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THERE ARE INTEGRAL TREES OF
DIAMETER 7

Pavel Hic, Milan Pokorny

A graph G is called integral if all the roots of the characteristic polynomial
P(G; ) are integers. In this paper, four integral trees of diameter 7 are given.
These integral trees are the first integral trees of diameter 7 which have been
found so far.

1. INTRODUCTION

The notion of integral graphs was introduced by F. HARARY and A. J.
SCHWENK in 1974 (see [4]). A graph G is called integral if all the zeros of the
characteristic polynomial P(G;x) are integers. In general, the problem of charac-
terizing integral graphs seems to be very difficult. Thus, it makes sense to restrict
our investigations to some families of graphs. Trees represent one important family
of graphs, for which the problem has been considered. Results on integral trees
with diameter k, where 2 < k < 10, can be found in [1, 5—15]. From these papers
follows that integral trees of diameters 1, 2, 3, 4, 5, 6, 8, and 10 can be constructed.
But no integral tree of diameter 7 or 9 was found in these papers. In [5] it is proved
that there is no balanced integral tree of diameter 7 and diameter 4k + 1 for & > 1.
In [15; Question 7], the following question was given: “Are there any integral trees
of diameter 77”7 In this paper four integral trees of diameter 7 are given.

From [5; Theorem 4.6] follows that an integral tree of diameter 7 cannot be
balanced. A tree T is called balanced if the vertices at the same distance from the
center of T have the same degree. We shall code a balanced tree of diameter 2k
by the sequence (ng,ng—1,...,n1) or the tree T (ng,ng—1,...,n1), where n; (j =
1,2,...,k) denotes the number of successors of a vertex at the distance k — j from
the center. Let the tree T'(ng, ng—1,...,n1)0T (m;, m;_1,...,m1) be obtained by
joining the center w of T'(ng, ng—1,...,n1) and the center v of T'(m;, m;_1,...,m1)
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with a new edge. This tree is denoted by T'(n1,ng, ..., ng—1,nk; Ly m;, mj—1,...,m1).
Clearly, if n; # m; for any i, the tree is not balanced. In this paper we investigate
trees of diameter 7 which can be obtained from two balanced trees of diameter 6
by operation ©.

In [5] the following Theorem is proved:

Theorem A (see [5; Theorem 2.1.]). Let D be a front-divisor of a tree T and C

be the corresponding codivisor. Then P(C;x) = II P(T;; x), where T; are
T;CT-V (D)

connected components of T — V(D) and in the case that D has the vi-based loop,

T, is the connected component of T — V(D) with the ui-based loop valued by —1.

(uy is from the center of T).

NoTE. It follows from this theorem that the characteristic polynomial P(C;x) of
a codivisor of a tree T' can be expressed in terms of proper subtrees of T'. The
properties of front-divisors and corresponding codivisors of trees and graphs are
discussed in [2, 5, 8].

2. INTEGRAL TREES OF DIAMETER 7

Theorem 1. Let T'(ng, n2,n1)OT (ks, ko, k1) = T'(n1,n2,n3;1; k3, ko, k1) be a tree
of diameter 7. Then T (n1,na,ns; 1; ks, ko, k1) is integral if and only if the following
statements hold:

1. The corresponding divisor D(n1,na, ns; 1; ks, ko, k1) is integral.

2. T(na,n1), T(ka, k1), T(n1) and T'(k1) are integral.

Proof. It is easy to verify (see [2, 5, or 8]) that the corresponding front-divisor
D(ny,na,n3;1; ks, ko, k1) of the tree T = T'(nq, na,ns; 1; ks, ko2, k1) has characteris-
tic polynomial
P(D;z) = 2% — (ny 4+ ng+n3 + ki + kg + ks + 1)
+ ((n1 + no + TL3)(]€1 + ko + k‘g) +ning +ny +no + kiks + k1 + k’g)I4
+ (ning(kz + ko + k1) + k1ks(ng +no +n1) + (01 + no) (k1 + ka))a?
+ ninskiks.

Clearly, the connected components of T'— V(D) have the form T'(n2,n1),
T(ka, k1), T(n1), T(k1), and isolated vertices. The corresponding codivisor

C(nla n2,Nn3; 1; k37 k?; kl)
of the tree T' = T'(n1,na, ns; 1; ks, ko, k1) has characteristic polynomial
P(C,Z) — Z(kl71)(16271)k3+(n171)(n271)n3+(k171)+(n171)+(k371)+(n371)

R AN T

. (xQ — (m + ng))n3_1 . (I2 — (k’l —|— kg))k3_1 .
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Because of P(T';z) = P(D;x).P(C;x), the tree T is integral if and only if the
polynomials P(D;x) and P(C;x) have only integer zeros. The proof is finished.

It is known that T'(n2,n1), T (ke, k1), T (n1),T (k1) are integral if and only if
ni1,k1,no + n1, ke + k1 are squares. Using computers we investigated all the trees
T(ny,n2,m3;1; ks, ko, k1), where n; and ki are squares, ny + ng and ki + ko are
squares, n1 + ng < 10000, k1 + ko < 10000, ng < 1200, ks < 1200. From all these
trees only four are integral. Their list can be found in example 1-4. In these exam-
ples ng = k3. That is why we investigated all the trees T'(ni,ne, ng; 1; k3, ka, k1),
where n; and ki are squares, ni + no and ki + ko are squares, ny + no < 10000,
k1+ ko < 10000, 1200 < ng = k3 < 3000, but we have found no integral tree among
them.

EXAMPLE 1. The tree
T(49,480,270; 1; 270,420, 64) = T(270, 480,49)0T' (270,420, 64)

is integral.
The characteristic polynomial of its divisor is

P(D(49,480,270; 1; 270,420, 64); ) = 2 — 15542° + 6339692
— 2403817622 + 228614400.

The spectrum of the divisor is Spec(D) = {£4,+5, £ 27,4+ 28}.
The characteristic polynomial of the corresponding codivisor is

P(C;) = 333967 { (42 — 484) («? — 520) }* («? — 64) " (22 — 49)" 7.
The spectrum of the tree is

Spec(T) = +98 +27 423 +22 +8 +7 45 +4 0
pectt) =1 4 1 269 269 113130 129330 1 1 13335679

ExXAMPLE 2. The tree
T(25, 264, 504; 1; 504, 220, 36) = T'(504, 264, 25)0T (504, 220, 36)

is integral.
The characteristic polynomial of its divisor is

P(D(25,264,504; 1; 504, 220, 36); z)
= 2% — 155425 4 6339692* — 2403817622 + 228614400.

The spectrum of the divisor is Spec(D) = {£4, +5, £27, £28}.
The characteristic polynomial of the corresponding codivisor is

P(C;z) = 2745473 (32 — 36) T (22 — 25) "7 { (a2 — 256) (2® — 289)}°"
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The spectrum of the tree is

Spec(T) +98 +27 +17 +16 +6 +5 44 0
pectt) = 1 1 503 503 110376 132553 1 7045473 /-

EXAMPLE 3. The tree

T (3136, 5328, 1140; 1; 1140, 5700, 3136)
= T(1140, 5328, 3136)0T (1140, 5700, 3136)

is integral.
The characteristic polynomial of its divisor is
P(D(3136, 5328, 1140; 1; 1140, 5700, 3136); z)
= 2% — 1958125 + 1029768842* — 7007407110422 + 12780911001600.

The spectrum of the divisor is Spec(D) = {£ 19, +20, + 96, + 98}.
The characteristic polynomial of the corresponding codivisor is

)12569640 {(

P(C,x) — I39405829948 ($2 — 3136 $2 _ 8836) ($2 _ 8464)}1139

The spectrum of the tree is

Spec(T) 498 +96 +94 +92 456 420 +19 0
pectt) = 1 1 1139 1139 12569640 1 1 39405829948

EXAMPLE 4. The tree
T(625,4704,1188;1;1188,4900,576) = T'(1188, 4704, 625)OT(1188,4900, 576)

is integral.
The characteristic polynomial of its divisor is
P(D(625,4704,1188;1;1188,4900,576); x) = 2® — 131822°
+ 448668812* — 943670650022 + 508083840000.

The spectrum of the divisor is Spec(D) = {£10, £11, £80, +81}.
The characteristic polynomial of the corresponding codivisor is

5587164 5820012
( )

P(C; x) = 20832900809 (z® — 625) z? — 576

(2 - 5476) (2 — 5320) )",

The spectrum of the tree is

Spec(T) = +81 +80 £74 £73 +£25 +24 +£11 £10 0
P o 1 1 1187 1187 5587164 5820012 1 1 6832900809
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