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ON A LINEAR
FUNCTIONAL-DIFFERENTIAL EQUATION

Jovan D. Keékié

The functional-differential equation (1) is treated by an ad hoc method to
obtain solutions involving one or more arbitrary functions, and also solutions
which satisfy some additional conditions.

There are many results concerning the linear functional-differential equation
for the unknown functions v : S = R

' (f(z)) + au(f(z)) + bu'(z) + cu(z) = 0,
where S is a nonempty set, f : S — S and a, b, ¢ € R are given, particularly if there

exists a positive integer n such that f7(z) = x. In this note we shall consider an
equation of the same type, but the unknown function will be in two variables.

Let S be a nonempty set and let f : .S — S be a given mapping. Consider
the equation in u:

(1) uy (f(2), y) + au(f(x),y) + buy (2, y) + cu(z,y) = 0,
where a,b,¢c € R are given and u : S x R — R is the unknown function with
wy (2, ) = Ju(z,y)
AN 83/ .
This equation can be written in the form
(2) (L1L2—|—GL1 —|—bL2—|—CI)U = 0,

where the linear operators L1, Lo, I are defined by

Liu(e,y) = u(f(z),y),  Lou(z,y) =uy(z,y),  Tu(z,y) =u(z,y)
We shall apply to (2) a variant of the method suggested in [1] which is based

upon the existence of characteristic vectors for both operators L1, Ls, i.e. upon the
existence of functions u with the properties

Liu = Au, Lou = pu,
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(3) u(f(x), y) = /\u(x, y)’ uy(x, y) = pu(x, y)'

From the second equation in (3) follows u(x,y) = ¢(x)e??, where ¢ is an
arbitrary function. Substituting this into the first equation of (3) we arrive at the
functional equation

(4) p(f(2)) = Ap().

Equation (4) is the so-called SCHRODER equation (or the SCHRODER-KOENIGS
equation). This equation was thoroughly investigated in many papers; see, for
example, Chapter 6 of [2].

In further text vy will denote an arbitrary solution of (4): it may be trivial.
Therefore, the function u defined by

(5) u(x, y) = ox(x)e

satisfies the conditions (3) and substituting (5) into (2) we obtain the characteristic
equation

(6) Ap+ar+bp+c=0
which implies
_ad+ec
=750
and (5) becomes
al+dc

u(z,y) = va(x)e

Since the equation (2) is linear, we conclude that it has the following formal
solution

ai4te

(7) u(z,y) =Y uala)e ¥,

A

where the sum is taken over all A € A C R on supposition that it exists. Also, from
(6) follows

bu+c

p+a

and (2) has the following formal solution

(8) w(z,y) = Y 0 pe (€)Y,

A=

pta

where the sum has a similar meaning as the sum in (7). Combining (7) and (8) we
obtain the following solution of (2):

aX

(9) u(z,y) = Zm(r)e_ﬁj—b_cy + Zv_w(l‘)e“y.

A
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The obtained solution (9) may seem to be rather formal and therefore useless.
However, this is not so, since in certain cases explicit solutions can be derived

from (9).
First of all, if ¢ = ab, then (9) becomes

(10) u(z,y) = e_ayZvA(x)—i—v_b(x)Ze“y.

Then putting

we get
(11) u(z,y) = e~ Y (x) + v_p(2)G(y).

This suggests that (11), where F' is an arbitrary and G an arbitrary differentiable
function, might be a solution of (2). A direct verification show that this is indeed
true.

Furthermore, for certain choices of f we can get an explicit expression for
vy (). For instance, if

(i) f(x) = z+ d, where d # 0, then
vx(2) = P(2)A*/4,

where P is an arbitrary periodic function with period d; if

(i) f(z) = dx, where d > 0, then
or(2) = Plog, e)No5:*,

where P is an arbitrary periodic function with period 1.

On the other hand, if there exists a positive integer n such that f*(z) = x,
nontrivial solutions of (4) exist if and only if A" = 1. So, for example, if

(iii) f(z) = 1 — z (the case n = 2), then
vi(z) = F(z)+ F(1 —x), voi(x) = F(x) = F(1 —a),

where [ is an arbitrary function and vy (z) = 0 for A% # 1; if
x

(iv) f(z) = ; ! (the case n = 3), then

vl(x):F(x)—I—F(x;l)-l-F( L ),

11—z
where F' is an arbitrary function and vy (z) = 0 for A # 1.

The following examples will provide further illustrations how the formal so-
lution (9) can be used in solving concrete problems.
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Example 1. If A, B : R — R are given functions such that A(0) = B(0) = «a,
consider the Goursat type problem

(12) uy(e+ 1,y) + 2u(z+ 1, y) — 3uy(z,y) — 6u(z,y) =0,
(13) u(z,0)=A(z),  u(0,y) = B(y).

In this case ¢ = ab, and using (11) we obtain the following solution of (12):
u(z,y) = eV F(x) + va(2)G(y),

where F'is an arbitrary and G an arbitrary differentiable function. Furthermore,
the equation (4) becomes ¢(x + 1) = 3p(z) and so

vs(z) = 3° P(x) (P arbitrary 1-periodic function).
Hence,
(14 uli,y) = ¥ () + 3 P(2)Gly).
Substituting the conditions (13) into (14) we easily obtain the following solution of
the problem (12)—(13):

1
U(l‘, y) = ezyA($) + m(i%xP(x)B(y) — Oz3x62yp(l‘)).
Example 2. For the equation
(15) uy (3 —z,y) — 2u(3 — 2, y) + 2uy(z,y) — du(z,y) =0

the corresponding equation (4)

p(3— ) = —2¢(x)

has no nontrivial solutions, and according to (11) we obtain the following solution
of (15):
u(z,y) = eV F(x) (F arbitrary).

On the other hand, for the equation
(16) uy(1 —a,y) — 2u(l — 2, y) — uy(z,y) + 2u(z,y) =0

the equation (4) becomes
p(l—z) = p(x)
and so

vi(e) =H(l — )+ H(z),
where I is an arbitrary function. Hence, we obtain the following solution of (16):
u(z,y) = (H(l —r)+ H(a:))F(y) + G (),

where F'is an arbitrary differentiable function and G, H are arbitrary functions.
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Remark. Putting H(z)F(y) = T(z,y), it is tempting to try whether
u(z,y) =T(1 —x,y) +T(x,y) + eG(x)

where T is an arbitrary function, differentiable in y, is also a solution of (16). A
direct verification shows that this is true.

Example 3. Consider the problem consisting of the equation
(17) uy(z+ L y) +u(e+ 1, y) — 3uy(x,y) + 4u(z,y) = 0,
and the condition

(18) u(0, y) = sh 2y.

Since vy (x) = ATPy(z), where Py is an arbitrary l-periodic function, we
obtain the following solution of (17):

At4

(19) u(a,y) = > A" Py(a)e 77,

since the second sum in
A+4
—/\—1—3::&2weget/\:

) will contribute nothing new. From the equations

(9
2
3 and A = 10, respectively. Hence, we take
1
Pyyg(x) = 3 Pio(x) = —=, Pi(z) =0 for other values of A.
Therefore, (19) becomes

(e, y) =

and this is a solution of (17)—(18).

Example 4. A formal solution of the equation

z z
(20) Uy (m, y) + QU(m, y) — 2uy(x,y) + 3u(x,y) =0
is given by
2243
u(z,y) = Zm(r)e =Y
A

However, the corresponding equation (4)

g0(29596— 1) =Ae(z)

has nontrivial solutions only for A = 1 and A = —1. They are

n(@) =F@)+F(3=),  va(e)=G@) - (),
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where F', GG are arbitrary functions. Therefore, we obtain the following solution of

(20):

u(z,y) = (F(x)+F(2x“3_1))e5y+ (G(m)—G(Qxx_l))ey/?’.
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