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A BASIC SEPARATION ON A SET
WITH APARTNESS

R. Milosevi¢, D. A. Romano, M. Vinéié

This investigation is in constructive mathematics. In this short note we take
into consideration a basic separation on a set X with an apartness which is a
generalization of diversity relation on the power-set P(X).

1. INTRODUCTION

Following BisHoP [1] we regard the equality relation on a set X as conven-
tional. A diversityrelation on a set X is a binary relation # satisfying the properties
Wa # ), x £y = y # x. Note that, by our implicit assumption of extensionality
a diversity relation satisfies the condition

x;ﬁy/\y:zjx#z.

A diversity that also satisfies the condition

v#z= (VW) @FyVy#2)

is called an appariness. Let Y C X and x € X. We define z#Y if and only if
VyeY)(y#£w») and Y = {x € X : 2#Y }. Equality and diversity relations on the
power-set P(X) defined by

A=B&o ACAANBC A,
A+ B (3a € A) (a#B) v (3b € B) (b#A).

In this paper we shall give definition of the notion of basic separation. Further, we
shall develop a theory of base and subbase of basic separation and we shall give
some characteristics of these notions.

For all notions and notations, which will be used here, we refer to the books
[1, 3, 5] and to the papers [2, 4].
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2. BASIC SEPARATIONS

With a following definition we shall introduce a notion of basic separation
on a set X with apartness which is a generalization of diversity relation on the
power-set P(X).

Definition 1. A basic separation on a set X is a relation d on P(X) satisfies

(d1) d#t(A, A),

(d2) AdB = BdA,

(d3) AdB = ACB,

(d4) Ad(BUC) & AdB A AdC.

EXAMPLES
1° Let we define AdyB if and only if A C B and do#(A, A). Then we have:

(i) AdB& ACB = ADBABDB = BC A BdyA.

(iv) Adpy(BUC) & ACBUC=BUCS ACBAACC & AdgB A AdyC.
2° If we define Ad; B if and only if A C B and di#(4, A), we have

(i) ABeACHB = BC A=A BdA

(i) AB< ACB = ACBANACA = ACB.

(iv) Ady(BUC)& ACBUC=BNC o ACBAACC & AdyB A AdyC.
Note that is in effect Ad1 B = AdyB.

Let d, and d; be two basic separation on a set X. If AdyB = Ad,B, we say
that d, i1s finer that dp and dj is coarser than d,.

We start with the following theorem:
Theorem 1. Let d be a basic separation on a set X with appartness. Then:

(1)  AdB = AdyB.
(2)  (AUB)C & AdC A BdC.
(3) AdBAA"CAAB'CB = A"dB".

Proof.
(2) (AUB)dC < Cd(AU B) by (d2)
< CdANCdB by (d4)
& AdC A BdC by (d2).
(3) AdBANA" CAANB"CB = AdB=(AUA")dB
= AdBAA"dB by (d2)
= A"dB = A"d(BU B")
= A"dB A A"dB" by (d4)

= A"dB". 0O.
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Corollary 1.1. Let d be a nonemply basic separation on X. Then AdD and 0dB if
AdB.

Corollary 1.2. Let d be a basic separation on X. Then « # y if {a}d{y} for x,y
m X.

Proof. Let x,y be arbitrary elements of X and let {x}d{y}. Then, by (d3), we
have {«} C {y}, i.e. 2#{y}. This means that # # y. O

Corollary 1.3. Let d be a basic separation on X and B C X and x € X such that
{@}dB. Then z#B.

Proof. This immediately follows from (d3). O

We close this section with results which are related to family of basic sepa-
rations.

Theorem 2. Let {d; : i € I} be a nonempty family of basic separations on a set

X with apartness. Then the relation d = () d; is a basic separation on X coarser
i€l
than each d; (i € I).

Corollary 2.1. The collection of all basic separations on set X forms a semilattice
under the natural ordering.

3. BASE OF BASIC SEPARATION

Basic separation may be characterised by its base. This notion i1s given in
next definition.

Definition 2. A base of a basic separation is a binary relation b on P(X) defined
by arioms:

(b1) b#(A, A),

(b2) (A,B) €b = (B, A) € b,

(b3) (A4,B)eb = ACTB,

(b4) (A,B)€EbAA"CANB'CB = (A", B") €b.

If by and by are two basic separations on a set X with apartness such that (A, B) €

ba = (A, B) € b1, we say that by is finer than by and by is coarser than by.
Having a base of basic separation on a set X with apartness we can construct

a basic separation on X. In the next theorem we shall give construction of that

kind.

Theorem 3. Let b be a base of a basic separation on a set X. Then the relation
d = d(b), defined by AdB if for even one finite cover {A; :i € I, } and {B; : j € I,}
of A and B respectively, we have (Yi € I,) (Vj € Iy) ((AZ',B]') € b), is a basic
separation on X.
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Proof.
(i) AdBe A= Q AinB= U B A (V) (V) ((Ar. By) €b)

ea=UAns=U B A (1)) (B.4) )

& BdA.
(i) AdB& A= Q AiAB = G Bj A (¥i) (V5) (4, By) € b)

j=1

s A= U A=) B A () (V) (4 CB)

1= J=

= A= UAZQ ﬂpj: UB]'ZF.
; j=1 =1

(iv)  Let AdBand AdC andlet A= (J A}, B= |J B; ((3j) (B; # 0)) such that
i=1 j=1

(Vi) (V) ((A}, Bj) € b). Also suppose that A = 6
such that (Vk) (Vs)((Ag, Cs) € b). Let we deﬁnek:1
Aij:A;»UA}/ (i=1,...,n55=1,...,p),
Di=B, (t=1,....m),
Dpyr = Cy (r=1,...,9).
Then, by (b4), we have (Yz) (Vy) ((Ax, D,) € b), i.e. we have Ad(BUC).
Conversely, let Ad(BUC). If A = '61 A; ((F)(A; # 0)) and BUC =

Ay C = SQ Cs ((35) (Cs #0))

CJ D; with (Vi) (Vj) ((4s, D;) € b), then for B = CJ (BN Dy) = CJ B; and
C= ﬂl(cm)j) _ f_]l C; holds (Vi) (V) ((A:, B;) € b) and (V) (%) ((As, C;) € b),

i= J
i.e. hold AdB and AdC. a
Corollary 3.1. Let b be a base of a basic separation on a set X with apartness.
Then (A,B) € b = Ad(b)B.

We end this section with the following results.

Theorem 4. Let {d; : i € I} be a nonemply family of basic separations on a set X

with apartness. Then the relation b = | d; is a base of a basic separation on X.
i€l

Corollary 4.1. Let {d; : i € I} be a nonempty family of basic separations on a

set X with apartness. Then the relation d = d | |J d; | is a basic separation on X
i€l

coarser than each d;.

Corollary 4.2. The collection of all basic separations on a set X with apartness

forms a lattice under the natural ordering.
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4. SUBBASE OF BASIC SEPARATION

There is a possibility for reducing of number of base axioms. In that case we
shall get a new notion. In the following definition we introduce that notion.

Definition 3. A subbase of a basic separation on a set X with apartness is a binary
relation s on P(X) such that

(s1) (A, A)#s,
(s2) (A,B)es = ACB,
(s3) (A,B)es = (B,A) €s.

The next theorem describes the way how we construct a base of basic sepa-
ration on X with apartness if it is given a subbase.

Theorem 5. If s is subbase of a basic separation, then the relation b = b(s) on

P(X), defined by
(A,B)ebe (3A' D A)(3B' D B) (A, B') €s),

15 a base of a basic separation on X.
Proof.

(i) (A, B)€be (3A' D A) (3B D B) (A, B) € 5)

& (3B 2 B) (3A' D A) (B, A') € 5)

< (B, 4) €b.

(i) (A,B)ebe (JA' D A)(3B' D B)((A,B')€s)
= ACBANACA ANBCB
= ACB.

(iii)) (A,B)ebANA"CAANB'CB&

)(3B' 2 B)((A",B')es) NA"CAANB'CB =

DA @B 2BIB) (A, B)€s) =

A" B"y€b. O

Ll
S
[V

Corollary 5.1. Let s be a subbase of a basic separation on a set X with apartness.

Then (A, B) € s = (A, B) € b(s).
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5. &-STRONGLY EXTENSIONAL FUNCTION

In this section we define and discuss d-strongly extensional function.

Definition 4. Let dx and dy be basic separations on sets X and Y respectively
and let f: X — Y be a total function. We say that the function f s d-strongly
extensional function if and only if f(A)dy f(B) implies Adx B for every A, B in
P(X).

We shall give a criterion to be d-strongly extensional function f: X — Y of
spaces with basic separations by subbase of dy.

Theorem 6. Let (X,dx) and (Y,dy) be two spaces with basic separations and let

sy be a subbase for dy . A function f : X —'Y s d-strongly extensional if and only

if (C, D) € sy implies f~1(C)dx f~1(D).

Proof. 1° Let f: X — Y be d-strongly extensional function, and let C' and D be

subsets of Y such that (C, D) € sy. Then (C, D) € b(sy ) and Cdy D. As ff~1(C) C

C and ff=1(D) C D, we have that ff~1(C)dy ff=*(D) implies f~1(C)dx f~1(D).
2° Let A and B be subsets of X such that f(A)dy f(B). Then

FA)=UC A F(B)=UUD; A () (Y5) ((Ci, Dy) € b(sy)) &

(A =G A f(B)=UD; A (Vi) (Y4) (3C! 2 Ci) (3D 2 D)((CI, D;y) € sy) =
fA)=UC A f(B)=UUDj A (Vz)(v])(acz')( D (fTH(Chdx DY) =
FA)=UGCi A f(B)=UD; A (Vi) (Y5) (F7( dxf‘l( i) =

FAy=UGci A f(B)=UD, AUf_l( Ciydx s

FA)=Ua A fB)y=UD; A (U z>dxf‘1<UDJ> &

FHAA)dx T (F(B) A ACFTH(F(A) ABCFHA(B) =

The next theorem is an application of the theorem 6.

Theorem 7. Let F be a nonempty family, each f € F being a strongly extensional
function on X to space (Yy,dy) with basic separation dy. Then the relation b on
P(X), defined by

(A, B) €be (3f € F) (f(A)ds f(B)),
1s a base of a basic separation on X. Further, each member of F is d-strongly

extenstonal.
Proof.

(A,B)eb & (3f € F) (f(A)ds f(B))

& (3f € F) (£(B)d; (B))
< (B, 4) €b.
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As
(A,B)€b & (3f € F) (f(A)dsf(B))
= (3f € F)(f(4) C f(B)),
we have
a€A = fla)€ f(A) C f(B)
= (VzeB) (f(@?é f(x) )
= (Vo€ B)(a#a)
& a€B.
So, AC B.

(A,ByebNA"CAANB' CB = (3f € F)(f(A)ds f(B))
= (3f € F) (F(A")d; f(B"))
:>(A//B//)Eb D

Corollary 7.1. Let <(XZ, d; )Y, be a finite family of spaces with basic separations.
Then the relation b on H X;, defined by

i=1

(A, B) € b & (Ipx) (px(A)drpr(B)),

n
where pi, + [[ Xi = Xk is a projection on Xy, is a base of basic separation on
i=1

X;.

i

.

6. BASIC UNIFORMITY

In this section we study basic uniformities associated with basic separations.

Definition 5. ([2]) A basic uniformity of X is a subfamily U of P(X?) such that:

(1)  (YReEU)(Ix CR),
(2) (YReU)(R'eU),

(3)  (YR,SeU)(VAe P(X)) 3T €U) (T(A) C R(A) N S(4)),
(4) (VReU)(RCSASePX?) => SeU).

Subfamily B of U s called a base for a basic uniformaity U if and only if for
each element R of U there exists an element S of B such that S C R.

Subfamily S of U is a subbase for a basic uniformity U on X if and only if
the family B of all finite intersections of elements of S is a base for U.
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Theorem 8. Let U be a basic uniformity on X. Then the relation s = s(U) on
X, defined by

AsB & (AReU) (R(A)CB) A (3S € U) (S(B) C A),

1s a subbase of basic separation on X.

Proof.
(1) AsB= (IR e U) (R(A) C F)
= ACB by (1).
(i) AsB& (AR e U) (R(A) C F) A (IS eU) (S(B) C Z)

& BsA. O
Note that for the subbase s = s(U) also holds:

AsBAAsC = (BReU)(R(A)CB)A@SeU)(SA4) CC)
= (AT eU) (T(4) C R(A)NS(A) C

Theorem 9. Let s be a subbase for a basic separation on a set X with apartness.
Then the famaly

S=85(s)={AxBUBxA: A/Be P(X) A AsB}

1s a subbase for a basic uniformity on X.

Proof. It is clearly that (A x BUB x A)_ = AxBUBXxA if AsB. Let z
be an element of X and let (u,v) be an arbitrary element of A x BU B x A,
where A, B € P(A) and AsB. Then (u,v) € A x B or (u,v) € B x A. Then
u # v because AsB = A C B. Thusu # z Vz # v, ie. (z,2) # (u,v). So,
Ix CAxBUBXx A. o

1
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