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ENDPOINT CONTINUITY FOR
MULTILINEAR LITTLEWOOD-PALEY
OPERATORS

Liu Lanzhe

In this paper, we prove the endpoint continuity for multilinear LITTLEWOOD-
PALEY operators.

1. INTRODUCTION AND RESULTS

Throughout this paper, M (f) will denote the HARDY-LITTLEWOOD maximal
function of f,  will denote a cube of R™. For a cube @, denote that fo =

QI J 7)o and J# () = sup Q1™ o 7(») ~ fal v
re

Fix 6 > 0. Let ¢ be a function on R™ which satisfies the following properties:

) [ (@) de =0,

(2) @) < O+ Jaf) -0+,

(3) vz +y) — ()| < Cly(1+[z))~*+27%) when 2Jy| < [«];

Let m be a positive integer and A be a function on R"™. The multilinear
LITTLEWOOD-PALEY operator is defined by

o= ([ (=) R 2 )/ pet,

where

FAD @y = [ L2 g Are, 2 ds,

re Jr—z™

Rusa(Ai,) = Ax) = 3 — DU A) (e — )",

lo|<m
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and 1 (x) = t"0(z/t) for t > 0. We denote that F;(f)(y) = f * ¢+ (y). We also
define that

gu(1(@) = ( /.. (Hlt_y) R (D) fyft>/

which is the LITTLEWOOD-PALEY operator (see [17]).
Let H be the HILBERT space H = {h Bl = ([ [nsr |B(E)[? dydt/en1)
+

< oo}. Then for each fixed z € R", F/*(f)(x,y) may be viewed as a mapping from
(0, +00) to H, and it is clear that

nu/2
o) = H (o) A

x —yl

and

nu/2
gu( D)) = H () PO

We also consider the variant of g;‘, which is defined by

TN = ( [ (=) el >/ b1

where

Q%n+1@4;I,Z)

Fhey = | s

Pi(y —2)f(2)dz

and

Quma1(A;2,2) = Rip(A;2,2) — 5 DYA(z)(z — 2)*.

lo|=m

Note that when m = 0 and § = 0, gl‘f is just the commutator of LITTLEWOOD-
PALEY operator (see [1], [14], [15]). It is well known that multilinear operators, as
the extension of commutators, are of great interest in harmonic analysis and have
been widely studied by many authors (see [3—6], [8], [9]). In [2], [7], the LP(p > 1)
boundedness of commutators generated by the CALDERON-ZYGMUND operator or
fractional integral operator and BMO functions are obtained, in[11], [16], the end-
point boundedness of commutators generated by the CALDERON-ZYGMUND opera-
tor and BMO functions are obtained. The main purpose of this paper is to discuss
the boundedness properties of the multilinear LITTLEWOOD-PALEY operators for
the extreme cases of p.

We shall prove the following theorems in Section 3.

Theorem 1. Let 0 < § < n and D*A € BMO(R™) for |a| = m. Then gf maps
L™3(R™) continuously into BMO(R™).
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Theorem 2. Let 0 < § < n and D*A € BMO(R™) for |a| = m. Then gﬁ‘ maps
HY(R™) continuously into weak L™ ("=9)(R™).
Theorem 3. Let 0 < 6 < n and D*A € BMO(R"™) for |a| = m. Then §;:‘ maps
HY(R™) continuously into L™ ("=%)(R™).
Theorem 4. Let 0 < 6 < n and D*A € BMO(R™) for |a| =m

(i) If for any H'-atom a supported on certain cube Q and u € 3Q \ 2Q, there

" np/2
r— X
/(4Q)c (t + |z — y>

8

1 (z—u n/(n—>=)
— DA <
xlz a'|m—u|m/wt 2D A(2)a(z) d2 dw < C,
then g/t maps H'(R™) continuously into L/ (=9 (R™);
(i) If for any cube Q and u € 3Q \ 2Q, there is
ni/2
1 t 1
= - ~ DA
allm=) I s
u—z)*
~wragl [ YT - )5 a2 ar < Ol
(4Q)e° |’LL - Z|

then ﬁl‘f maps L™ %(R"™) continuously into BMO(R™).

REMARK. In general, gf is not continuous from H' to L™/ ("9,

2. SOME LEMMAS

We begin with two preliminary lemmas.

Lemma 1. (see [6]) Let A be a function on R™ and D*A € L1(R"™) for |a| =m
and some q > n. Then

1/q
1
| R (A;2,y)| < Clz —y[™ <~ - IDC‘A(Z)I“dZ> :
2 1Q(z,y)| /@)

lee|=m

where @(az,y) is the cube centered at x and having side length 5/n |z — y|.
Lemma 2. Let 0 < § < n,1 <p<n/d and D*A € BMO(R") for |a] = m,
l<r<oo,1/q=1/p+1/r—5/n. Then g,‘j‘ is bound from LP(R™) to L1(R™), that
18

g (Flle <C > ID*Allsarol £l -

lal=m
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Proof. By MINKOWSKI inequality and the condition of 1, we have

. S R (A5, 2)
o) < [ LS

t " Qydt 12

2 Y

— d
(/Rj_“ Wely =)l <t' |z — y|) t1+n> :

|f(2)| [ Rms1(A; 2, 2)|

<C
- |l — z|™
t—2n+26 ¢ ni dydt 1/2
d
(/ ey () W)
< of UEIRmn(A,2)

Rn |l — z|™

oo n nu d 1/2
(1, () )
0 e \t+|z—yl) (t+y— 2>+
noting that

t e dy 1
" <CM
J. (t+|x—y|) (t+ [y — 2222 = ((t+|x—z|>2n+“6>

1
<C
— (t + |(E _ Z|)2n+2725
and
o tdt —C —2n+26
) rfo—apmrem — G
we obtain
00 1/2
A ) tdt
9u () <C |7 — Z|m ‘Rm-i-l (A;z, Z)‘ </0 (t+ |z — z[)2n 22 dz
o OB A2
Rn |z — z|mtn=0 ’

thus, the lemma follows from [8], [9].

3. PROOF OF THEOREMS

Proof of Theorem 1. It is only to prove that there exists a constant Cg such
that

ol / 92 () (@) — Coldz < Cfl s

holds for any cube Q. Fix a cube Q = Q(z0,1). Let Q = 5\/nQ and A(z) = A(z)—
> (DO“A) @ then R (A;z,y) = Rm(A;z,y) and D*A = DA — (D*A)g

ol
al
lor|=m
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for |a] = m. We write FA(f) = FA(f1) + FA(f2) for f1 = fxg and fo = fX g\
then

|Q| /’gu gu(fZ To |diE

@l H ) )|
B H(%)nu/QFtA(fz)(xo,y)H dx

< @2/Qg,‘f(fl)(x)dH@/QH(HLJ)WMFMQ)(W)

()" 0 fas

=I(z) + 11(x).

Now, let us estimate I and II . First, taking p > 1 and ¢ > 1 such that 1/q =
1/p —d/n, by the (LP, L?) boundedness of g/‘j‘ (Lemma 2), we gain

1/q
1< (g [, ) an) < CQI Al < Ol

To estimate I1, we write

(*)Wﬂﬂ“‘(fz)(%y) - (L)nu/QFtA(fg)(xo,y)

t+ |z -yl t+ |zo — v
1 1 t ~
= n/2 _ i
/( |z — 2|m |xo—z\m)(t—|—|x—y|) Ye(y — 2) R (As 2, 2) f2(2) dz
Yy — 2) f2(2 t nu/2 ~ -
A; - A:
/ |zg — 2|™ <t+ \x—y|) (Bm(As52,2) = Rin(As 2o, 2)) d

t /2 t ni/2\ y(y — 2) Ry (A 20, 2) f2(2)
+/<(t+|w—y|) _(t+lxo—y|) ) o — 2|™ ‘

. Z / n,u/2 (SL’—Z)O‘
al t+|x*y| |z — 2™

|a]=m
t ni/2 (zo — 2)° -
a (t+|x0_y\) |x0_2|m)¢t(y—Z)D A(z) fo(z) dz
= 11} (x) + 115(w) + II3(x) + 1I(2).

We choose > 1 such that 1/r 4+ §/n = 1, note that |z — z| ~ |z — 2| for z € Q
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and z € R™\ é, similar to the proof of Lemma 2 and by Lemma 1, we have
1 / 2@ d
— x)|| dx
Q| !

|z — 20| [f(2)
—— Ry A x,z)|dz
|Q| / ( /2k+1Q\2kQ | — z|ptm+i- 6 ’ ’

oo

kl(2k)™
CZ (2k1)nFm+1=8 Z ||D0‘A||BM0</ QIf(z)|dz)

le]=m

k=0

<C Y D Alpmoll fllws Y k27 < C Y DAl pao || fll s

|a|=m k=1 |a|=m

For IT(x), by the formula (see [6]):

Rin(A;2,2) — R (A; 20, 2) = Rin(A; 2, 20)
+ Z ﬁ' _18/(DP A 20, 2) (2 — m0)°
0<|Bl<m

and Lemma 1, we get

|Rm(f~l;x,z) — Rm(;l; :EO,Z)’

<C > ||DaA||BMo(|x—a:om+ > |x0—z|mlﬁl|x—x0|'f">,

la|=m 0<|B|<m

thus, for z € Q,
| TI5(2)| < C’/ |f2|m+n 5 ‘R A;x,z) - Rm(g;xo,z)’dz

<C Y [D*Alsumo

lee|=m

/ |z — zo|™ + ZO<\/B\<m |z — Z‘m*\ﬁux — $0|\ﬁ|
n |xg — 2z|mtn—9

| f2(2)] dz

Z’I’TL
<cC Z D> A||BM027M — 5/Q| (2)|dz

lee|=

<C Y ||DaA||BMOHf||L"/5Zk2 o

loe|=m

<C Y ID*Allsaol fllws.

lee|=m
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For IT4(x), by the inequality: a'/? — b'/2 < (a — b)'/2 for a > b > 0, we obtain,
similar to the estimate of Lemma 2 and Iy,

[II5(2) |
2 1/2
<C / /2| — 20| Y2 by (y — 2)| | f2(2)] R As 20, 2)| dydt &
- n+1 — (np+1)/2 m 0> n+1
o\ \ T+ 2= )00 2 — 4 i
<c |[f2(2)| [ = @o|"/2| Rin (A5 20, 2)|
R |20 — 2|™
t mt = dydt 2
T d
//Rzﬂ(tw—m) Gy )
o 1/2 ) oo 1/2
<o [ @z =20 IR (A; z0, 2)| / dt "
- Jpe |z — 2™ o (E+ |z — z[)2nt2-28
co [ 1Ol wl R,
Rn |$0 _ Z|m+n+1/2—6
o kIV2(2RD)m N
<03 s 2 1P A||BMO(/Q|f<z>|dz)
k= la|=
=C Z DAl saollfllpnss ZkQ*k/Q
la|=m k=0
<C > ID*Allpaoll fllposs-
lal=m

For IT(z), similar to the estimates of IT{(z) and IT4(z), we have

¢ |2 — @0 | — o]/ o
LI} (z)]| < C o Q(|x_z|n+1 5T |z — z|nt+1/2-9 Z |D A )F(2)]dz

la|=m
=C Z | D*Allsaoll fll s ZkQ*km
la|=m k=0
<C Y D Allsaol fll s
|a]=m
Combining these estimates , we complete the proof of Theorem 1.

Prof of Theorem 2. It suffices to show that there exists a constant C > 0 such
that for every H'-atom a(that is a satisfying: supp a C Q = Q(xo,7), |la|r~ <
|Q|~* and [ a(y) dy = 0(see[10])), we have

19 (@)l sy < C.
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We write

/n (gﬁ(a)(x))n/(n—a)dx
_ </|z—zo§2r + /z_m0|>2r ) A @@)" "o = 4 1

For J, by the following equality

Qi (A,9) = Rua(Ai,y) — Y (0~ y)* (DA(w) ~ D A()),

|

I
3

we have, similar to the proof of Lemma 2,

ey [D*A(x) - D A(y)|

=y

gl (a)(x) < gja la(y)| dy,

lee|=

thus, g/ is (L?, L9)-bounded by Lemma 2 and [1],[2], where 1/q = 1/p — 6/n. We
see that

a n/((n—48 —n/((n— n/(n—4§ —n/((n—
J < Clg@) D 2Q) =/ (=09 < Cal| Q=00 < ¢
To obtain the estimate of J.J, we denote that E(x) = A('r)_zhx\:m % (D*A)gpac.

Then Qum(4;z,y) = Qm(g;x,y). We write, by the vanishing moment of ¢ and
1
Qus1(A;2,y) = Rin(A;2,y) = 2101 57 (2 = y) "D A(2), for 2 € (2Q)°,

FA(a)(z,y) /wt |x7 Z|mA %) a(z)dz
B Uiy — 2) DAz 2)(@ =2 s
|az 0"/ @ = 2™ )
_ /(%(y—z) m<A;x7z>_wt<y—xo>Rm<Z;m7xo>>a(2) "
|l — z|™ |x — zo|™
Ve(y —2) (@ —2)* ey —2o)(@ —20)"\ a7
_ Z /( x_z|m - )D Alx)a(z) dz,

thus, similar to the proof of I1 in Theorem 1, we obtain

1F (@) (@, y)| < C( Y 1D Allpao| QY e — wo| "1

|a]=m

Qe xo|"1+5Dai<x>|),
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so that,

n/(n—4§) oo
JJ < C( > DaA|BMO) > k2= < ¢

|al=m k=1

which together with the estimate for J yields the desired result. This finishes the
proof of Theorem 2.

Proof of Theorem 3. By the equality

Rpp1(A;2,y) = Quar(Aiz,y) + % (z —y)*(D*A(z) — D*A(y))

la]=m

and similar to the proof of Lemma 2, we get

PH@ < N@+C S /‘D Al ‘n AW )y,

le|=

by Theorem 1 and 2 with [1], [2], we obtain

{zeR":g

A (@) > < [{z e R H;?(f)( )>A/2}|

’{mR”-Z/'DA y|n5 ‘|f |dy>0AH

lee|=

< Ol /N,

This completes the proof of Theorem 3.

Proof of Theorem 4. (i) It suffices to show that there exists a constant C > 0
such that for every H!'-atom a with supp a C Q = Q(x¢,d), there is

g7 (@)l| s < C.

Let A(z) = A(z) — 3 % (D*A)gzz®. We write, by the vanishing moment of a

lee|=m

and for u € 3Q \ 2Q,

F{!(a)(z,y)

= xaq(2)F{'(a)(z,y)

|z — z[™ |z —ul™

+X(4Q)C($) /Rn <Rm(A,JJ,Z)T/)t(y - Z) _ Rm(waau)wt(y - U)) a(z) dZ

—X(4Q)¢

—X@Q)(

then

Z = / < z:;m - f;”_;‘ﬁnj) Uily — 2)DA(2)a(z) dz

lel=

D> a,/" o iy = D A()al:) d

lel=
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g @)@) = | e
< x| (=) Rt
mrar)| (), (Rl
_ Rm@;lx?_“)‘”jrfy ) > a(z) dz
+X (1@ (%) <t+|£y|)7w2 Odz_mot!/n (H
_ |(j: Zﬁz ) Uy — 2)D% A(2)a(z) d=
+X(4Q)“(x) (t+|:z—y|)n#/2 Z é/m szt(y—z)a(z) dz

lee|=m

= Li(z) + La(z) + Ls(@, u) + La(z,u).

Taking n/(n — 6) < ¢ and p so that 1/¢g = 1/p — d/n, it follows the (LP, L9)-
boundedness of g;‘ that

ILall s < [4QIT =0/ g ()| 2a < CIQI"7|a]|Ls < C.
Similar to the proof of Theorem 1, we obtain

I L2]

n/m-s) < C and ||L3(-,u)]

/-5y < C.

Thus, using the condition of L4(z,u), we obtain ||g;:x (@) pnsn—e < C.
(ii). We write, for f = fxaq + fX@0Q) = f1 + f2 and u € 3Q \ 2Q,

R (A2, 2)
gr T —z™

- ¥ 0o - 0°a)g) [ (A0 - I ) w9 as

|z — 2™ Ju—z™

FAf)(@,y) = FA(f) (2,y) + Uiy — 2) folz) dz

lee|=m

=Y L raw - ooa) [ 2

= Re Ju— 2™

Uiy — 2) fa(2) dz,

then



46 Liu Lanzhe

) (@) — (Wf”)f) (20)] = ’H (t)w R

o — <[ t+le—y

t e R (A; 0, )
Hc+hm—m> E<mrﬂmﬁ (0)

<| (t)w FA )

t+ |z -y

t ni/2 Rm (2[, Zo, )
(=) F( e —-p 72 ) ()

| (=)™ s

t ni/2 Rm(g;x,z)
e <(t+|x—y|> V)
t /2 R (A; 20, 2)
—(tmo_m) i\xo—zw ¢t<xo—z>)f2<z>dz
np/2
H (t+|xy|> (DA

0 ag) [ (fy_dm - “‘jfm)wxy—z)h(z)dz

H (7= >/ 2.  (0Ae)

lel=

~(0"4) [ (jj_jfmzz) UREIASEE

= M (z) + Ma(z) + Ms(z,u) + Ma(z,u).

By the the (LP(R™), L9(R™))-boundedness of 5;:‘ for 1 < p < n/d with 1/q =
1/p—d/n, we get

1/q
i / Mi(e (Q| / 3 |qu) < C1Q | fulle < CIIlloss.

Similar to the proof of Theorem 1, we obtain

1 1
7/ Ma(z)de < C|[f]|jys and 7/ Mz, u) dz < O|[f]] poys.
1Ql Jo 1Ql Jg

Thus, using the estimates of My(z, ), we obtain

@/Q g;?(x) —9u (W fz) (z0)

This completes the proof of Theorem 4.

dz < O|[f|[pns-
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