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7KLV QRWH LV SURPSWHG E\ D UHFHQW SDSHU LQ WKHRUHWLFDO FKHPLVWU\ >� @ � ZKHUH
YDULRXV UXOHV IRU WKH FRQVWUXFWLRQ RI FRVSHFWUDO JUDSKV DUH MXVWLqHG E\ PHDQV RI
VHFRQG�RUGHU DSSUR[LPDWLRQV LQ SHUWXUEDWLRQ WKHRU\� 7KH FRQWH[W LV WKH UHSUHVHQ�
WDWLRQ RI FHUWDLQ PROHFXOHV E\ qQLWH XQGLUHFWHG JUDSKV �ZLWKRXW ORRSV RU PXOWLSOH
HGJHV� � YHUWLFHV UHSUHVHQW DWRPV� DQG HGJHV UHSUHVHQW ERQGV EHWZHHQ DWRPV� )RU GH�

�WDLOV WKH UHDGHU LV UHIHUUHG WR >� @ � 6XsFH LW WR VD\ KHUH WKDW� DFFRUGLQJ WR + X F N H O 
 V
WKHRU\ RI PROHFXODU RUELWDOV� WKH HQHUJ\ OHYHOV RI D JHQHUDOL]HG ZDYH IXQFWLRQ DVVR�
FLDWHG ZLWK D K\GURFDUERQ PROHFXOH DUH GHWHUPLQHG E\ WKH HLJHQYDOXHV RI D ����� �
DGMDFHQF\ PDWUL[ RI DQ XQGHUO\LQJ JUDSK� 6XFK D PDWUL[ LV UHJDUGHG DV D PDWUL[
ZLWK UHDO HQWULHV� DQG WZR JUDSKV DUH VDLG WR EH FR VSHFWUD O LI WKH\ KDYH DGMDFHQF\
PDWULFHV ZLWK WKH VDPH VSHFWUXP� LI WKH WZR JUDSKV DUH QRQ�LVRPRUSKLF WKHQ WKH
FRUUHVSRQGLQJ PROHFXOHV DUH VDLG WR EH LVR VSHFWUD O�

7KH FRQVWUXFWLRQ RI FRVSHFWUDO JUDSKV KDV EHHQ LQYHVWLJDWHG QRW RQO\ LQ WKH
FRQWH[W RI SHUWXUEDWLRQV RI HLJHQYHFWRUV RI DQ DGMDFHQF\ PDWUL[ >� @ � >� @ EXW DOVR LQ
WKH FRQWH[W RI VHOI�UHWXUQLQJ ZDONV >� @ � >� � @ � )XUWKHU� YDULRXV IRUPXODH RI + H LO E U R Q �

Q H U >� @ DQG RWKHUV >� @ � >� � @ PD\ EH XVHG WR FRQVWUXFW FRVSHFWUDO JUDSKV IURP D JUDSK
* ZKLFK KDV GLVWLQFW YHUWLFHV X � Y VXFK WKDW WKH JUDSKV * b X � * b Y DUH FRVSHFWUDO�
�+HUH * b X LV REWDLQHG IURP * E\ GHOHWLQJ YHUWH[ X DQG DOO HGJHV FRQWDLQLQJ X � �
,Q WKLV VLWXDWLRQ� X DQG Y DUH VDLG WR EH FR VSHFWUD O YHUWLFHV �RU LVR VSHFWUD O SR LQ WV

>� @ � � WKLV FRQFHSW ZDV LQWURGXFHG LQ >� @ � ZKLOH D qUVW FKDUDFWHUL]DWLRQ RI FRVSHFWUDO
YHUWLFHV LQ WHUPV RI HLJHQYHFWRUV DSSHDUV LQ >� @ �

� � � � 0 D WK HP D WLFV 6 X E MHFW & OD VVLq FD WLR Q � � � & � �
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7KH PDLQ SXUSRVH RI WKLV SDSHU LV WR VXEVWDQWLDWH WKH FODLP WKDW WKH QRWLRQ

FHQWUDO WR DOO RI WKH DERYH WKHPHV LV WKDW RI JUDSK DQJOHV� 7KH DQJOHV PRVW FRPPRQO\

FRQVLGHUHG DUH WKRVH EHWZHHQ FRRUGLQDWH D[HV DQG WKH HLJHQVSDFHV RI DQ DGMDFHQF\

PDWUL[ RI D JUDSK� ,I WKH Q �YHUWH[ JUDSK * KDV DQ DGMDFHQF\ PDWUL[ $ ZLWK GLV�

WLQFW HLJHQYDOXHV { �����{ � DQG LI H �����H FRPSULVH WKH VWDQGDUG RUWKRQRUPDO
� P � Qc d

Q ~EDVLV RI R WKHQ ZH ZULWH q IRU WKH DQJOH � � q � EHWZHHQ H DQG WKHLM LM M
�

HLJHQVSDFH ( �{ � � �1RWH WKDW VLQFH VLPLODU PDWULFHV DUH FRVSHFWUDO� WKH HLJHQYDOXHVL

RI $ DUH LQGHSHQGHQW RI WKH RUGHULQJ RI WKH YHUWLFHV RI WKH JUDSK� � ,Q WKH OLWHUDWXUH

WKH QXPEHUV p  FRV q DUH FXVWRPDULO\ UHIHUUHG WR DV WKH DQJOHV RI * � DEXVLQJLM LM

WHUPLQRORJ\� 1RWH WKDW p  M3 H M� ZKHUH 3 UHSUHVHQWV WKH RUWKRJRQDO SUR MHFWLRQLM L M L

RQWR ( �{ � �L

7KH FRQQHFWLRQ EHWZHHQ DQJOHV DQG SHUWXUEDWLRQV LV H[SODLQHG LQ >� � @ � 7KH

FRQQHFWLRQ EHWZHHQ JUDSK DQJOHV DQG HLJHQYHFWRUV LV LPPHGLDWH VLQFH 3 H � ( �{ � �L M L

$ FKDUDFWHUL]DWLRQ RI FRVSHFWUDO YHUWLFHV LQ WHUPV RI WKH YHFWRUV 3 H LV JLYHQ LQL M

3URSRVLWLRQ ����

7KH FRQQHFWLRQ EHWZHHQ JUDSK DQJOHV DQG VHOI�UHWXUQLQJ ZDONV LV FOHDU IURP
P3

N NWKH VSHFWUDO GHFRPSRVLWLRQ $  { 3 �N w �� VLQFH RQ HTXDWLQJ �M�M � �HQWULHVLL

L �

�N �

ZH VHH WKDW WKH QXPEHU 1 RI ZDONV RI OHQJWK N EHJLQQLQJ DQG HQGLQJ DW WKH M �WK
M

P3
� NYHUWH[ LV p { � �7KLV DSSHDUV LQ >� � 6HFWLRQ �@ ZKHUH LW LV DOVR QRWHG WKDW LQ WKH
LM L

L � k l3
��+ X F N H O WKHRU\� p � { ! � LV HVVHQWLDOO\ WKH SUREDELOLW\ RI qQGLQJ DQ HOHFWURQ

LLM

DW WKH M �WK DWRP RI WKH FRUUHVSRQGLQJ PROHFXOH� � *LYHQ { �����{ � NQRZOHGJH RI
� P

WKH DQJOHV p �L  ������P � M  ������Q � LV HTXLYDOHQW WR NQRZOHGJH RI WKH QXPEHUVLM

�N �

1 �M  ������Q � N � N� �
M

+HUH ZH XVH JUDSK DQJOHV LQGHSHQGHQWO\ RI SHUWXUEDWLRQV WR HVWDEOLVK ZLWK

PLQLPDO HpRUW WKH UXOHV IRU WKH FRQVWUXFWLRQ RI FRVSHFWUDO JUDSKV DQG LVRVSHFWUDO

PROHFXOHV GLVFXVVHG LQ >� @ � 6RPH RI WKH UXOHV ZHUH SURSRXQGHG HDUOLHU >� @ � >� @ �

>� � @ � DQG VRPH RI WKH SURRIV DUH LPSOLFLW LQ SUHYLRXV SDSHUV RQ WKH FKDUDFWHULVWLF

SRO\QRPLDO RI D JUDSK �WKDW LV� GHW �[ , b $ � LQ WKH QRWDWLRQ DERYH� � VHH >� @ DQG

UHIHUHQFHV WKHUHLQ� 2QH QHZ UHVXOW KHUH UHODWHV WR WKH FRQVWUXFWLRQ RI FRVSHFWUDO

JUDSKV IURP D JUDSK ZLWK VR�FDOOHG LVRVSHFWUDO SDLUV RI YHUWLFHV� GHqQHG DV IROORZV�

/HW X � Y EH QRQ�DGMDFHQW YHUWLFHV RI D JUDSK * � DQG OHW * �X �Y � EH WKH JUDSK REWDLQHG

IURP * E\ DGGLQJ D QHZ YHUWH[ Z RI GHJUHH � DGMDFHQW WR X DQG Y � 7KH YHUWH[ Z
� �LV FDOOHG D EULG JLQ J YHUWH[� DQG WKH SDLUV IX �Y J � IX �Y J RI QRQ�DGMDFHQW YHUWLFHV

� �DUH FDOOHG LVR VSHFWUD O LI WKH JUDSKV * �X �Y � � * �X �Y � DUH FRVSHFWUDO� (TXDWLRQ �����

EHORZ SURYLGHV D IRUPXOD IRU WKH FKDUDFWHULVWLF SRO\QRPLDO RI D JUDSK PRGLqHG E\

WKH DGGLWLRQ RI D EULGJLQJ YHUWH[�

)RU H[SOLFLW H[DPSOHV RI WKH FRQVWUXFWLRQV GHVFULEHG LQ 6HFWLRQ � WKH UHDGHU LV

UHIHUUHG WR >� @ � $V LQ WKDW SDSHU WKH TXHVWLRQ RI LVRPRUSKLVP RI FRVSHFWUDO JUDSKV

LV QRW FRQVLGHUHG LQ WKLV QRWH�
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:H qUVW GHVFULEH D ZHOO�NQRZQ PHDQV RI FRQVWUXFWLQJ FRVSHFWUDO JUDSKV IURP
D JUDSK ZLWK FRVSHFWUDO YHUWLFHV� 7KH FKDUDFWHULVWLF SRO\QRPLDO RI D JUDSK * LV
GHQRWHG E\ � �[ � �*

3 U R S R VLWLR Q � �� � / HW + � . EH JUD S K V D Q G OHW Z EH D q [HG YHUWH[ R I . � ) R U D Q \
XYHUWH[ X R I + � OHW * EH WK H JUD S K R EWD LQ HG IUR P + > . E\ LG HQ WLI\ LQ J X D Q G Z � ,I

X YX � Y D UH FR VSHFWUD O YHUWLFHV R I + WK HQ WK H JUD S K V * � * D UH FR VSHFWUD O�

X3 UR R I� 7KH JUDSK * LV WKH XQLRQ RI WZR JUDSKV ZKLFK KDYH MXVW RQH YHUWH[
XLQ FRPPRQ� $FFRUGLQJO\� E\ >� � � &RUROODU\ �E@ � WKH FKDUDFWHULVWLF SRO\QRPLDO RI *

LV
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X Y7KXV LI � �[ �  � �[ � WKHQ * � * DUH FRVSHFWUDO� ¤+ c X + c Y

7KH UHODWLRQ EHWZHHQ YHUWH[�GHOHWHG VXEJUDSKV DQG DQJOHV ZDV HVWDEOLVKHG
LQ >� @ E\ H[SUHVVLQJ LQ WZR ZD\V D GLDJRQDO HQWU\ RI WKH PDWUL[ JHQHUDWLQJ IXQF�

�3
c N NWLRQ [ $ � +HUH $ LV WKH DGMDFHQF\ PDWUL[ RI D JUDSK * ZKRVH YHUWLFHV DUH

N  �

�3
c N NODEHOOHG ��������Q � ,Q WKH QRWDWLRQ RI 6HFWLRQ �� WKH �M�M � �HQWU\ RI [ $ LV

N  �
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N  �
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&RQVHTXHQWO\ ZH KDYH WKH IROORZLQJ FKDUDFWHUL]DWLRQ RI FRVSHFWUDO YHUWLFHV�

3 U R S R VLWLR Q � �� � 9 HUWLFHV X � Y R I D JUD S K D UH FR VSHFWUD O LI D Q G R Q O\ LI WK H D Q JOHV

D W X FR LQ FLG H Z LWK WK H D Q JOHV D W Y � WK D W LV� p  p �L  ������P � �LX LY

,I { LV D VLPSOH HLJHQYDOXH WKHQ WR ZLWKLQ VLJQ p LV WKH X �WK HQWU\ RI DL LX

XQLW YHFWRU ZKLFK VSDQV ( �{ � � KHQFH WKH UHPDUN LQ >� � S� ��� @ WKDW FRVSHFWUDOL

YHUWLFHV ?PXVW KDYH LGHQWLFDO DEVROXWH YDOXHV RI HLJHQYHFWRUV LQ HYHU\ QRQ�GHJHQHUDWH
HLJHQOHYHO� � ,Q WKH JHQHUDO FDVH� OHW [ �����[ FRPSULVH DQ RUWKRQRUPDO EDVLV IRU

� G

7 7 7( �{ � � VD\ [  �[ �[ �����[ � �N  ��������G � � 7KHQ 3  [ [ � ccc� [ [L N � N � N Q N L � � G G

� � �DQG VR p  [ � ccc� [ � KHQFH WKH UHPDUN LQ >� � S� ��@ WKDW ?WKH VXP�RYHU�
LM M� MG

GHJHQHUDWH�HLJHQYDOXHV RI VTXDUHV RI FRHsFLHQWV DW LVRVSHFWUDO SRLQWV PXVW EH HTXDO� �

7KH QH[W UHVXOW FRQFHUQV WKH FRQVWUXFWLRQ LQ >� @ RI D IDPLO\ RI JUDSKV ZLWK
FRVSHFWUDO YHUWLFHV IURP D JLYHQ JUDSK + ZLWK FRVSHFWUDO YHUWLFHV X � Y � $ WKLUG
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YHUWH[ W RI + LV VDLG WR EH DQ X Q UHVWULFWHG VX EVWLWX WLR Q YHUWH[ ZLWK UHVSHFW WR X � Y

LI IRU DQ\ JUDSK . � WKH YHUWLFHV X � Y UHPDLQ FRVSHFWUDO LQ WKH JUDSK REWDLQHG IURP
+ > . E\ LGHQWLI\LQJ W ZLWK D YHUWH[ RI . �

3 U R S R VLWLR Q � �� � / HW X � Y EH FR VSHFWUD O YHUWLFHV R I WK H JUD S K + D Q G OHW W EH D WK LUG

YHUWH[ R I + � 7 K HQ W LV D Q X Q UHVWULFWHG VX EVWLWX WLR Q YHUWH[ Z LWK UHVSHFW WR X � Y LI D Q G

R Q O\ LI X � Y D UH FR VSHFWUD O YHUWLFHV R I + b W�

3 UR R I� /HW * EH WKH JUDSK REWDLQHG IURP + > . E\ LGHQWLI\LQJ W ZLWK
D YHUWH[ Z RI . � %\ >� � � &RUROODU\ �E@ ZH KDYH � �[ �  � �[ � � �[ � �

* c X + c Wc X .

� �[ � � �[ � b [ � �[ � � �[ � � WRJHWKHU ZLWK D VLPLODU H[SUHVVLRQ IRU
+ c X . c Z + c Wc X . c Z

� �[ � � 6LQFH � �[ �  � �[ � � LW IROORZV WKDW X � Y DUH FRVSHFWUDO LQ * LI DQG
* c Y + c X + c Y

RQO\ LI c d c d
����� � �[ � b � �[ � c � �[ � b [ � �[ �  ��

+ c Wc X + c Wc Y . . c Z

+HQFH � �[ �  � �[ � IRU DOO FKRLFHV RI . LI DQG RQO\ LI � �[ �  
* c X * c Y + c Wc X

� �[ � � ¤
+ c Wc Y

5 H P D U N � ,W IROORZV IURP (TXDWLRQ ����� WKDW LI � �[ �  � �[ � IRU MXVW
* c X * c Y

RQH FKRLFH RI . LQ ZKLFK Z LV QRW LVRODWHG WKHQ W LV DQ XQUHVWULFWHG VXEVWLWXWLRQ
YHUWH[� IRU LI � �[ �  [ � �[ � WKHQ Z LV DQ LVRODWHG YHUWH[� 7R VHH WKLV ZH DSSO\

. . c Z

3URSRVLWLRQ ��� WR . � WDNLQJ {  � ZH KDYH p  � DQG p  � �L ! �� � ZKHQFH
� � Z LZ

H  3 H � ( �{ � DQG $ H  � � ¤
Z L Z � Z

:H QRZ WXUQ RXU DWWHQWLRQ WR WKH FKDUDFWHUL]DWLRQ RI LVRVSHFWUDO SDLUV RI YHU�
WLFHV� )LUVW QRWH WKDW WKH LQWURGXFWLRQ RI D EULGJLQJ YHUWH[ EHWZHHQ QRQ�DGMDFHQW
YHUWLFHV X � Y RI D JUDSK * LV HTXLYDOHQW WR DGGLQJ WKH HGJH X Y DQG WKHQ VXEGLYLGLQJ
X Y � $ IRUPXOD IRU WKH FKDUDFWHULVWLF SRO\QRPLDO RI D JUDSK ZLWK D VXEGLYLGHG HGJH
LV GHULYHG IURP D GHOHWLRQ�FRQWUDFWLRQ DOJRULWKP LQ >� � 3URSRVLWLRQ ���@ � ,I ZH DSSO\
WKLV WR WKH JUDSK * � X Y ZH REWDLQ
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* � X Y * * c X * c Y * c X c Y* �X �Y �

1RZ >� � � (TXDWLRQ ��� @ SURYLGHV DQ H[SUHVVLRQ IRU � �[ � LQYROYLQJ IXUWKHU DQ�
* � X Y

>L@
c �JOHV DVVRFLDWHG ZLWK D JUDSK� QDPHO\ WKH DQJOHV FRV r EHWZHHQ 3 H DQG 3 HX Y L X L Y

�GHqQHG ZKHQ 3 H � 3 H DUH QRQ�]HUR� � )RU RXU SXUSRVHV� ZH ZULWH WKLV H[SUHVVLRQ
L X L Y

LQ WKH IRUP � �
P; 3 H c3 H

L X L Y

����� � �[ �  � �[ � � b � b � �[ � �
* � X Y * * c X c Y

[ b {
L

L �

7KXV LV SURYHG LQ >� � @ E\ qUVW H[SUHVVLQJ LQ WZR ZD\V WKH �X �Y � �HQWU\ RI WKH PDWUL[
�3

c N NJHQHUDWLQJ IXQFWLRQ [ $ �FI� WKH GHULYDWLRQ RI (TXDWLRQ ���� � � � ,I ZH HOLPLQDWH
N  �

� �[ � � � �[ � IURP (TXDWLRQV ����� DQG ����� ZH REWDLQ
* � X Y * c X c Y
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,I ZH QRZ H[SUHVV � �[ � DQG � �[ � LQ WKH IRUP RI (TXDWLRQ ��� �� � ZH REWDLQ
* c X * c Y

P
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L X L Y

����� � �[ �  [ � �[ � b � �[ � �
* ** �X �Y �
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L

L �

7KLV \LHOGV WKH IROORZLQJ ?DEVROXWH YDOXH VXP UXOH IRU LVRVSHFWUDO SDLUV� FRQMHFWXUHG
LQ >� @ DQG MXVWLqHG LQ >� @ E\ PHDQV RI VHFRQG�RUGHU DSSUR[LPDWLRQV LQ SHUWXUEDWLRQ
WKHRU\�

� �3 U R S R VLWLR Q � �� � / HW I X �Y J� IX �Y J EH SD LUV R I Q R Q �D G MD FHQ W YHUWLFHV LQ WK H JUD S K
� �* � 7 K HQ I X �Y J � I X �Y J D UH LVR VSHFWUD O SD LUV LQ * LI D Q G R Q O\ LI

� �M3 H � 3 H M M3 H � 3 H M �L  ��������P � �
L X L Y L X L Y

� � 5 ( 0 $ 5 . 6

/HW 9 EH DQ LQQHU SURGXFW VSDFH� 8 D VXEVSDFH RI 9 � $ HX WD FWLF VWD U LQ 8 LV
GHqQHG LQ >� � @ HVVHQWLDOO\ DV WKH RUWKRJRQDO SUR M HFWLRQ RQWR 8 RI DQ RUWKRQRUPDO
VHW RI YHFWRUV LQ 9 � 7KXV LQ WKH QRWDWLRQ RI WKH SUHYLRXV VHFWLRQV� IRU HDFK L �
I��������P J WKH YHFWRUV 3 H �����3 H FRPSULVH D HXWDFWLF VWDU 6 LQ ( �{ � � 7KH

L � L Q L L

DQJOHV p �M  ������Q � DUH WKH OHQJWKV RI WKH YHFWRUV �RU DUPV� RI 6 � ZKLOH
LM L

>L@
c �FRV r LV WKH DQJOH EHWZHHQ WKH DUPV 3 H DQG 3 H � 7KXV WKH LQYDULDQWV ZKLFK

X Y L X L Y

GHWHUPLQH FRVSHFWUDOLW\ LQ WKH YDULRXV FRQVWUXFWLRQV GLVFXVVHG LQ 6HFWLRQ � DUH MXVW
LQYDULDQWV RI WKH JHRPHWULHV RI WKH HXWDFWLF VWDUV 6 �����6 �

� P

5 ( ) ( 5 ( 1 & ( 6

x� � 6 � 6 � ' 
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- � & R P E LQ � 7 K HR U\ 6 HU� % � � � �� � � � �� � � � ^ � � � �

� � ( � + ( ,/ % 5 2 1 1 ( 5 � ' DV . RP SRVLWLRQ V�3 ULQ FLS� HLQ H DQ VFKDXOLFKH 0 HWKRGH ]XU HOHN�
WURWKHRUHWLVFKHQ % HGKDQ G OXQ J Q LFKW RGHU Q LHGULJ V\P P HWULVFKHU 0 ROHNHOQ LP 5 DKP HQ
GHU 0 2 �7 KHRULH� + HOY � & K LP � $ FWD � � � �� � � � �� � � � ^ � � � �

� � : � & � + ( 5 1 ' 2 1 � 0 � / � ( / / = ( < � - 5 �� ,VRVSHFWUDO JUDSKV DQ G P ROHFXOHV� 7 HWUD K HG UR Q �
� � �� � � � �� � � ^ � � � �
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