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APPROXIMATION THEOREMS FOR
FUNCTIONS CONVEX WITH RESPECT
TO CHEBYSHEV SYSTEM

Ljubisa M. Kocié

The approximation of a function, which is convex with respect to a given Cheby-
shev system {uo,u;} is considered. Two theorems are proved: The first one
states the convexity of a sequence of linear combination of truncated “linear”
functions in the sense of Chebyshev. The second theorem establishes the esti-
mation of an error in approximation of a Chebyshev-convex function by such
linear combinations. In a special case, if one takes the system {1,z}, the known
results of Popoviciu and Toda are obtained.

0. A number of classical theorems of L. GALVANI [1], K. Topa [2] and T. Po-
POVICIU [3] consider the problem of approximation of a convex function by picewise
affine function. In [4] some generalisations of this theorem were given. In this
paper, the problem of approximation of function convex with respect to CHEBYSHEV
system {ug, w1} is studied.

1. Let —0co < a < b< +oo and I = [a,b]. For a continuous real function f: 1 — R
we shall say that it is convex on I with respect to CHEBYSHEV system {ug, uy} if

= lug(za) wi(z2) f(z2)|>0,
uo(xs) wi(zs) f(xs)

(1)

1, T2, T3

<u0. ul.f> ug(x1) wi(wy) f(x1)
o (o

whenever a« < 21 < 79 < x3 < b. In this case, according to [1], it will be said that
f belongs to the cone C (ug,u1), of functions convex with respect to {ug, u1}.

It is known ([5]) that the functions ug and uq, forming the CHEBYSHEV system
on [a, b], can be explicitelly expressed using functions wg and wi, positive on I, such
that wo € C'[a,b] and w; € Cla,b]. Namely, we have
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(2) uo(z) = wo(x), up(z) = wo(x) /wl(t) dt, a <z <hb.

For a convex cone C' we denote by W = C'N(—C) the maximal vector subspace
contained in C (see [6]).

As fuge C (ug,uy), £ug € C (ug,ur), we see that W is exactly the set {wg, u1}
of indepedant solutions of equation

(3) U(’“’O? ula f) — O
T1, T2, T3

2. In this section we shall introduce some assumptions and notations.

Let 0,,(I) be a division of the interval I = [a, b]

(4) a=xg< 1< - <xTH=n>0,

(5) s { g, 2ke1), 0<k<n-—2
k:

[Tn_1,7n], k=n-—1

It is obvious that
n—1
I:UIk:[a,b], L,NLG=0 (k#j).
k=0

The characteristic function & is defined, as usually, by

1, z€l
(6) op(z) = (0<k<n-—1),
0, =&l
1 >
and the function x — h.(z) = { » T2 Let
0, z<ec
def
(7) hp(z) = hg, ().

Obviously, ho(z) = 1 on [a,b], and h,(b) = 1.

The following relationships between the functions (6) and (7)
(8) Sr(x) = hp(z) — hpga(z) 0<k<n-—2),

9) bn—1(z) = hn—1()
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hold, for every x € I. On the basis of (8) and (9), we have

(10) I (z) = Z or(z) (m=0,1,...,n—1).
k=m

3. Let the CHEBYSHEV system {ug, u1} be given by (2). The set of the solutions
of inequality (1) forms the cone C(ug,u1) with the maximal subspace W with the
basis {uo,u1}. Moreover, we have

x

W = span { ug, u1 ‘uo(m) = wo(z); ui(z) = wo(x) /wl(t) dt
a
Let the functions Ly € W (k=0,1,...,n — 1) be given by
x
(11) Ly(z) :Akwo(fn)+Bkwo(fn)/wl(t)dt (k=0,1,...,n—1),
T

(A, By are real constants). If functions Lg(x) interpolate the function f in points
2 and xgy1, then Li(zg) = f(zk), Lr(vrt1) = f(2k41), from which we get

3 Apyir — A
(12) Ay = f(”), Bp="t "k (b=0,1,...,n—1),
wo(rk) Jp(zpa1)
where
(13) ,]k(m):/wl(t)dt (k=0,1,...,n—1).
T

Definition 1. A generalized polygonal line of order n in the CHEBYSHEV system
{uo,u1} is the function @, which is

1° continuous and bounded on I,

2° for arbitrary o, (1), on(x) = Li(x), v € I}.

Lemma 1. Let f € Cla,b] and o, of [a,b] be given. Then, the generalized poly-
gonal line of order n has a form

(14) pn(r) =D ok(x)Lr(z) (e <z <D),
k=0

where 8y is given by (6), Ly by (11).

Proof. 1t is easy to prove, by direct checking, that o, (z), given by (14),
satisfies 1° and 2° in Definition 1.
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The function ¢,, can be expressed in a more suitable form.

Lemma 2. The alternative form for o, reads
n—1

(15) on(x) = Aoug(z) + Bouy(z) + Z mip1(x; )
k=1

where the functions ug and uy are given by (2), Ao and Bo by (12), my, with
(16) mp = B — Bg_1 (k=1,2,...,n—1),

and where

0, a

IN
=
IN

(17) p1(r;c) = q,}o(m)fxwl(t)dt, ¢

IN
=

IN
=

Proof. From (14), (8), (9) and (10), we obtain
n—2

on(e) = 3 640 Lu() + b 1(2) L1 (2)
k=0
n—2

= (hk(m) — h,k+1(x))Lk(m) + hp—1(z)Ln_1(x),
k=0

which, in virtue of (11) and (12), we can write, omitting arguments of the functions,
in the form

n—2 n—2 n—2
en(z) = —wo Z ArAhy + Z BrwoJiphg — Z BrwoJghgs1
k=0 k=0 k=0

+ Ay qwohy 1+ Bpn_1woJn_1hn_1,

ie.
n—2 n—1 n—2

(18) @n(x) = —wy ZAkAhk + A, _qwohgp_1 + Z BrwoJghy — Z BrwoJghg+1.
k=0 k=0 k=0

It immediately follows that
e1(z;ak) = wolx)Jg(2)hg(x),
where hy, Ji and ¢1(z;zg) are given by (7), (13) and (17). If we introduce

(19) Dy = Jr — Jpt1,
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the equality (18) becomes

n—2 n—2
en(z) = —wo Z ARAhy + A, _qwghp—1 — wg Z ByDyhgi1
k=0 k=0

n—1 n—1
+ ZBktm(ﬂ?;ﬂ?k) - ZBk—nm(-T;mk%
k=0 k=1

ie.
n—1
(20) on(z) = wolz)on(z) + kaapl(m;mk),
k=1
where we use (16) and introduce
n—2 n—2
(21) an(x) = BoJoho + Ap—1hp—1 — Z ApAhy — Z BrDghgt1-
k=0 k=0

Further, we have ho(z) = 1 for = € [a,b]. On the basis of (12) and (19) it immedi-
ately follows that

(22) Dy By = Apt1 — Ag.

The relations (13), (21) and (22) give

n—2 n—2
(23) (Yn(T) = BgJo + Z Aphe + Ap_1hp_1 — Z Agtihgr1 = BoJo + Ag.
k=0 k=0

Substituting (23) in (20) we get (15) which proves the lemma.
Lemma 3. If f € C(ug,u1) on [a,b], then the coeffitients my in (15) are nonne-
gative for every k =1,2,...,n — 1.

Proof. TFrom (12), (13) and (16) we have

A — A Ap — Ap_
(24) mg = kil k_ Lk k L
Je(T 1) Ji—1(zk)

On the other hand, division o, of [a,b] fulfils the condition zx_1 < xr < xg+1, and
according to the supposition of lemma that f € C(ug,u1), we get

uo, uy, f
(25) U( > = uo(zp_1)uo(zg)uo(rri1)V (k) >0
Thk—1, Tk, Tk+1

where V (k) denotes the determinant
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1 Jo(zk—1) Ap—1
1 Jo(wg) Ag
1 Jo(zky1) At

which is nonnegative as a consequence of ug(zg—1)uo(rg)uo(rrr1) > 0. After evi-
dent transformations we have

V(k) = (A1 — Ap)Te-1(en) = (Ap = Ap1)Te(@h41)-
From (24), (25), and the above equality we find

V (k)
Jr-1(zr) Jr(@pr1)

mg =

In virtue of positivity of Jx_1(z) and Jg(zk11) and nonnegativity of V (k) we obtain
that mg >0 (k=1,2,...,n —1).

Lemma 4. Let the division o, of the interval [a,b], be given. Every function
x — pp(z) given by (15), where Ag and Bg are arbitrary real constants, and where
mr >0 (k=1,2,...,n — 1) belongs to the cone C(ug,u1) on [a,b].

Proof. The structure of convex cone C(ug,u1) ensures that —ug and —u;
belong to it. Furthermore, for arbitrary Ag and Bg, we have Agug+ Boui € C (ug, u1).
It is known ([5] p. 381) that every function ¢;(z;z%) belongs to C(ug,u1) (k =
1,2,...,n — 1). Accordingly, every linear combination of functions ¢1(z;xy), with
nonnegative coefficients my belongs to the cone C(ug, u1). This completes the proof.

Now, we are going to consider the question of the uniform convergence of

the sequence (@1(7’))(1)0 toward the function f. Namely, the following lemma takes
place.

Lemma 5. Let the function f:[a,b] — R be continuous (from the right in x = a
and from the left in @ = b). Let the interval [a,b] be divided by equidistant o,
division i.e. let

_bfa,

(26) r=a+vh, h =

(v=0,1,...,n).

n

Then, the sequence of functions ¢, defined by (15), and where Ay, By, my and
p1(x;2k) are given by (12), (16) and (17), converges uniformly toward the function
f on [a,b].

Proof. Let the function g be defined by

(27) S PAC N Y

wo(x)’

This functions is continuous in virtue of continuity of f and positivity and continuity
of wg. From (11), (12) and (13) for every « € I, = [xp, zp+1] We have
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g(mp+1) - g(xp)
Jo(xpt1) — Jo(wp)

(28)  Lyle) = glap)wolx) + wolw) (Jox) = Jolay)).

and
(29) on(z) = Lp(x) for z €I,
Oun the basis of (28) and (29) we get

(30) [f(w) = en(x)| = [f(2) = Lp(x)|

= Juo(e)| [g(e) — (o) — 2z Z9CD) (0 Jo<mp>)‘

Jo(xpr1) — Jo(zp)

Jo(ﬂ?p-&-l) — Jo(x)
Jo(zps1) — Jo(zp)

lg(x) — g(xp)]

< <>{

Jo(x) — Jo(p)

+ Jo(xp+1) = Jo(ap)

la(x) - g<mp+1>|}.

As wg € Cla, b], then there exists a constant K > 0 such that

(31) K = Jnax, |wo(x)] .

On the other hand, from the fact that wy(xz) > 0, we have

Tpt1 Tp+1 !
(32) 0< Jo(wp+1) = Jolw) = / wy(t)dt / wy(t)dt <1
Jo(zp+1) — Jo(xp)

and

-1

(33) 0< J(;](OI(:;L);]OJ(Z(Z;);,) = /wl(t) dt / wy(t)dt <1

because of x € I,. On the basis of relation (30) (33) we obtain

(34) £ (2) = en(@)| < K (lg(@) = g(p)] + 9(2) = g(2p11)])

n

b—a
< 2Kw,(h) = 2ng< a) :

where wy is the modulus of continuity of the function g, defined by (27), and

wg(b;—a) — 0 when n — oo, as a consequence of continuity of g.
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Remark 1. A proof of this lemma can be derived without the supposition of equi-

distantness of division ¢,,. In this case it is sufficient to ensure that lim max (v —
n—o0 1<k<n

rr—1) = 0.
From the Lemmas 1-5, we obtain the following theorem:

Theorem 1. Every function ¢, (n = 1,2,...) given by (15) where Ay and DBg
are arbitrary real constants and my > 0 (k= 1,2,...,n — 1) is convezx with respect
to the CHEBYSHEV system {ug,u1} on [a,b], i.e. o, € C(ugp,u1).

Theorem 2. FEvery function f € C(ug,u1) continuous on (a,b) and continuous
from the right in a and from the left in b, is an uniform limit of the sequence of
generalized polygonal lines (p,)5° defined by (15), where Ag, By € R and my > 0
(k=1,2,...,n—1).

Remark 2. As it is explicitely mentioned in theorem, f must be continuous from
the right in the point z = a and from the left in x = b, since every function f which
belongs to the cone C(ug,u1) on [a,b], has the property of continuity on the open
interval (a,b), i.e. f € C(a,b) (see [5] p. 380). Thus, the suppositions for the end
points are justified.

Remark 3. In some special cases, our theorems reduce to the known theorems.
For example, for ug(x) = 1, u1(2) = = we obtain the results apearing in the works
of L. GALVANI [1], K. Topa [2] and T. Poproviciu [3]. In the case ug(x) = cosz,
ui(z) = sinz or ug(z) = coshx, uy(z) = sinhz we obtain a theorem from [4].
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