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HALPERN-LAUCHLY THEOREM
ON THE PRODUCT OF INFINITELY
MANY TREES IN THE VERSION
OF STRONGLY EMBEDDED TREES

Goran Ramouvié

Laver in [1] formulated a special case of Halpern—Liuchly theorem in the ver-
sion of strongly embedded trees on the product of countable many trees. In

this article a general version of this theorem is proved.

LAVER ([1] the corollary of Theorem 5) formulated a special case of HAL-
PERN-LAUCHLY theorem in the version of strongly embedded trees on the product
of countable many trees. He concentrated on the case where the countable sequence
of {(w, < w)-trees belongs to class K. In the proof of Theorem 5 an error appeared.
Namely, Lema 4’ was formulated for the countable sequence of (w, < w)-trees of
class K, and its proof was basically referred to the properties of the sequence of
trees of that class. The assertion of Lemma 4’ was then, in the proof of Theorem 5,
applied to the countable sequence of (w, < w)-trees which does not belong to class
K,.

In this article, we formulate and prove the general HALPERN—LAUCHLI the-
orem in the version of strongly embedded trees on the product of countably many
trees. We suppose that the reader is familiar with LAVER’s [1] and MILLIKENs [2]
articles where the same terminology and denotation are used.

The idea of proof of the following theorem can be explained as follows. Let
f be the partitioning of ® T; into r € w \ 1 partitions. Surjection F from ® T!

onto ® T; preserves the order and the levels, shifting to more regular trees In

PEw

addltlon surjection G from ®@ T; ® TZ’; onto  ® T preserves the order and the
TEw 1Ew

levels, and the sequence of w-trees Wlth finitely many branches per tree, restricted

to the levels of an infinite subset of w, is mapped into the sequence of strongly

embedded trees. With the help of surjections F' and &, partitioning h = fo F o

ofset ®@1T; ® T” into r parts is defined. Afterwards, on the basis of the corollary

i1 Ew i1 Ew
which concludes the series of lemmas, as well as on the properties of surjections F'

and (G, the proof of the theorem follows.
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Theorem. Let suppose that:
T = (T : i € w) is a sequence of {(w, < w)-trees;
f: ©Ti —r wherer € w\ 1. Then t = (t; :i6w>,§:<5i (1 EwW)
1 EwW
and k € r exist for which the following hold:

(1) te 11T
(2) S =St ((Ti[ti] : i € w));

f" @ Si={k}.
1 EwW
Proof. Let us assume that the theorem has been proved for » < 2. Let » > 2.
Function g will be defined from ® T} into 2 in the following way. For an arbitrary

1 EwW
# € @1 the following shall be true:
1 EwW

{ 0 iff(@)er-1,

1 otherwise.

9(7) =

—

Then § = (t; i €w), S={(S;: i €w) and k € 2 exists to which (1), (2) and
918 S = {k}

are applicable. If k = 0, we shall apply an inductive assumption, but in case & = 1
the theorem is proved immediately.

Let us proceed to proving the theorem for » = 2. We can obviously still retain
generality and suppose that the following applies to each i € w :
(3) T C% w
(4) VeeT,Vye®w (yCr—oyely);
(5) VeeTiVye“w (|lz|=ly/&Vn € dom(z)(y(n) < z(n)) =y €1});
(6) VeeT,VyeT, (x<;yexCuy).

For the reason mentioned in (6), the relation <; will hereinafter be denoted
< . Tt can easily be seen that a function g; from w into w \ 1 exists for every i € w,

such that
Vn € w Yz € Ti(n)(|IS(z, T})| < gi(n)).

We call sequence T = (T; 1 € wy an {w, < §)-sequence of trees, where
d = {(gi : i € w). The sequence of {w, < w)-trees wil be denoted T = (T} : i € w) to
which (3)—(6), as well as for every ¢ € w, the following applies:
Vn € w Ve € T} (n) (1S(z, T})| = gi(n)).
We call sequence 7" = (T} :i € w) an {w, § )-sequence of trees.
Lemma 1. There is a surjection F' from & T/ onto  © T;, with the following
1EW i1 Ew
properties:

(7) Vie o TiVge o T (< §— F(Z) < F(9));

1EW T EW
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(8) newvie o1} (7e T & F(@) € [[T:n);
TEW TEW
9) VS € Str ()35 € su (T) (P @ 5= 8 s:).

Proof. For each ¢ € w surjection F; from T} onto T; is defined so that:
Vo € T vy € T (Fi() =y o lo] = Iy &
¥ n € dom(z) (y(n) = min((n), PS(y 1 n, T~ 1))
It can be easily be checked that for each ¢ € w the following holds:

Ve e T} Vy eT! (z <y— Fi(x) < Fi(y));
VnewVeeT! (l‘ET/( ) & Fi(x) € Ti(n ))’
VS' € Str(T7) 3S € St (T;) (F'S' = S).

We can now define surjection F' from @ 7]/ onto @ T; with the help of the

i€ w 1EwW
condition: YZ € @ T/Vje @ T; (F(i") =y View (Fl(xl) = yl))
1EW T EW
It can easily be checked that F fulfils the conditions (7) — (9). D
(

Now, for every j € w, a unique element of set 71 as 0U) will be denoted. In
addition, a 777 will denote tree T} [06)] for every i,j € w.

Lemma 2. There is a surjection G from @ & T/ onto & T! with the following

IEWjEwW t i1 Ew ¢

properties:

(10) vie © o Tivie © © T (¥<y—GEF) <6);
1EW JEW 1EW JEW

(1) Wnewvie o o T (7e [[1T)0) < G@ e [[THn);

1Ew jEwW TEWjEwW iEw

(12)  v#vSvA3FIR (fe@ © TLkViewVjewVkewVl €w
1EW JEW

Am € w (|| < |2r] = |Tim| = Jzu]|) &Vi € WV € w (S5 s a

downwards closed w-subtree of the tree T]; with g;(|xi;]) branches,

which includes the set IS(x;;, ”))&VZ € wVj € w (O(j) <

i) &A = {lz;] 0 1€ w&kj € w} o ¥ € HT’&R €

=
Su“ (T[] i € ) &G 04 ohsy; = © R).
Proof. For every ¢ € w we define Su;JE(%ztlf)Iele from z?wTZ/‘; onto T} in the following
way. Forn € wand ¥ € H 177 (n) the element (;(7) is determined by the following
conditions: =

Gi(T) € T{(n);  ¥m € n(Gi(F)(m) = 3= mod gi(m)%ii(m)).

j<m
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It could be easily checked that for each ¢ € w the following is true:
vie o Tivje o T (T <y — Gi(Z) < Gily);
JEw JjEw

Vn e wVie O T} (7e T 1) & Gi(@) € Ti(n));

Vi"VgVAElR(f € 11 T{;&Vj € w (Sij is a downwards closed w-
JEw

subtree of the tree T}% with g;(|zi;|) branches, which includes the set

IS (245, 77))) & Vj € w(0W) < ) & A={|wi; :jEwt >y eT/&RE
Str () &G @A Sy = R).
JEw
Let us suppose that ¥ € © @ T/I. We shall determine G(¥) = (G;({z; :
1EW JEW
J € w)) : i € w). Function G defined in this way, represents a surjection from

© @ Tj;onto @ T] with properties (10) — (12). O
1 EwW

€W jEW
We can now define function A from ®@ ® TZ’; into r in the following way:
1EW JEW
(13) h=foFod.

For each i € w, n € w and A C T; we can define the set proj(n, A,T;) as
follows: VB (B € proj (n, A, T;) & BCTi(n)&Vaec A e Bla<bVb< a)).
For each d € w\ 1, n € w, cofinal subset C' of set '®dTi and f ®dTi — 2,
i€ IS

®(n, C, f) denotes the statement:
V& € CV(B; € proj(n,18(¢;,T;),T;) : i € )b, € B; : i € d)

(dom (eg) € n = f(b) = 0).
Lemma 3. For each m € w,d € w\ 1 and cofinal subset C' of set ié}dei, there
exists p = p(m,igdei, C') € w \ ' m, such that:
V9T - 2(¥n €newd(n,C,f) = Vn > pIA; C Ti(n) :i € d)
(Vi € d(A; is an m-dense set in the tree T;) & f" H A = 1))
Proof. Let us suppose that the statement is not true for myg ZEECzu, dp Ew\1anda

cofinal subset Cy of set ®d T;. That means that there exists a strongly increasing
1€ do
function g from w into w \ 1 and function fy) : ®d T; — 2, for each p > my, such
1€ do

that:
q)<g(P)aCOaf9(p))5
V(A; C Tl(g(p)) cied) (Vi € d (A; is a mg-dense set in the tree
1) = 1" I1 A # 1)
1€dg
Let A= (mg+ 1)U{n:3k €w\1(n=g*(mp))}. Function f :igbduTi — 2

may be defined as follows. For n € mo41 and ¢ € ] Ti(n) we determine f(i) = 1,
i€do
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and for n € A\ (mg + 1) and fe I1 Ti(n) we determine f(t_) =, (t_) Then there
i€do
exists 1 € @AT; such that:
i€ do

Vne Adm e A\ nB; CTi[t;] (m) i € dp) (Vi € dp (B; is a n-dense

set in the tree Ti[t;)) & f [] Bi = {1})
i€do

Hence, there exist ¢ € Cy, n € A\ (dom (cg) + 1) and (B; € proj (n,1S (¢;, T3), T;) :
i € dy) such that:

{<é;
(14) 711 Bi=A{1}.

i€do
Condition (14) is contradictory to the definition of function f.O
Lemma 4. Let us suppose that | @ T;| = w and that f : @ T; — 2. Then three
1 EwW

i1 Ew
possibilities exist:

(15) Vi € w3n €w\mIA; CTi(n) 1 i €w)(Vi < m (A is @ m-dense set
in the tree T;) & Vi > m (|A; = D& f' [T Ai = 1);

(16) erig@wTi vie o T, (<5 f(5) :g)w

(17) 34373534 (d e w\ 16T € T & € d(jiol = [ul) & vi € d(s

is a downwards closed w-subtree of the tree T; with g;(|t;]) branches,
which includes the set 1S (t;,T;)) & Vi > d (S; is a downwards closed
w-subtree of the tree Ti[t;]) A € [W]* & " T] Si(Jto]) = {1} &VBY(s; :
TEW
i>d)V(R; i >d)I(r; i >d) (Be[AY&Fe @PS&Vi>d(R; is
i>d

a downwards closed w-subtree of the tree S;[s;]) & ( UBRZ'(n) i>d) e
h €
Str (( U Si[si] (n):i>d) = 7€ @8R & 1 Si(lral) x TT{r} =
h €A i>d i<d i>d

).
Proof. Let us assume that neither (15) nor (16) are true. Let m be the smallest
natural number for which condition (15) fails. Let us have d = m + 1, though d
can be any natural number > m + 1. It can clearly be seen that ¢' C '®dTi and

i€

(B; CT;:i>d) exist and they fulfil the following conditions:

(' is a cofinal subset of the set ®dTi;

i€

Vi > d (B; is a maximal branch in the tree T} );

vee O (£ THed < I Billeol) = {1).

i€d
Let p = p(m, ' ®dTi, C’) be a natural number whose existence has been es-
i€

tablished in Lemma 3.
Without loss of generality, we may suppose that: Vi > d <|Tl(p)| = 1).
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Namely, if for any ¢ > d |T;(p)| > 1, then we choose an arbitrary ¢; € T;(p) and
change tree T; into tree T;[t;].

For each @€ C' N @PT; and each A = (A; € proj (p,IS (ci,ﬂ),Ti) cied) we
1€d
may choose one S = (S; : ¢ € d) for which the following holds:
Vi € d (S; is a downwards closed w-subtree of the tree T; with |A;]
branches and includes the set A;).

Let <§k : 1 < k <) be the enumeration of all the above mentioned S. Let
us suppose that ¢ <[ is the bigest natural number for which sequences (A; : i <

—

q), (t; i< g) and (S; : ¢ < ¢) exist with the following properties:

Vi< q (S =(Sy i > d));
Vi < ¢qVj>d (Siy1; is a downwards closed w-subtree of the tree S;;);
Vi< (U, Swastn) i 2 d)) €u(( U Syltsln) i > d);

€At

Vi < qVn € AiV§// S H Slj(n) 35 € H S”(n) <f(§»/A§»//) = 0).
jzd j<d

On the basis of the previous lemma ¢ < [. Now, we may choose:
t= 15—:1—1;
(S; ied)y={(Sqs :i€ed);
(S; i >d)={(Sq_14 1> d);
A=A, .

dt, S and A chosen in this way fulfil condition (17). O
Lemma 5. Let us assume that | ® TZ| =w, f: @1 =2, w=U E, is parti-
. . tEw . L TEwW . new .
tioning of set w nto countable many wnfinite partitions and g is strongly increasing

funetion from w into w \ 1. Then (15) or (16) hold or
It e [1 73S CT; : i €w)ydA € [w] (Vi € w(SZ' 15 a downwards

TEW
closed w-subtree of the tree T; with |IS (¢;, T;)| branches, which includes
the set 1S (t;,1})) & A = {|t;| 1 i € w}&Vn € wVj € g(n)Ji € E; (|t;]

is the n-th member of the set A) & [’ ©* S; = {1})
1 EwW

Proof. Let us assume that neither (15) nor (16) hold for function f. We shall
initiate an inductive procedure now. Let us denote function f with fy. (17) is
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applicable to function fy. We may choose di = d such that ¥j € ¢(0)3i € E; (i €

d1). We then define function f; : @%417y; — 2, where Ay and (T}; : i > d;) are set
i>dy
A and sequence (S; : i > d) in (17) respectively, in the following way:

Vo€ A1VEe T] Tu(n) (f1(§) =16 T Sin) % I {si} = {1}).

i>ds i€ds i>ds
Neither (15) nor (16) hold for function fi, thus it is (17) which is applicable. Hence,
a step analogous to the one we applied in case of function fy may be repeated with
function f; as well. Generally speaking, the transfer for n € w from function f,
to function f,41 1s performed in a way which is analogous to the transfer from
function fy to function f;. In the final stage of the inductive procedure it becomes
obvious that the assertion is right. O

Corollary. Under the conditions of the Lemma 5 the following holds:
T €2 e [[T S CT i €w) 34 € [ (ViEw(Si is
TEW
a downwards closed w-subtree of the tree T; with |IS(¢;,T;)| branches
which includes the set 1S (t;, ;))& A = {|t;] 1 ¢ € w}&Vn € wVj €

g(n) 3i € E; (|t;| is the n-th member of the set A) & f" @45; = {k}) O
i1 Ew
Now, we can apply the corollary to function h defined in (13). Without

® T

= w. Namely, it may be
1€Ew JEwW

loss of generality, we can assume that

possible to choose ¢ € II II 77} so that ‘ ® T/ [tij]‘ = w. Then we define set
iEw jEw 1EW JEW

E; = {{i,j) : j € w} for each i € w. In case we manage to define the increasing

function g from w into w \ 1 adequately, the corollary may be applied to function

h, and then (12) and (9) which prove the statement. O
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