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MAXIMUM MODULE VALUES OF
POLYNOMIALS ON |z| = R (R > 1)

Adem Celik

Let f(z) and g(z) be two polynomials of degrees m > 1 and n > 1 respectively
on [£] < B (R > 1), and My = max |f()], M, = max |o(=)] and My, =

|z|=R
‘n‘la>1(?|f(z)g(z)\. If 2z = 0 is not a root of given polynomials, it is shown
o 11
that My, > 01 My Mg, where 61 = om om On the other hand, if z = 0 is

k-multiple root of f(z) and a r-multiple root of g(z), then it is proved that
1
Mfg 2 EMfMg with € = om—k F

been obtained for n similar polynomials.

. Moreover, some generalizations have

1. INTRODUCTION

Let f, g: C — C be complex-valued polynomial functions of degrees m > 1,
n > 1, respectively, of a complex variable z, and My = ‘m‘ax lf(2)|, My = Im‘ax lg(2)
z|=1 - z|=1

and My, = Im|a>§ |f(2)g(z)]. It is shown (see [1]) that

T 0
Mg > vMsM, with v =sin™ 3 sin”™ — .

m 8n
Let f1, f2,..., fn : C — C be complex-valued polynomial functions of degrees
dy, da,...,d,, respectively, of a complex variable z. In [2] the following inequality

is obtained:

My My, - My, > My, g,...7, = k Mg, My, --- My, ,

) (2 T b /20T d2 /20T dn
with k:<sm(n&d1)> .<Sm<n8d2>> -~-<sm (n%)) .
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1 1
om  n’
If f(2) and g(z) accept z = 0 as k-multiple and r-multiple roots, respectively,
then in [4] the following inequality is obtained:

It shown in [3] that M, > vM;M, with v =

1 1

In [5], some generalizations of the results of [3] and [4], have been obtained
for n similar polynomials.

2. MAXIMUM MODULE VALUES OF POLYNOMIALS NOT
ADMITTING z =0 AS A ROOT ON |z| < R (R > 1)

Firstly, we give two lemmas in order to facilitate the development of our work.

R?y — 2
Lemma 2.1. For |z| = R and |y| # 1/R, we have | ———| =
— 5z
. . R%y — 2z
For the proof, it is enough to take the module of the both sides of _772
 R*3y—2z
=5 .
r2 (z- R™7y)

Lemma 2.2. We have
1\ _ R%y
. P2 _ L L
) G-R)=(-2)77 1 for i+ %
(ii)  All roots of the polynomials f(z) =(z— R2a1)(z - RQOZQ) (2 — R%ay) of
degree m > 1 satisfy |z| < R, where |ag| <1/R, k=1,2,.

Proof. ( ) is obvious and (ii) follows from the hypothesis and |R2ak| = R?|agl, k=
1,2,...

Theorem 2.1. Let My = Irzllli% lf(2)], Mg = ‘rr‘lﬁx lg(2)], Mjsq = IHEX |f(2)g(2)]|

be the maximum module values of the polynomials

f2) =TIz~ R?e;) (i #0, |ai| <1/R)

famb

@
Il
—

and N
9(z) = 1:[ (== R°Bj) (B #0. 18] < 1/R)
on |z| = R. Then

1 1

(1) Mg <5 MpMg, where 61 = om gm -
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Proof. Consider the polynomial
¢
(2) hz)=TI(z=z) (2 #0, |z < R).
k=1

h(z)

Then we have M, = R’ max { i

|z|=R

‘
= R’ max H(l—z—k>.1fweput
|z|=R Pl z

¢
t
t = R/z, than taking s(t) = kl;[l (1 — %) it comes M, = R’ max |s(t)|, where
5(0) = 1, and we obtain from the Mazimum module principle M;, > R’. Further-
more, by the definition of My, it is clear that M < 2t RE,
Since f(z) and g(z) are polynomials of the type (2) similar argument yields
My <2mR™ M, < 2" R™

If 20 =2y = -+ = 2z, = Re'® (fy € R), then M;, = 2°R*. On the other
hand, let us consider the following sequences:
R?ay,...,R*ap_1/ap,...,am;  lap| > 1/R, ..., |Jam| > 1/R,

R*By,...,R*By1/Bqs -, Bni |Bgl > 1/R, ..., |Ba| > 1/R.

Let
F(z) = ﬁ(z ~ R2a;) H (z - ;) G(z) = ﬁ(z ~ RB) f[ (z . Bi)

be polynomials on [2| < R (R > 1) with m,n > 1. Then, if we write A = @, ---
A, B= 0, 0,, we have by means of Lemma 2.1 and Lemma 2.2

m n
R%0,, — 2 R23, — z
—AF SO 2 = I
s =are) I (T 7). =66 T (125
B=p n=q K
It is easily deduced from the last equalities that we have
My =JAIMpR™P, My =[BIMgR"™, Mgy =|Al|B|Mpe R" P71
and hence
3) Mig__ Mro
MMy,  MpMg
Since F(z) and G(z) are polynomials of type (2), we obtain Mp < 2m™R™,
Mg <2"R™ and Mpg > R™™", and thus (1) is found from (3).

Corollary 2.1. Let fi(2), fa(2),..., fu(2) be polynomials of degrees mi, ma,
...y My, respectively, on |z| < R (R > 1). Suppose that z = 0 is not a root of
these polynomials. Then

1 1 1

S s g

Mflf2"'fn > €./\/lf1./\/lf2 ce an, where € =
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3. MAXIMUM MODULE VALUES OF POLYNOMIALS HAVING
z=0AS A ROOT ON |z| < R (R > 1)

In this section, we will give some relations concerning maximum module valu-
es of polynomials which admit z=0 as a simple or multiple root on |z|=R (R > 1).

Theorem 3.1. Let

m—1

fe)==2 1 (= R’o:) (i #0, |ai| <1/R)

i=1
and

g2) == [1(z= B23;) (8, #0, |18;] <1/R)

j=1
be polynomials on |z| < R (R > 1) withm —1,n—12> 1. Then

1 1
(5) Mipg > 6o MMy, where o3 = ST T
Proof. Consider
-1
k=1

If we apply the technique used in Theorem 2.1, then we have Mj; > R’ and
My, < 271 R, Similarly, we can find M; < om—1pm M, < on—1pn,
If 20 =20 =--- =21 = Re' (§y € R), then M, = 2" R*. Now, let us
write the following sequences:
0, R%ay,...,R%a,_1/ap, ... am_1; |ap| >1/R,... |am_1]| > 1/R,
0, R?B1,....,R*By1/Bqs -+ Bu1;  |Bql > 1/R,...,|Bn-1]| > 1/R.
As in Theorem 2.1, consider

p—1 m—1 q—1 n—1

Fi(z)== H z— R*;) H (z—j)7 Gi(z) ==z H(z—RQﬁi) H (z—ﬂl)

i=1 j=p i=1 j=q J

Putting Ay =@, @m-1, B1 =0, B, 1, we can write

o T (3252) so-no T (325)

H=p

and hence
My = [As| My, BP0 My = By M, R,
Mfg = |¢41\ |B1| Mpa, Rmtn—p—q—2
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It is clear that the following equation results from the last equalities:

(7) Mfg _ MFIGI
MMy, Mp Mg,

Since Fy(z) and G1(z) are polynomials of the type (6), we have Mg, < 2m~1R™
Mg, <2"71R™ and Mp, g, > R™"". Thus (5) is obtained from (7).

Corollary 3.1. Let fi(z), fa(2),..., fu(2) be polynomials of degrees my, ma,
., My, respectively, on |z| < R (R > 1). Suppose that z = 0 is not simple zero of
these polynomials. Then

1 1 1
gmi—1 9ma—1 o om,—1"

(8) Myppyg, =1 My My, - My, where €1 =

Theorem 3.2. Let
m—k
f(2)=2" Tl (2= R’ai) (e #0, |ai| <1/R)
i=1

and

o)== TL (=~ B*;) (B #0. 18| < V/R)

be polynomials on |z| < R (R > 1). Then

1
9) Mpg > MiMg, for 6 = =k g -
w—Ss
Proof. Consider h(z) = 2° [] (z — zk) on |z| < R. The following inequalities are
k=1

easily found:
My > RY, My, <2¥*RY and M; <2™FRF M, < 2" " R™

Let us form now the following polynomials on the circle |z] < R :

p—1 m—k q—1 n—r
_ Lk  p2 1 _ 2 1
(2) =z H(z Raz)g(z aj), Ga(2) =2 Hz R*3;) I:Iq( Bj).
Taking Ay =@ - Qm—k, B2 = Bq .- ~Bn_r, we can write
m—k —
_ Rgau —z RQBU —z
f(Z)_AzFQ(Z)/E)(IO‘“Z) 9(2) = B2 Gz (2 1;[ (1_52)

From these equalities the following is deduced:
M = Ao Mp, R"%P M, = |By| Mg, R""71,
Mg = [As| [Bo| Mp, g, R™ T F7Pmra
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and

Mfg _ MFQGQ
MM, Mp, Mg,

(10)

But, on the other hand we have Mp, < 2™ *R™ Mg, < 2" " R" and Mp,q, >
R™*"_ Thus (9) is obtained from (10).

Corollary 3.2. Let fi(2), f2(2),..., fu(2) be polynomials of degrees my, ma,

..y My, and suppose that each one accepts z = 0 as r; (1 = 1, 2,...,n) multi-
) 1 1 1

ple root, respectively. When €9 = rn—rs gma=rs | gma—rn then

(11) Mpifofn 2 €2 Mp My - Mg,

Result. For g5 = 1 it is necessary and sufficient that

fl(z) = Zml, f?(z) = Zmz,"'afn(z) = 2"
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