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A NOTE ON
JENSEN’S DISCRETE INEQUALITY

Sever S. Dragomir, Borislav Crstici

A refinement of Jensen’s discrete inequality and some natural applications are

given.

1. INTRODUCTION

The main aim of this paper is to point out a refinement of the famous
JENSEN’s inequality which says that:

1 & 1 &
(1) I (P_n ;pzl‘z) < P—n;pif(%),

where f: 1 C R — R is convex on the interval I, #; € T and p; > 0(i = 1,...n)
with P, > 0. Some applications in connections with arithmetic mean—geometric
mean inequality, with Ky FAN’s well-known inequality and with BELMANN—BERG-
STROM—FAN quasi-linear functionals are also established.

In a recent paper [11], the following refinement of (1) has been given:
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$1,.., =1
where f: C' C X — R is a convex mapping on a convex set C' (C' is a subset of a
linear space X) p; >0, ; € C (i =1,...n) with P, := Y. p; >0 and k is a
positive integer such that 1 <k <n—1.
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Another improvement for weighted means was given in [6, Theorem 3] where
it is shown that:

(3) ( szxz) S P i 2”; :pil "'pu (Qk Z (J]xz]) < anZz::lpzf(xz)a

1

for all ¢; > 0 with Q= Z q; > 0.
j=1

For some interesting applications of these results we refer to [6-7] and [11]
where further references are given.

2. MAIN RESULTS

We start start with the following result.
Theorem. Let f, z;, p; be as above and let oy, B; be nonnegative real numbers with
a;+ 5 >0 foralle, j=1,...,n. Then we have the following inequalities:

(4) s (Pin Z:px) < Z pivif (x +x‘7)

i,7=1

o;x; + Bix; Bixi + agx; 1 &
< P 5 ZPZPJQ ( (Tﬁj]) +f<]aTﬁj])) < P_n;pif(l‘i)

Proof. The JENSEN inequality for double sums yields

1 x; + x; x; + x;
f PﬂzZPlP]( 9 ) _Pzzpzp] ( )

i,7=1 i,7=1

Tl

Since

P12 Z pibj <$Z+$]) = szxza

t,j=1

the first inequality in (4) is proven.
By the convexity of f on C' we have:

1 i + G Bz + oz T+ xj
2<f< o; + B )+f< a; + B; ))Zf( 2 )

forallé,j =1,..., n. By multiplying this inequality with p;p; >0 (4,j =1,..., n)
and summing over ¢ and j (from 1 to n), we derive the second inequality in (4).
To prove the last inequality in (4), we observe that:

7 (Ozil‘i—l—ﬁjl‘j) < azf($z)+ﬁ]f(x])
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and
(Ozil‘j + ﬁjl‘i) a; fzj) + B fai)
L T T s 3
042‘1‘6] 042‘1‘6]
for all 2,7 =1,..., n. By addition we get
1 <f (am +ﬁjl‘j) L r (@m +6Wj)) < fi) + f(x5)
2 o; + B o + 55 2
foralls,7=1,..., n.

By multiplying this inequality with p;p; > 0 and summing over ¢ and j (from
1 to n), we obtain the desired inequality.
Now, let consider the mapping F : [0,1] — R given by

1 n
F() =5 Y pipif (i + (1= )z)),

i,7=1

where f: I CR — R is as above, ; € T and p; > 0 (i = 1,..., n) with P, > 0.
Then the following corollary holds.
Corollary. Under above assumptions, for allt € [0, 1] we have the inequality:

f (P_n Z:;px) <> > pinif (9“;7%) < F(t) < P—n;pif(xi),

i,7=1

The proof is obvious from the above theorem (choosing o; = ¢, 8; = 1 —1¢
(i,7=1,..., n)). We will omit the details.

REMARK. It is easy to see, from the above corollary, that:

1 n
sup F(t) = F(0) = F(1) = — i fla;
Sup (t) = F(0) = F(1) Pﬂ;pf( )

and

. . 1 . 1 i . l‘i—l—l‘j
0, F0=1(3) =7 X omd (257)

i,7=1
For other refinements of JENSEN’s inequality see the paper [5] where further
references are given.

3. APPLICATIONS

I.1. Let w5, p; > 0 (i = 1,..., n) with P, > 0. Then the following refinement
of arithmetic mean—geometric mean inequality holds:
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1/P,2

n iPj n 1/ Py
> TI (Wi + ) 2 (B +w>1/z)p ,, > (H)
B i,7=1 & +6‘7 B i=1
for all a;, 5; > 0 so that o; +5; > 0 (4,5 = 1,..., n). The equality holds in all
inequalities if and only if 1 =29 = -+ = x,,.
2. Let 2; € R, p; >0 (i =1,..., n) with P, >0 and p > 1. Then for all «;
and §; (4,7 =1,..., n) as above, we have:
ZH:P'MV’ > P2 Zn: PiP; vt ayl’
i=1 R i,7=1 i 2

P
Bz + iz

a; + 55

ixi + Pz
@i + B;

PR 1
> 2 S g (

i,7=1

p n
) > P> pilal
i=1

3. Let z; € (0,1/2] (¢ = 1,..., n). Then the following refinement of the
well-known inequality due to Ky Fan [3] is valid:

Soai/ 30w > I e+ e/ @ —zi— )™

2
1/2 1/71
n

(aiwi + B;) (Biwi + ciwy)
- zgl ((1 —ag)z; + (1= ﬁy’)%’) ((1 =Bz + (1= az’)l‘j)

n n 1/n
> ( (1 _$2)) )
i=1 i=1

for all o, 8; > 0 so that a; + 3; > 0 (4,5 = 1,..., n). The equality holds if and
only if &y = --- = x,.

4. In the recent paper [1], H. ALZER has established the following converse
of Ky FaN’s inequality:

n n n x,/ixk
Zwi/Z(l—l‘i) < T/ -y =,

i=1
where z; € (0,1) (¢ = 1,..., n) and the equality holds in the above inequality if
and only if #; = .-+ = x,. We may improve this fact as in the sequel:
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bl

< i (/1 - xi))x’/ (2)
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where a;, §; (i, =1,..., n) are as above.

The proofs of the above statements follow from (2) for the convex mapings:
flx) = =Ine, 2 > 0; flz) :=|z]P, 2 € R; f(z) = —In(x/(1 —2)), z € (0,1/2]
and f(z) :=In(z/(1 —2))", = € (0,1).

I1. Now, let X be a real linear space and K be a clin in X, i.e., a subset of
X satisfying the conditions:
(Ky) z,y€ K imply z+y € K;
(K2) z €K, a>0 imply az € K.

Let us also suppose that ¢ : K — R is a quasi-linear functional on K, i.e. a
mapping which satisfies the assumption:

(5) plaw + By) < () ap(@) + Fely),

for all x,y € K and o, 3 > 0.

We observe that such a functional is a convex (concave) maping on K but
the converse implication is not true in general. We also observe that the following
inequality holds:

(6) ¢ (pr) < () sz’so(l‘z’)’

forallp; >0and &, € K (i=1,..., n).

By the use of the above theorem, we can give the following improvement of
(6):

Let ¢ be as above, ; € K, p; > 0 (i = 1,..., n) and let a;, §; be non-
negative real numbers with a; + 3; > 0 for all 4,57 = 1,..., n. Then we have the
inequalities:

(1) ¢ (szl‘z) < (Z)% Z pipje(ei + ;)

i,7=1

1 <& PiD; plasz; + Biz;) + e(fjxi + aizy) -
< (>)— . < (> E i i)
-~ (—) Pn — o + 6] 9 -~ (_) e D QD(I )
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As in [13], we shall use the following notations:
M={M | M is a positive definite matrix of order n},
|M|= the determinant of the matrix M,

|M|x = ﬁ Aj, k=1,...,n, where Xq,..., Ay are the eigenvalues of M/
i=1
iivith A< < Ay (M =M

M (j) = the submatrix of M obtained by deleting the j* row and j* column
of the matrix M;

MTk] = the principal submatrix of M formed by taking the first k& rows and
columns of M; M[n] =M, M[n—1] = M(n), M[0] = the identity
matrix;

BBF = the class of BELLMAN-BESGSTROM—FAN quasi-linear functionals
oi, 0; and v, defined on M by:

oi(M) = |M|z'1/i, t=1 ..., n;
d; (M) = [M|/|M(3)], j=1..,
ve(M) = (|M|/IMIK])Y R, k=1, n

n:
’

respectively.

It is evident that M is closed under addition and multiplication by a positive
number, i.e. M is a clin. Now, quasi-linearity of BBF—functionals follows from
results given in [13]:

e(pMy + qMs) > pe(My) + qp(Ms),

for all My, My € M, p,q >0 and ¢ € BBF (see also [8]).
In [13], C.L.WANG has obtained the following inequality:

m m m p,/Pm
v (ZPiMi) > pie(M) > Pn [ | (@(Mi))
i=1 i=1 i=1
pi >0 (i=1,..., m), which is an interpolation inequality for
1 & O pil P
(8) @ (P_ ZPiMi) > 11 (@(Mi)) :
moi=1 i=1

Note that (8) is also a generalization of a rezult from [9].
By the use of inequality (7), we can improve (8) as follows:
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where My e M, p; >0, a; + 5, >0 (¢, =1,..., m) and ¢ € BBF.
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