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A RANDOM COEFFICIENT
AUTOREGRESSIVE MODEL
(RCAR(1)MODEL)

Vesna M. C’ojbaéz’c’

A first order autoregressive model AR(1) with random coefficients is consid-
ered in this paper. Properties for such models are found. Some results of
simulations Monte Carlo are reported.

1. INTRODUCTION

Models with random parameters are frequently used in time series analysis.
Equation (1) of Section 2 constitutes our model which will be called RCAR(p),
synonymous for random coefficient autoregressive model of order p. Our aim is to
obtain some information on the distribution of RCAR(1) model.

2. DESCRIPTION OF MODEL

An autoregressive model of order p with random coefficients (by the name of

RCAR(p) * (m1,ma,...,mp;n)) for time series Xy, t € D = {...,-1,0,1,...} is

the model

(1) Xt - AlXt—l + AQXt_Q + -+ ApXt—p + Bgt 3 t S D
Coefficients A;, As, ..., A, are discrete random variables which takes my, mo,

..., m,, different values and B is a random variable with n different values. We
assume that the following assumptions are fulfilled:

(2) {&, t € D} is a white noise;

(3) Ay, As, ..., Ay, B are independent;
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(4) Ay, As, ..., Ay, B are independent of &, all ¢;
(5) A1, Ay, ..., A,, B are independent of X;, all ¢;
(6) X; isindependent of &, all s > ¢;
For a stationary sequence {X;, t € D}, the RCAR(1)*(m;n) model is given
by:
(7) X, = AX, .\ + B&, teD.

We have P(O0< A< 1—¢)=1for 0<e<1,sowecan write X; in the form
o
(8) X, = ZBAjgt_j , teD.

Mean, variance and correlation function for series (8) can be established in
the following way:

EX, = ZE E(&_j) ©> B

o) =
- E(B)E(g)E (1 ! A) :
DX, = E(X; — EX;)% = E( : (BAEG_; — E(B)E(Aj)E(Et—j))>2
- iE(BAJ‘s” - BBEM)B(E-,)
o f; B(BAG, - E(B)E(W)E(E,)

=0,j

(BA §is — B(B)E(A)E(6-) )
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3. RCAR(1)*(2;2) MODEL

In this section we shall deal with the following model for a stationary sequence
{Xta te D}

(12) X, =AX;, 1+ B{t , teD,

A and B are random coefficients with distributions

A:(a 6>,O<a<ﬁ<1, B:(l O),
P1 q1 P2 q2

where p1,q1,p2, g2 are probabilities with p; + ¢1 = 1 and ps + g2 = 1. From (9),
(10), (11) follows:

(13) EXtZ(Ef)'p2'<1]ila+1q_16>7

DX, = <P2D5+P2Q2(Ef)2) <1 _plag + >

(14) . ) L\
E - -
+ps ( f)P1(J1<1_a —5)
- — 2 pio’ ap”
Yr=K(t,t+7)= (p2D§+p2q2(E§) ) (1 EpviR 62>
1 1 \?
7 (E)? —_ =41,+2,...
+p2( f)PIQI 1_a 175 T ’ )
Yo = DXt
For model (12) which can be written in the form (it holds p; = p2):
aXy, w.p. p1q1
06X, w.p. ¢
(15) Xi1 = ' )

aX;+&41, wp. pi
BXt +&r1, W.p. p1q1

we can consider the conditional probability:
(16) Y(sls) = P(Xpy1 < slst < Xy < st +h)
and the conditional density is obtained as h — 0 by:
g(slst) = % P(Xi41 < s|X; = s1)
(17) =p1q16(s — asy) + q20(s — Bst) + pige(s — as))H(s — asy) -
+P1q19e(s — Bse)H(s — Pse)
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Here §(-) is the DIRAC delta function, H(-) is HEAVISIDE function defined by:

1, s=as;
7
0, s+# as;

H(o)(s —asy) = {

1, s> as;

H(s—aSt)=H(07oo)(5_a5t):{ 0, s<as

and ge(-) is the density of random variables &, for all ¢.
We can write (17) in the form:

g(sls1) = (pra16(s — asy)) O™ L (@25(s — Bsy)) T

s—as; H(s—Bs¢
H( ) (p1a1ge(s — Bst)) ( ),

(18)
(plge(s — ast)

Having observed (Xs,...,X,11) and fixed X; = s; from the model (15)
we can estimate the parameters p1,q; of model (15) using conditional likelihood
function:

n

(19) L(p1) = [19(st+1lst)-

t=1

For fixed «, § the maximum likelihood estimators of p; and ¢; are:

(20) L A +2C1 + Dy
b 2(A1+B1+C1+Dy)’
A1+ 2B+ Dy
21 h=1—p = :
( ) q1 b1 2(A1+Bl+Cl+D1)
where

A1 = ZH(O)(St-I—l — OéSt) y Bl = ZH(O) (St+1 - ﬁst)v
t=1 t=1

n

C = Z H0,00)(8¢41 — @5¢) D, = ZH(O,OO)(St+1 — Bst).
=1

t=1
4. SIMULATION MONTE CARLO

Let us choose arbitrary values a = 0,2, 8 = 0,4, p1 = 0,4 and assume that
exponential distribution with mean 2 is used for sequence {{;}. We can find n
random variables v, (k = 2,...,n + 1) over (0,1) and with transformation

& =—-2-In(y), k=2,...,n+1
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we get n random values with exponential distribution. From (15) we can get n
modelled values of random variable X;.

If we use that values we can find p; from (20) for different values of n.

P14
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The results of simulation for various values of n provide the estimates very
close to the value of p;.
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