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A NOTE ON MOHR’S PAPER

Adem Celik

In this paper we establish the inequalities for maximum values of polynomials

which have the zero as a simple root and as a multiple root on the unit circle.

Let f(z) and g(z) be two polynomials on the circle |z| = 1 with degree m > 1
and n > 1 respectively. The formula My, > v MM, given in [1] has been strength-

ened in [2] by My > 11 My M,, where My = max|f(z)], v = sin™ T sin™ = and
|z]=1 8m 8n
1 1

Ty Y
In this paper we show that, for a polynomial f(z) of degree m having the
point zero as a k-multiple root (k < m), and for a polynomial g(z) of degree n of

which the zero is an r-multiple root (r < n), we have

%41

Mg > My My,

1 1

where (5: 27n——k 2771—_7‘

> V.

1. Maximum values of polynomials which have the zero as a simple root
on the unit circle

For m,n, ¢ > 1 consider the following polynomials
m—1 .
(1) fle) =24+ > a2z’ =z(z —aq) - (2 — am-1),
i=1
n—1 .
2) 9z =z2"+ b =2z =) (5= Paa),
j=1

(3)  h(z) =2t —I—ZZ;ickzk:z(z—1)~~~(z—zz_1) (ol <1, Jzeea] < 1),
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From (3) it follows

My = ma { (1-2)- (1=,
|z]=1 z z

If we take s(t) = (1 —21¢) - - - (1 — zg—1t) with ¢t = 1/z, we can rewrite M}, as follows:

h(j)

z

My =max|s()]  (s(0) =1).

By the mazimum modulus principle we have My > 1 and from definition of My,
My, < 2671
By similar arguments, we obtain

My <2m=t M, <2t

But in the case 21 = 29 = -~ = 21 = €'?0 (0o € R), we have M, = 21 Since
[7¥] > 1 for |y| > 1, |1/7] is in the unit circle. Now consider as in [2]

1 _ Y=z v —z
) = ——].5. =1 =1).
== (Z 7) e (‘1—% e )

In order to form the polynomials the ordering of roots as follows

0,a1,...,ap_l/ozp,...,am_l Hapl > 1, am-1] > 1,

Oaﬁla"'aﬁq—l/ﬁqa"'aﬁn—l a|ﬁq| > 1a"'|ﬁn—1| > 1a

W RO s ey (-2)(-5=).
S e R Bi) (s B:_l).
Now we have the new forms of
)= a7 T (f‘j ;) o) = 56 ] (f"_ %)

where A=, - - 0pp_1, B= Bq -8, _;. Hence it is clear that
My =|A[Mp, My=|B|Ma, M, =|A[|B|Mpq-
Combining these last equalities we find

(6 P _Hlra
MM, ~ MpMg'

On the other hand, the polynomials F(z) and G(z) are of the type (3). Then we
can say Mp < 2"~ Mg < 2"~ and Mpg > 1. Thus, by (6) we will have

(7) Mg > vaMy My,
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1 1

where vs = om=T n=1 - The fact that vo > v 1s obvious.

Result. Let f(z) and g(z) be given as (1) and (2). Suppose that fi(z) and g1(2)
are polynomials on the unit circle D = {z : |2] < 1, z € C} of degrees m — 1 and
n — 1, respectively, for which the zero point is not their root. Then we have

MflMgleMg < VZ_ZMflgleg'

Proof. Since f(z) and g(z) are polynomials satisfying (7), we will have v =
1 1 1 1
om—T gn=1" But at the same time for f1(z) and g1(2), v1 = Fn=T gn-T holds in

view of [2]. In other words, 14 = vs.

2. Maximum values of polynomials which have the zero as a multiple
root on the unit circle

Theorem. Let f(2) = 2*(z—ay) - (2 —am_g) and g(z) = 2" (2= B1) -+ - (2= Pu—r)
be two polynomials in D. Then

(8) Mg > My My,

1 1
where § = —— —— .
2m—k an-—r
Proof. Consider on D the polynomial h(z) = z5(2 — 21) - (2 — zy—g) of degree
w. It is clear that we have M < 2¥=% My < 2™~ and M, < 2"~". Similar to (4)

and (5), we form

G(z) = 2"(z=p1) - (2= ﬁq—l)(z - Bl—q) (2= i)
Then
e = ar) T (f‘j ;) o) = 56 [ (f_—%)

where A=, - @pn_k, B=f, --5,_,. Hence, we have on the circle |z| = 1
Mg =|AMp, Mg =|B|Ma, My =|A||B|Mpc.
Besides, one has Mp < Qm_k, Mg < 2777 and Mpg > 1. Thus, for 6 =

1
27n——k 2771—_7‘ we obtaln (8)
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Corollary. For § to be equal to 1 it is necessary and sufficient that the polyno-
mials f(z) and g(z) have the zero as m multiple root and g(z) has n multiple root
respectively.

Proof. Immediate from Theorem.
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