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NUMERICAL DIFFERENTIATION
OF ANALYTIC FUNCTIONS

Malcolm T. McGregor

Earlier D. D. To§ié obtained an infinite series representation for the central
difference operator 6o f(z) = f(z + %h,eie) — f(z — %h,em), and used it to derive
an n-point interpolation formula for the derivative f'(z) of an analytic function
f(2). In this paper we give a direct proof of the n-point interpolation formula

for f'(z) with an error term R;,, expressed in integral form. Various other
formulae are also included.

D. B. ToS$i¢ in [1] has shown that the operator

bof(z)=f (z + g(f9> —f (z — g(%m)

admits the representation

(1)

e 2m—1
1 hD .
S0 =2 ’1(21n71)0
0 7;::1 (2m —1)! < 2 ) ¢

and this formula is used to obtain the numerical differentiation formula

(2)

n—1
1 _jkm h jhm h s
DI =D e H*E)f(E)} B

k=0

where the error term R1 5 is given by the series

” B }_’ 2n D2n+1f(2) }_’ 4n D4n+1f(2)
b=\ 2 (2n + 1)! 2 (4n + 1)! o
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In this note a direct approach to the derivation of (1) and (2) is given with
an integral form for the error term Rj , in (2), together with a finite series plus
error term form for (1). Various other formulae are also derived. We begin with
the algebraic identity

1 1 ¢ ¢ ¢

Py B o (T U (e VY PSSk
and differentiation with respect to ¢ gives

1 1 - m¢m1 ¢ [(m +1)(t — 2) —m(]

(-2 (-2 e Tt — - 0P

This, together with the CAUCHY integral formulae

RO f(t)
kl :%fmdt (k’zl,Q,,’fH),

c

then gives us

m— m)
(B) St =rE)+"()+ +£_:i_il

(m —1)!
f <1n 77‘1 —+ 1)(f — Z) — 77'!(] a
(t—2)m(t—2—¢)? ’
where ¢ is a circle centre z and is such that ¢ 4 z lies inside ¢. Using
h 40
2
i) = [ o
_hie

and (3) with m = 2r — 1, we deduce the finite series plus error term form for (1),
namely

1 he'? vt (2v—1)
(4) bof(z) =2 Z AR f (z) + Ror—1(0, h, 2),
v=1 :

where

= (t — 2 r—
R27'71(9vh’72) = L / % f( )C(f _ z[?thl(t 1 2 (QC)Q I)C:I dt dC

A

and c is a circle centre z and radius greater than .
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Note 1. To obtain (1) we simply use the infinite series

(—2=0F (=22 (=2 (t— )

and integrate term-by-term as above.

With r =1 in (4) we have

e z
oo f(2) = nf(2) + : / 7{ TCZ[)QT )C)C] dt d¢,

m|:~

2mi
—heio c
and setting 0 = 0 = %T gives, on summing over k =0,1,...,n — 1,
RIS
n—1 ) ’nf *791. 2 _
Z 6710"59A,,f(z) = nhfl(z) UG C[ ) C] dt d¢,
2mi (t—2)(t—2z—¢)?
k=0 €0k e
so that
610
Df( ) 1 7)2:1 79}‘(5 Z 719" 2 C[Q(f Z) C] dt d
P = ot 2mi f—z)(f—z—() ¢
k=0 T
which is (2) with a new form for the remainder Ry .
For higher derivatives of odd order we have
2r—1 272 (2r — 1) = i(2r—1)6
T r—
(5) D) = = ZO 80,1 (2) + Ror1n,

where the error term Roy_1 4 is given in integral form. To obtain (5) we snnply set
0 = 0 in (4), multiply through by e~ 12D and sum over k = 0,1, .. — 1; the
error term Ra,_1 , then takes the form

22722 — 1)1 g
Rar-1n = 7% D e Ry 1Ok, b, 2).
k=0

Next, we turn to the operator

wof(z) = % |:f (z + %em> + f (z — %(%i9>:|

which, in [1], is shown to admit the representation
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oo ()

and is used to obtain the numerical differentiation formula

n—1

Z ()'_1:27’91"/1/0;‘.]( (Z) + RQ’r’m:

k=0

(2r)12%7

nh?r

(7) D f(z) =

where the error term Ra,. , is given by the series

oo h 2vn
R _ i D2’r+21/n
rn Z 2r + 2V77 <2> f(z)
forr=1,2,...,n — 1. In case r = n, the corresponding formulae are

n 2n n—1
(8) D" f(z) = 2 h2'"2 [ Z wo. f )] + Ronn

and )
> 1 B\"
Ronn = —(2n)! E S p2ni+y) .
an. (”)V_1@n0+u»!<2> 1)

We now give a finite series plus error term form for (6) and indicate how (6)
may be derived directly. In addition, (7) is derived with an integral form for the
error term Ropp (r =1,2,...,n) and the case r = n is dealt with in similar fashion.
We begin with the identity

t— 2 1 CQ <—21/ <—21/+2

(t—z)Q—C2 = (t_z)+(t_z)3+'“+(t—Z)2V+1+(tfz)zy'kl[(t*Z)Q*CZ]‘

This, together with

1 1 1
0f(2) = — ¢ f(1 ar
pof(z) y f()<tz%(ﬂ9+tz+%c’?9>

Lty
27(7, (t — Z)2 — %6129

and ¢ = % gives, on using the CAUCHY integral formulae,

v o0 2m. .(2m) P
9) Mﬂd§:<z > %E%%+R%&m@

m=0

which is (6) in finite series plus error term form, where the error term is given by
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1 1 het? e
Raul0.09) = 50 o () rwa

C

A

and c is a circle centre z and radius greater than .

Note 2. To obtain the representation formula (6) we use the infinite series

t*Z — 1 J’_ <-2 +..+C—2V+
(—2P-C (-2 (-2P (t— )2

and integrate term-by-term as above.

Setting 6 = 0 = kﬂ—” and v = r in (9), and multiplying through (9) by e =270
r=1,2,...,n—1) and summing over k =0,1,2,...,n —1 (n > 1) gives
g g
n—1 2r n—1
X h f(2r>(z) )
—i2r6), . —i2r0),
Z e i Fpe, f(z) =n <§> W + Z Rop(0, h, 2)e 270y
k=0 k=0
and so )
2127
D¥f(z) = % Y e g, f(2) + Ropns
o k=0
where
7271
h2et20k % f(t)
Ropp = — - . dt.
2r,n n k;zzo 8mi Z)2r+1 [(f _ 2)2 _ %2({129k]

c

In case r = n we have

n—1 2n n—1
h (2n)
kZ::O;LQkf(z) =nf(z)+n <§l> f(Tn)(f) + Z Ron(0k, h, 2)

k=0

and so

) 271'22" — C@n)122n =

7

D" f(2) = Z;L@A (2) Y ZRQ” Ok, h,z)
giving
(2n)1227 [1 &2
D2nf(z) - h2,n [ 2/19" ) + RQT},,’!’M

where

 (2n)!'§ ~1 20120k f(t)
RZn,n = - % (t — dt

2 .
noo—= i / Z)272+1 [(f — )2 - %612&.]

which is (8) with a new form for the error term Ra, p.
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In conclusion, we prove that

n—1 22 2n+2 1y 2n+2
; h=D h D
10 120152 _ 9
(10) kzzo‘ Z 2 T Tnran
hQn,p-&-ZD 2np+2
= a8 oy R T 79
@np 1 2)] ) + fonpta,
and indicate how the formula
n—1
. hQDQ ]I,2n+2D 2n+2 h4n+2D4n+2
11 20052 — op
(11) ;‘ O ”( 2 T T @nral o ma2n )
may be established.
Now ) ]
00f(2) = f 2+ he™) + f (2 = he'”) = 2f(2)
heie
/ . 4 .
= /(f (z4¢) = f'(z=¢) d¢
0
and using (3) with 2m in place of m we have
he'?
2<3f(4)(2) 2(21n71f(21n)(z)
52 _ 20 " / AT T . B A A W |
of(2) / ( )+ =g e T ¢
0

h

1 e ft)- 4¢2m+l [(m + 1)t — 2)2 - mCZ]
+ — ) dt d¢
2mi 0/ Z{ (t — z)2m [(f — )2 - Cz]

h2e2D2f (2 hreDAf (2 pZmeizmop2m ¢,
, £ G, 1)
2! 4] (2m)!
+ Rom (0,0, 2).

Setting m = np + 1, 6 = 0 = kn—ﬂ and summing over k = 0,1,...,n — 1 after
multiplying through by e 2% we get

n—1 2712 2n+2 1y 2n+2

. h“D h D
267129"'63,]”@) _ o (1 f(2) Lk f(z) .
— k 2! (2n 4 2)!

hZ'n,p-&-QD 2n,p+2f (Z) ) n—1

—i20y
(2np + 2)! + Z e *Ronpt2(0k, h, 2)
k=0

which is (10).
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Note 3. To obtain (11) we use the infinite series

: : ¢?
Pl =@+ G + 57 + -
in place of (3) and proceed as above.
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