
8 1 ,9 � % ( 2 * 5 $ ' � 3 8 % / � ( / ( . 7 5 2 7 ( + 1 � ) $ . �

6 HU� 0 D W� � �� � � � �� � � ^ � � �

$ 1 2 7 ( 2 1 T ^ * $ 0 0 $ ) 8 1 & 7 ,2 1

9 OD MNR / M� . RFLxF

,Q WK LV S D S H U F H U WD LQ S U R S H UWLH V R I T^ J D P P D IX Q F WLR Q D U H VWX G LH G � : H S UR Y H

U H OD WLR Q �� �� � Z K LF K UH OD WH V WK H T^ J D P P D IX Q F WLR Q V LQ WK H F D VH V � � T � � D Q G T ! � �

6 R P H D S S OLF D WLR Q V R I WK LV UH OD WLR Q D UH D OVR J LY H Q � ) LUVW� Z H G H ULY H D Q D Q D OR J X H

R I WK H % R K U^ 0 R OOH U X S WK H R UH P IR U WK H T^ J D P P D IX Q F WLR Q LQ WK H F D VH T ! � � 2 X U

U H VX OW LV P R UH J H Q H UD O WK D Q WK H 0 R D N 
V >� @� $ OVR � WK H E H K D Y LR U R I WK H T^ J D P P D

IX Q F WLR Q Z LWK U H VS H F W WR T LV F R Q VLG H UH G �

� � ,1 7 5 2 ' 8 & 7 ,2 1

) � + � - D F N V R Q >� @ GHqQHG D JHQHUDOL]DWLRQ RI WKH IDFWRULHO IXQFWLRQ E\

Q c ��Q � �  ��� � T � ccc�� � T � ccc� T �T

IRU T ! �� DV ZHOO DV D JHQHUDOL]DWLRQ RI WKH JDPPD IXQFWLRQ E\

� c [�T � T � �� b T �
�

����� [ �� c �[ �  � �� � T � ��T [�T � T �
�

c � c � � c [
[ �T � T � �T b ��

�� �
������ [ �� c �[ �  T c � �T ! ��T

c [ c ��T � T �
�

�4
QZKHUH �D � T �  �� b D T � � DQG [ LV UHDO�

�

Q  �

5 � $ V N H \ >� @ FRQVLGHUHG RQO\ WKH FDVH � � T � � DQG VKRZHG WKDW T^JDPPD
IXQFWLRQ KDV PDQ\ VLPLODU SURSHUWLHV DV FODVVLFDO JDPPD IXQFWLRQ� )RU H[DPSOH� DQ
DQDORJXH RI % R K U ^ 0 R O O H U X S WKHRUHP LV

7 K H R U H P $ � / HW I EH WK H IX Q FWLR Q Z K LFK VD WLVq HV�

[� b T
����� I �[ � ��  I �[ �� IRU VRPH T � � � T � ��

� b T

����� I ���  ��

����� [ �� ORJ I �[ � LV FRQYH[ IRU [ ! ��

$ 0 6 6 X E MHFW & OD VVLq FD WLR Q �� � � � �� 3 ULP D U\ � � $ � � � 6 HFR Q G D U\ � � $ � � �

��



�� 9 OD MN R / M� . R FLxF

7 K HQ I  c �T

' � 6 � 0 R D N >� @ VWXGLHG WKH FDVH T ! � � +H JDYH WZR DQDORJXHV RI % R K U ^

0 R O O H U X S WKHRUHP� +H VKRZHG WKDW WKH IXQFWLRQ I � VDWLVI\LQJ �� ��� � �� ��� �T ! ��
� �G GDQG IRU [ ! � ORJ I �[ � � � RU ORJ I �[ � w ORJ T � LV WKH T^JDPPD IXQFWLRQ�
� �G[ G[

7KH EHKDYLRU RI T^JDPPD IXQFWLRQ� ZKHQ T FKDQJHV� ZDV FRQVLGHUHG E\ 5 �

$ V N H \ >� @ LQ WKH FDVH � � T � � DQG E\ ' � 6 � 0 R D N >� @ IRU T ! � �

� � 5 ( / $ 7 ,2 1 % ( 7 : ( ( 1 c $ 1 ' c � S T  �S T

/ H P P D � / HW S � T ! �� S � T � �� S T  �� 7 K HQ

[ c �
c � ������� c �[ �  T c �[ ��S T

3 U R R I � )RU H[DPSOH� OHW � � T � � � 7KHQ S ! � DQG ZH KDYH

c � c � � c [
[ �S � S � �S b ��

�� ��c �[ �  S cS
c [ c ��S � S �

�

� c [ [ c �T
[ c �[ �T � T � �� b T �

�c c� � � �� � T c  T c �[ � �T[�T � T �
�

ZKLFK SURYHV WKH /HPPD�

1RZ� ZH VKDOO JLYH VRPH DSSOLFDWLRQV RI WKH DERYH OHPPD� )LUVW� ZH VKDOO SURYH
WKH DQDORJXH RI % R K U ^ 0 R O O H U X S WKHRUHP IRU T ! �� ZKLFK KROGV XQGHU ZHDNHU
VXSSRVLWLRQ WKDQ 0 R D N 
V 7KHRUHP � IURP >� @ �

7 K H R U H P � � / HW I EH D SR VLWLYH IX Q FWLR Q G Hq Q HG R Q ����� � Z K LFK VD WLVq HV �� �� ��

�� �� � IR U VR P H T ! �� D Q G

ORJ T
������ [ �� b [ � ORJ I �[ � LV FRQYH[ IRU [ ! �� T ! �

�

7 K HQ I  c �T

3 U R R I � 6XEVWLWXWLQJ

[ c �
c � ������� ) �[ �  T I �[ � �

LQWR �� ��� � �� ��� � ����� � ZH qQG w x
[� b S �

) �[ � ��  ) �[ � � S  � � � S � �
� b S T

) ���  �



$ Q R WH R Q T^ J D P P D IX Q FWLR Q ��

�DQG WKDW WKH IXQFWLRQ [ �� �� b [ � ORJ T � ORJ ) �[ � LV FRQYH[ IRU [ ! �� 7KLV LPSOLHV�
WKDW IXQFWLRQ [ �� ORJ ) �[ � LV FRQYH[ IRU [ ! � DQG ZH FRQFOXGH WKDW WKH IXQFWLRQ )

VDWLVqHV FRQGLWLRQV RI 7KHRUHP $� ,W IROORZV WKDW )  c � � � S � �� DQG ZH REWDLQ�S

E\ XVLQJ ����� � WKDW I  c � ZKLFK SURYHV WKH WKHRUHP�T

�G6XSSRVLQJ FRQGLWLRQ ����� UHGXFHV WR ORJ I �[ � w ORJ T � DQG ZH REWDLQ WKH
�G[

UHVXOW RI ' � 6 � 0 R D N >� @ �

6LPLODUO\� DV WKH 7KHRUHP �� E\ XVLQJ 0 R D N 
V 7KHRUHP � LQ >� @ � LW FDQ EH
�GSURYHG WKDW WKH IXQFWLRQ I VDWLVI\LQJ ����� � �� ��� DQG ORJ I �[ � � �� IRU [ ! � LV
�G[

WKH T^JDPPD IXQFWLRQ� � � T � ��

$OVR� LW LV HDV\ WR SURYH E\ XVLQJ ����� � WKDW WKH / H J H Q G U H GXSOLFDWLRQ IRUPXOD�
* D X V V PXOWLSOLFDWLRQ IRUPXOD IRU T^JDPPD IXQFWLRQ� ZKLFK DUH REWDLQHG E\ 5 � $ V N H \
>� @ LQ WKH FDVH � � T � �� KROG� LQ XQFKDQJHG IRUP� IRU T ! � �

� � 7 + ( % ( + $ 9 ,2 5 2 ) c $ 6 7 + ( ) 8 1 & 7 ,2 1 2 ) TT

7 K H R U H P � �

�L� ,I � � U � T � � WK HQ

[ c �w x� ��[ c � U� ������� U c�[ � � c �[ � � c �[ � � c �[ � � c�[ � �T U T

T

IR U � � [ � � R U [ w ��

[ c �w x� �� [ c �U � ������� c�[ � � c �[ � � c �[ � � c �[ � � U c�[ � �T U T

T

IR U � � [ � ��

�LL� ,I U ! T ! �� WK HQ

[ c �w x� �� [ c �U � ������� c�[ � � c �[ � � c �[ � � c �[ � � U c�[ � �T U T

T

IR U � � [ � � R U [ w ��

[ c �w x� ��[ c � U� ������� U c�[ � � c �[ � � c �[ � � c �[ � � c�[ � �T U T

T

IR U � � [ � ��

3 U R R I � 6RPH RI WKH DERYH LQHTXDOLWLHV DUH SURYHG LQ >� @ � >� @ �

� �/HW � � U � T � � � 6LQFH ! ! � ZH KDYH �VHH >� @ �U T

c �[ � w c �[ � w c�[ � ��  U �  T



�� 9 OD MN R / M� . R FLxF

IRU � � [ � � RU [ w �� 8VLQJ ����� ZH REWDLQ

[ c � [ c �
c c� � � �� �U c �[ � w T c �[ � w c�[ � �U T

ZKHUHIURP IROORZV
[ c �w x� �� [ c �U � ��c �[ � w c �[ � w U c�[ � �U T

T

2WKHU LQHTXDOLWLHV LQ ����� DUH SURYHG LQ >� @ �

,QHTXDOLWLHV ����� � ����� � ����� FDQ EH SURYHG VLPLODUO\�

$ GLUHFW FRQVHTXHQFH RI WKH 7KHRUHP � LV WKH IROORZLQJ

7 K H R U H P � � / HW T ! �� T � �� 7 K HQ � IR U [ ! �

[ c �� ������� c �[ �  e c�[ � �T

Z K HUH e LV D IX Q FWLR Q R I T � [ � VX FK WK D W

PLQ��� T � � e � PD[��� T � �

5 ( ) ( 5 ( 1 & ( 6

� � ) � + � - $ & . 6 2 1 � 2 Q T^GHq Q LWH LQ WHJUDOV� 4 X D W� - � 3 X UH $ S S O� 0 D WK �� � � �� � � � ��
� � � �� � � �

� � 5 � $ 6 . ( < � 7 KH T^JDP P D DQ G T^EHWD IXQ FWLRQ V� $ S S OLFD E OH $ Q D O�� � � � �� � � � � � � ��
� � � �� � � �

� � ' � 6 � 0 2 $ . � 7 KH T^JDP P D IXQ FWLRQ IRU T ! � � $ HT X D WLR Q HV 0 D WK �� � � �� � � � �� � � � �
� � � �

) D FX OW\ R I ( OHFWULFD O ( Q J LQ HHULQ J � �5 HFHLY HG - X Q H � � � � � � �
8 Q LY HUVLW\ R I % HOJ UD G H�
3 �2 �% R[ � � � � � � � � � % HOJ UD G H�
< X J R VODY LD


