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ON FIBONACCI POWERS
Vladica Andrejié¢

FI1BONACCI numbers have engaged the attention of mathematicians for several
centuries, and whilst many of their properties are easy to establish by very
simple methods, there are several unsolved problems connected to them. In
this paper we review the history of the conjecture that the only perfect powers
in FIBONACCI sequence are 1, 8, and 144. Afterwards we consider more
stronger conjecture and give the new characterization of closely related WALL-
SUN-SUN primes.

1. INTRODUCTION

The FIBONAcCCI numbers have engaged the attention of mathematicians for
several centuries, and whilst many of their properties are easy to establish by
very simple methods, there are several unsolved problems connected to them. F1-
BONACCI numbers are defined with recurrence F,, = F},,_1 + F,,_s, for n > 2, and
initial terms Fy = 0, and F} = 1. In this paper we consider FIBONACCI power
problem, i.e. the equation F,, = C'9, where C' and q are integers > 1.

Conjecture 1. The only Fibonacci numbers F,, (n > 0) which are perfect powers
are 1, 8, and 144.

We now review some known results about special cases of Conjecture 1. The
first question related to Conjecture 1 appeared in 1962 in the book by OGILVY [16],
the problem about square FIBONACCI numbers (case ¢ = 2). In 1963, both MOSER
and CARLITZ [15] and ROLLETT [24] proposed that problem. By ingenious sieving
computational method WUNDERLICH [31] showed, that except for the known cases
(F; and Fy3), F, cannot be a square for n < 10%. In 1964 square conjecture was
proved analytically by COHN [5, 6] and independently by WYLER [32]. Problem
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of FIBONACCI cubes (case ¢ = 3) was solved by FINKELSTEIN in his doctoral dis-
sertation in 1968 [8, 27]. Since then several other proofs were published: LONDON
and FINKELSTEIN in 1969 [12], STEINER in 1978 [26], LAGARIAS and WEISSER in
1981 [11], PETHO in 1983 [17].

In the beginning of 1980’s, thanks to BAKER’s theory of lower bounds for
linear forms in logarithms of algebraic numbers, it was proved by SHOREY and
STEWART [25] and independently by PETHO [18] that there were only finitely many
effectively computable FIBONACCI powers. The method of SHOREY and STEWART
implies that ¢ < 5.1 - 107 [19, 20], but this upper bound is huge for solutions by
brutal enumeration. From the other side, the conjecture was proved for small ¢
by combining that method with some algebraic tools and computer calculations:
PETHO for ¢ = 5 [21] and MCLAUGHLIN for ¢ = 5,7,11,13,17 [14]. Thanks to
important progress in computational number theory and theory of linear forms in
logarithms, BUGEAUD, MIGNOTTE, and SIKSEK [3] recently proved the conjecture
using some of the ideas of the proof of FERMAT’s Last Theorem.

2. PRELIMINARIES

We give now some definitions and known facts about FIBONACCI numbers
without proof.

Definition 1.
1. Z(m) = min{t : m|F;}.
2. P(m)=min{¢t: F;} =0, F;y; =1 (mod m)}.
3. Y(m) =max{t: Z(m') = Z(m)}.

Z(m) is so called FIBONACCI entry point (or rank of apparition, or restricted
period [9]). This is the index of the smallest FIBONACCI number divisible by m.
P(m) is the length of the FIBONACCI sequence modulo m period. Y (m) is the
greatest integer Y such that Fyz(,,) is divisible by mY. It can be proved that

Z(n) < 2n, and P(n) < 6n.

Now we give a few very old lemmas [9]:
Lemma 1. m|F,, & Z(m)|n.
Lemma 2. p|Fp,(g) for all primes p, (where (¥) is the Legendre symbol).
Lemma 3. Z(p*) = p*Y®) Z(p) for odd primes p and k > Y (p).

Consider the equation F,, = C'9. Without loss of generality, we may require

that ¢ be prime. We can also suppose that n is prime, see ROBBINS [22, 23] and
PETHO [17].

Lemma 4. If n > 12 and F, is a perfect q-th power, then there exists a prime
p > 5, such that F, is a perfect g-th power.
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3. FIBONACCI CONJECTURE

Concerning Lemma 3, one can ask whether Z(p?) = Z(p). If Z(p?) # Z(p)
for all primes p, then we can determine whole Z function from Z(p) for primes p,
because of nice Z([m, n]) = [Z(m), Z(n)], where [—, —] is the least common multiple
of two numbers. Thus we have natural question.

Conjecture 2. Y (p) =1 for all primes p.

Of course, if Conjecture 2 holds, then we have beautiful Z(p*) = p*~1Z(p).
As far as I know, Conjecture 2 appeared in the work of WALL in 1960 [29] in the
equivalent form P(p?) # P(p). The period and the entry point functions are closely
related. One can prove that P(p¥) = p*~Y®) P(p) holds for all odd primes p, and
that P(p?) = P(p) & Z(p®) = Z(p).

Theorem 1. Conjecture 2 implies Conjecture 1.

Proof. If there exist perfect powers different from 1, 8 and 144, then by Lemma
4 there exist primes p > 5 and ¢ > 2 with F,, = C9. If r is any prime factor of C,
then we have r?|F,. Thus Z(r?)|p by Lemma 1, hence Z(r?) = p, which means that
Z(r%) = Z(r). If Conjecture 2 holds this is impossible and we have a contradiction.

REMARK 1. A proof that 1, 8, and 144 are the only FIBONACCI powers was given by
BUCHANAN in 1964 [1], but unfortunately, BUCHANAN’s proof was incomplete and
it was retracted later by himself [2]. He made an error assuming that Conjecture
2 holds, so he actually proved Theorem 1.

REMARK 2. We say that p is a primitive factor of F, if p|F,,, and p fF,, for any
m < n. CARMICHAEL’s theorem states that if n > 12, then F,, has a primitive
prime factor [9]. Tt is clear that for an arbitrary primitive prime factor p of C? we
have Z(p) = Z(p?) = --- = Z(p?). In proof we used the fact that all prime factors
of F, for prime ¢ are primitive.

There are many equivalent statements of Conjecture 2. If Y (p) > 1 is true
for some prime p, then we have Z(p?) = Z(p). From Lemmas 1 and 2 we know
that Z(p)|p — (£), and therefore p2|Fp,(§). It is clear that p fF,, (2) (if p|F}y(2),
then Z(p)lp + (£) and Z(p)|p — (¥), i.e. Z(p)|2, which is impossible). Therefore,
p2|Fp—1Fp+1-

Lemma 5. The following four statements are equivalent:

1. Y(p) > 1.

2. Z(p*) = Z(p).

3. P*Ep—(2)-

4. p2|Fp,1Fp+1.

CRANDALL, DILCHER, and POMERANCE [7] called prime p satisfying Lemma

5 statements the WALL-SUN-SUN prime. There is no known way to resolve congru-
ence like F},_(zy =0 (mod p?), other than through explicit powering computations.
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On the basis of a search conducted by MCINTOSH we have learned that there are no
WALL-SUN-SUN primes less than 10'4, and no WALL-SUN-SUN primes are known
[13]. Statistical considerations show that in an interval [z,y] it is expected to be
> 1x In(lny/Inz) WALL-SUN-SUN primes [7].

z<p<y

However, Conjecture 2 is more stronger than Theorem 1. There are few
results connecting FERMAT’s last theorem and WALL-SUN-SUN primes. In 1974
BRUCKNER showed, using the theory of cyclotomic fields, that if there exists a
WALL-SUN-SUN number, then FERMAT’s last theorem has a solution in Q(v/5)
satisfying certain side conditions [27]. From the other side, in 1992 Zu1-HoNG
SUN and ZHI-WEI SUN [28] showed that if p is a failing exponent in the first case
of FERMAT’s last theorem (2 4+ y? = 2P with p fryz), then p must be WALL-SUN-
SUN prime. Unfortunately, it never does, but if one could prove the converse of
this result, then WILES’ work would guarantee that there are no WALL-SUN-SUN
primes.

4. NEW CHARACTERIZATION OF WALL-SUN-SUN PRIMES

We shall denote n-th LucAs number with L,, and use known formula for
LucAs’ numbers. For every integer p we have

1+\/5p 17\/517
() (5]

and therefore for odd p holds

[un

p—1

W 2y = 22: ()5 =1+ 2 g5 (1)
1
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[N

=
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From now till the end, we shall suppose that p is odd prime. Taking equation
modulo p, and using little FERMAT theorem we obtain
1 dul d using little F th btai

Lemma 6. L, =1 (mod p).

Now from (?) = (p;l)Jr(?:ll) andp‘(?) for 1 <t <p-—1we can

conclude (p; 1) = (—1)* (mod p) and therefore

(2pk_—11> =-1 (mod p).

Substituting in (1) modulo p? we get

p—1

2
-1
2L, =1 +pz o 5% (mod p?),
k=1
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and

—1

IS
[

5k 2 _9orf,
2 = -7 d p).
(2) F = (medp)

=~
Il

Lemma 7. Prime p is a Wall-Sun-Sun prime iff L, =1 (mod p?).

Proof. It is easy to show that 5F,_1F,41 = Lp2 — 1 holds for all odd p. If p is
a WALL-SUN-SUN odd prime, then by Lemma 5 we have Lp2 =1 (mod p?). But
L, = —1 is impossible by Lemma 6, and therefore L, =1 (mod p?).

Theorem 2. Prime p is a Wall-Sun-Sun prime iff

T = 0 (mod p).

p—1
2 k
5 2— 2P
- = (mod p)
k=1 p
Next we can use known fact
p—1 1
7= 0 (mod p)

=
Il

1
(actually WOLSTENHOLME’s theorem states that the congruence above is also sa-

P
tisfied modulo p?). Transforming the expansion (Z) = 2P, we obtain
k=0

3 f (i) -7

Consequently,

(mod p),

implying the claim of Theorem.

REMARK 3. A similar identity for WALL-SUN-SUN primes p is given by WARD and
published posthumously [30]:

5/9 =2 B/ 1 (mod p).
p

gRr
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For the proof reader can consult [4] and [10].

Acknowledgment: I am grateful to DANIEL WEISSER, RAY STAINER, ATTILA
PETHO, and RICHARD MCINTOSH for our communication. I am also grateful to
MIODRAG ZIVKOVIC who read carefully the article, and made many valuable sug-

gestions.
REFERENCES
1. F. BUCHANAN: N-th powers in the Fibonacci series. Amer. Math. Monthly, 71 (1964),
647-649.
2. F. BUCHANAN: Retraction of “N-th powers in the Fibonacci series”. Amer. Math.
Monthly, 71 (1964), 1112.
3. Y. BUGEAUD, M. MIGNOTTE, S. SIKSEK: Classical and modular approaches to expo-

nential Diophantine equations I. Fibonacci and Lucas perfect powers. arXiv:math.NT/
0403046 v1 (2004).

4. L. CARLITZ: Solution of advanced problem H-24. Fibonacci Quart., 2 (1964), 205-207.
5. J. H. E. CouN: On square Fibonacci numbers. J. London Math. Soc., 39 (1964),

10.

11.

12.

13.
14.

15.
16.

17.

18.

537-540.
J. H. E. CoHN: Square Fibonacci numbers, etc. Fibonacci Quart., 2.2 (1964), 109-113.

. R. CranDALL, K. DILCHER, C. POMERANCE: A search for Wieferich and Wilson

primes. Math. Comp., 66 (1997), 433-449.

R. FINKELSTEIN: On the units in a quartic field with applications to mordell’s equation.
Doctoral dissertation, Arizona State University, 1968.

J. HALTON: On the divisibility properties of Fibonacci numbers, Fibonacci Quart., 4.3
(1966), 217-240.

J. HALTON: Some properties associated with square Fibonacci numbers. Fibonacci
Quart., 5.4 (1967), 347-355.

J. C. LAGARIAS, D. P. WEISSER: Fibonacci and Lucas cubes. Fibonacci Quart., 19.1
(1981), 39-43.

H. LonDON, R. FINKELSTEIN: On Fibonacci and Lucas numbers which are perfect
powers. Fibonacci Quart., 7.5 (1969), 476-481 & 487 (errata ibid 8.3, (1970), 248).
R. McINTOSH: Private communication.

J. Mc LAUGHLIN: Small prime powers in the Fibonacci sequence. arXiv:math.NT/
0110150 v2 (2002).

L. MOSER, L. CARLITZ: Advanced problem H-2. Fibonacci Quart., 1.1 (1963), 46.

S. C. Ociwvy: Tomorrow’s math, unsolved problems for the amateur. Oxford Univer-
sity Press, New York, 1962, 100.

A. PETHO: Full cubes in the Fibonacci sequence. Publ. Math. Debrecen, 30 (1983),
117-127.

A. PETHO: Perfect powers in second order linear recurrences. J. Number Theory, 15
(1982), 5-13.



44

Vladica Andrejié

19. A. PETHO: Diophantine properties of linear recursive sequences 1. Applications of Fi-
bonacci Numbers, 7 (1998), 295-309.

20. A. PETHO: Diophantine properties of linear recursive sequences I1. Acta Mathematica
Academiae Paedagogicae Nyiregyhdziensis, 17 (2001), 81-96.

21. A. PETHO: Perfect powers in second order recurrences. Topics in Classical Number
Theory, 2 (Budapest, 1981), 1217-1227.

22. N. ROBBINS: On Fibonacci numbers which are powers. Fibonacci Quart., 16.6 (1978),
515-517.

23. N. ROBBINS: On Fibonacci numbers which are powers: II. Fibonacci Quart., 21.3
(1983), 215-218.

24. A. P. ROLLETT: Advanced problem 5080. Amer. Math. Monthly, 70 (1963), 216.

25. T. N. SHOREY, C. L. STEWART: On the Diophantine equation az?' + bx'y + cy®> = d
and pure powers in recurrence sequences. Math. Scand., 52 (1983), 24-36.

26. R. STEINER: On Nth powers in the Lucas and Fibonacci series. Fibonacci Quart., 16.5
(1978), 451-459.

27. R. STEINER: Private Communication.

28. ZHI-HONG SUN, ZHI-WEI SUN: Fibonacci numbers and Fermat’s last theorem. Acta
Arith., 60 (1992), 371-388.

29. D. WALL: Fibonacci series modulo m. Amer. Math. Monthly, 67 (1960), 525-532.

30. M. WARD: Advanced problem H-24. Fibonacci Quart., 1.4 (1963), 47.

31. M. WUNDERLICH: On the non-existence of Fibonacci squares. Math. Comp., 17 (1963),
455-457.

32. O. WYLER: Solution of advanced problem 5080. Amer. Math. Monthly, 71 (1964),
220-222.

Faculty of Mathematics, (Received May 5, 2005)

University of Belgrade,
11001 Belgrade (p.p. 550),
Serbia

E-

mail: andrew@matf.bg.ac.yu



