @— (%) ,

we have

m, m 1 m, m|2 m, m 6 |tmum|2*(5)
J(Emam) < 5 ¢ I\H,L*/QGW ! )de*(S)/ﬂ v

|z|®
< % (t™)2 (AN=9)/@=9) 4 Ol =NVE=EY — Com™ e
_Q*L(S) (Em)2° ) (AN =9/ (29) _ 0= (V422" )V )
2—5 AWN=9)/(2-s) N(N+2)x

Sm_ N—-2+2k |

S TN —s) g2y Y

On the other hand Case (II) shows that

2(N-—s)

(3.10) J(w™) < Com™ 2= ",

The above two inequalities with J(v™) = J(w™) + J(t™«™) imply

- 29_g AWN—5)/(2-s) B 1]\\’](1\’+2)'€ _2(N—s)
TW™) s gy =5 govmrey — Cem VI A Come
2_g AWN=s5)/(2-s)

S (N s g2/

K

which implies a contradiction to (3.4) for m large enough.

In conclusion (1.1) admits one sign-changing solution u. Moreover, if g(z,t)
is odd in ¢, then —u is also a sign-changing solution of (1.1). O
REMARK 3.3. (1). From the proof of (II)(ii) we know that the theorem still holds for N =

L N+2 2 _ N +2 2
= < - .
5,6, 7if (N—|—2—2*(s)) >Oforsome()_s<2andu€[07ﬂ (N—I—Q—Q*(S)))
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(2). From the proof of (III) we see that the theorem also holds for N = 5,6,7 if

_ 2N +2—s \2 _ IN +2—5 \2
(=" 1= ° < _ )
(N—I—Q—Q*(s)) >Of0rsomeO_s<2andue[0,u (N+2—2*(5)))
Acknowledgements. The authors thank the anonymous referee for very helpful
suggestions and comments.
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