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735. ON GENERALIZED CONVEXITY PRESERVING MATRIX
TRANSFORMATION*

Ljubifa M. Kocié

The necessary and sufficient condition for a real triangular matrix (p,;) (0<k<
<n, n=0, 1,...) have been investigated, so that the implication
(Bns2+ (P+4) @ny P98 20) 2> (Spyy+(P+9) Snsy+ PG 55 20)
H o
(n=0, 1,...) holds, where is S,= > pu-kax (n=0,1,...).
k=0

Two particular cases: 1° p=¢>0 and 2° p=1, ¢>0, g#1, have been considered.

1. Let a=(a,) (n&€N,) be an arbitrary real sequence. For real p and g we de-

fine difference operator A, , with

(1.1 Ap.qan=an+2_(p+q)an+1+ann (nEN,).
It is easy to see that the following properties

(1.2) A, (Ca)=CA,  a (C — real constant),
(1.3) A, ,(a, +b) A, a,+48,,.b,,

hold.

Now, we shall introduce the concept of (p, g)-convexity of real sequence.

Definition 1. We say that a sequence (a,) (n<N,) is (p, q)-convex if
(1.4) A, ,a,20

for every n=0, 1, 2, ....

Note that, in a particular case A, ;=A% i. e. for p=g=1, A,  reduces
on the well-known second difference and definition 1 becomes a defmmon of
convex sequence of order 2.

Let (p)(k=0,1,..., n, n=0,1,2,...) be an infinite triangular matrix
of real numbers, and let a sequence (s,) (n<N,) be defined by

(1.5) 50=5, @ =3 Punst MEN).
k=0
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4 Lj. M. Kocié

It is clear that (1.5) represents a transformation T of a sequence @ into a se-
quence s, i.e. s=17a.

In [1), N. Ozex1 gave the sufficient conditions for the triangular matrix
(p,4) so that for each convex sequence (@,) the implication

(1.6) (A?a,=20) = (A?s,(a)=0)(nEN)),

is valid.
In 2], D. S. MitriNovIC, I. B. LAckoviC and M. S. Stankovi€¢ proved
that these sufficient conditions are at the same time the necessary ones.

k k
Putting pf,l,)k= > Pujs pf,z,)k= > pf,l,)j, the complete theorem reads:
j=0 j=0

Theorem A. The necessary and sufficient condition that the implication (1.6) is
valid, for every sequence (a,), where the sequence (s,) is given by (1.5), is that
the following conditions

1 1
@) Pid2,ni2—2Palt, ne1+Pun=0,
2 2
(8) Pata,ne1—2Purtt,n+Pron-1=0,
2 2
(ay) pSH)—Z,n—k+2— ZPSIZ-{)-I,n—k+l +Pf,,)n—k20 k=2,..., n),
2
(ap Pﬂz, 1—2 PS:-)H, 0=0,
2
(as) PSH)»Z, 0=0.
hold.
In present paper the necessary and sufficient condition for matrix T pre-

serving (p, p)-convexity, p>0, i.e. (1, g)-convexity ¢>0, g#1, will be given.
The difference equation

.7 A, ,a,=0, p>0, ¢>0,
has the characteristic equation
(1.8) MN—(p+g@ r+pg=0.

If p and q are real, two essentially different cases will be considered:

1° p=g. In this case, the basic system of solutions of the equation (1.7)
is (p", mpY(n=1,2,...);

2° p+£q, then the basic system is (p", ¢\ (n=1, 2,...).
2. In this part of paper we will consider p=gq, p>0, i.e. the difference
operatcr
2.1 A, .a,=Ara,=a,.,~2pa,, +p*a, (ncN).

The formal equality A, a,=A2a, is a consequence of the iteration of
the first order difference operator

2.2) A,a,=a,, —pa,.
Indeed, we have A, ,=A, (A,)=A2
Now, we will prove the following lemmas.
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Lemma 1. For every m=1, 2, 3,... the sequence (™) (i=1, 2,...) defined by
um_{ Pi Y lélém
' (i—-m)p', izm+1, p>0,
is (p, p)-convex, i. e. A2u™=20 (i=1,2,...; m=1,2,3,..)).
Proof. It immediately follows for sequence (2.3) that for every m=

=1,2,3,... we have
pm+2, i=m

0, i#£m,

and, if we take into account the condition p>0, we have the proof of the

lemma.
Now, for triangular matrix (p,,)(k=0,1,...,m n=0, 1,2, ...), we put

APZ uim — [

k k
(25) Pn,k=zpn_lpm" Qn,k=ZPn,i‘

i=1 i=0
Also, we write
by=a,, b,=A,a,=a, - pa,, by=82a_,=a,—2pay_,+p*a,_,(k=2,3,...,n).
We have the following lemma;

Lemma 2. For every n=0,1,2,... and s,(a) defined by (1.5), the following
identity holds

1 1 1

(2.6) Sn @ =Pn,n bo +— Qnn bl +—; Qnn2 b2 t-eet— Qmobn’
p p p

where a is an arbitrary real sequence.

Proof. Determine the coefficients «;, «,,..., &, in
2.7 a,=ayb,+a b+ - +a,b,
for an arbitrary a,, a,, ..., a,. Putting in (2.7) a;=p*'(i =0,1,2,...) we
have by=a,=p, b,=0(k=1, 2,..., n), because the sequence p'*! is (p, p)-con-
vex. Put a;=u*(i=0,1,. .,n). In virtue of lemma 1, for fixed k, we have
b,=p* and b,=0 (i#k) and we get o, =(n—k+1)p"*(k=1,2,..,n).
In such a manner, (2.7) becomes
a,=p"by+np" ' b +(m~ 1) p"" by + .- - +2pb, ,+b,,
so we have
Sp= (pnn+pprm——1 +p2Pnn—2 +oee +pnpn0) bo
+ Puney T2 PPzt o -+ D) by
+(pnn—2+2ppnn—3+ e +(n— 1) pn~2pn0) b2
e +(2ppno+pnl)bn——l +pn0bn’
wherefrom (2.6) follows.
Now, we have the following theorem:
Theorem 1. The necessary and cufficient condition that the implication

(2.8) (@p42— 2Py +P*a,20) = (5,.,—2PS,,, +P*5,20)
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(neEN,, p>0) is valid, for every sequence (a,), where the sequence (s,) is given
by (1.5), is that the following conditions hold:

(®) Prirne2=2PPpiy,ney PP, ,=0,

®2) Quizne1—2P i, ns P Qn ey =0,

(®5) Cuininsz=2PCnitontrr1 P> Q@ n i 20 (k=2,3,..., 1),
B0 Quiz1=2PCyi1.020,

bs) 0,42,020 (i.e. p,,=0).

Proof. Prior to proceeding to the proof of this theorem we will establish
that on the basc of (2.6) we have

(2-9) ApZSn=(Pn+2,n+2_2an+1,n+1+P2Pn,n)bo

1
+;(Qn+2, ni1= 2P @it nt P2 Qp w1 by

A |
+2 —k(Qn+2. nte+2= 2P Qv tinterr TP Qo i) b
k=2P

1 1
F——(Qn12,1=2P Cps1,0 bury +F Qni2,0bn42

pn+l

The conditions (b,) — (b;) are necessary.

The identity (2.6) holds for an arbitrary sequence (a,) (n&N,). If we take
a,=p"*'(n=0,1,2,...), we have A??q,=0. In virtue of the implication (2.8),
taking into account that b,=0 (k=1, 2,..., n), we get

(2‘10) Apzsnzpn+2,n+2—2an;i-l,n+1+p2Pn,ngO'

Otherwise, the sequence a,= —p"*'(r&N)) is also (p, p)-convex and for
this rcason

(2.11) Ap2Sn= ~(Ppigni2—2PPpiy, nis +p2P,,, »=0.

The inequalities (2.10) and (2.11), taken together, give the condition (b,).
Now, let a,=@m+1)p"*t(mneN,). We have b,=p?, b, =0 (k=2,...,n)

and A,%2a,=0, so that

1
(212) Ap2 sn= ; (Qn+2, n+1— 2p Qn+1, n+p2 Qn, n—l)ng 0'

On the other hand, for a,= —(n+1)p"*'(mEN,), we have b, = —p? b, =
=0(k=2,...,n) and Aa,20. Thus, we get

1
Ap2 Sn='; (Qn+2,n+l - 2an+l. n+P2 Qn, n—l) (_p2)209

which together with (2.12) and for p>0 gives (b,).
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With the conditions (b;) and (b,), (2.9) becomes

U |
(213) Apzsn'_‘ 2 —I;(Qn+2, n—k+2—2an+1, n—k+1 +p2 Qn, n-—k) bk

k=2
1

(Qn+1 1 2an+l O)bn+1 + "+2Qn+2,0bn+2'
Further, choose a=u™, where w™=(u™) is given by (2.3). Let,

(2.19) bm=A02uiy (k=2,3,..., m=1,2,..),

Thus, for fixed m=k—1 we have b* 1=p**120, so it will be

Apz s"_p Qns2.nkr2=2P Qper, nk+1 +p? 0, ”_k)p’”’l =0

n+1

n+1

wherefrom, for k=2, 3,...,n we have the condition (b;).
Now, (2.13) becomes

Apzsn—‘ (Qrs1,2=2PQps1,0 busr + ,,+2Qn+2,obn+z-

n+1

Further, if we put k=n+1, m=n in (1.14), we have bni=4A2u"=p"" 1,
bn,2=0. On the basis of (p, p)-convexity of sequence u” k=1,2,...) we
have that the sequence s, is also (p, p)<convex and it is equivalent to the
cordition (b,).

If we put a,=un
=prt3=0.

The conditions (b,) — (b,) are sufficient.

If (b,) — (bs) hold, it is clear from (2. 9) that Alraz0 = A2s,=0.
b,=a, and b,=a, —pa, may have an arbitrary sign. This completes the proof

+1 n+1

, the last condition (b;) is obtained. Hence bji;=

Remark. For p=1 we obtain OSEKI’s theorem 4.

3. In this section, we consider the case when the roots of the characteristic
equation (1.8) are 1 and q(g>0, g#1). Correspondlng difference operator
will be

3.1 Al,qan=an+2_(1 +q9)a,.,+4qa, (n&EN,).
We will prove the following statements:
Lemma 3. For every m=1, 2, 3, ... the sequence

3.2 V=
(32) i g™, izm,
is (1, q)-convex for q>1.

Proof. We have

(3.3) Al..,vi"'=[q—1’ i=m-=2
0,i#m-2, m=2,3,4,...,

and it is obvious that A _v7»=0 for ¢>1.

lql
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Now, for matrix (p) (k=0,1,...,m n=0,1,2,...) let

k
(3'4) n k= an.i’ Sn,k= z qk"'Rn,x’
i=1 i=0
and, for the sequence (g,) let
(3.5) Co=0y, C;=0,—ay, =4  ay_,(k=2,...,m).
Then we have

Lemma 4. For every n=0, 1, 2, ... the identity

3.6) S, =R, ,CoF+ Sy p1C1F Sy ne2Cot o+ +8, 0C,-
holds.

Proof. Suppose that
(3.7 a,=Boco+ B¢, +B 0+ - - - + B0, MEN,).

Putting in (3.7) a,=1(nEN,) we obtain B,=1. If, for k=1, 2,..., n, we
chose a;=v*(i=0, 1,..., m), according to lemma 3, it follows that

=0 Vie2=q—1, ;=0 (i#k).

n—k
Hence g **'=1+B,(q— 1) wherefrom B, = A (k=1, 2,..., n) follows.

q"—1 q" -1 q—1

Thus, we have @,=c¢,+ ¢+ ¢+« +—c,, and
g—1 q—l g—1
q n—1
Sn=(Pno +pn1 + .- +pnn) c() (pmt—l +— Pnn—2+ q——l Pno) <
qn 1__

(pnn—2+ pnn—s +oreet pno) I (pnn+:—_—-l—pn0) Cpy +Pup Cn-

Using the identity qml: =q'"+q’"“+ -+-+q+1 (g#1), according the no-
tations (3.4), we have
S =RynC+tRyn 1 +4 Ry 2+ @R, 5+ - +4" 'R, )
+ Rzt q Ry, s+ - +4" 2R, ),
“+ (R, +qg R, )+ R, €,
wrerefrom the statement of lemma follows.
Now, we will prove the following theorem:
Theorem 2. The necessary and sufficient condition that the implication

@i~ (1+9)a,,9a,20) =
(3.8)
—’—/A (Sn+2 (1+q) +1+qsn 0) (neNO’ q>0’ q¢l)

is valid for every sequence (a,), where (s,) is given by (1.5), is that the conditions
(cl) Rn+2,n+2 (1 +q) n+1,n+1 +an,n= O’
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(€2 Spizni1— (1 +9)Ss11,nt 4S5 ,—1=0,
(€3) Spizinii2=(1+DSnsinps1+9Syne20 *k=2,..., n-1),
(€) Spi21—(1+9)S,41,020,
(¢s) Spi2,020 (ie. pyp20).
hold.
Proof. From (3.6) we have
)3.9) A gSa=Ruiznia— 1+ R, 0 4R, D
+(Sns2ne1 = A+ D Spni1+9Sunr)

n -
+ > (Sns2nrt2= 1+ D Spit,nrs1F9Snn 1)
k=2

+ (Sn+2.1 - (l +q) Sn+1,o)’cn+1 +Sn+2,0 Chs2-+

The conditions (¢,) — (cs) are necessary.

On the basis of the assumption of theorem, the implication (3.8) holds.
The sequences a,= +1@®EN,) and a,= —1(nEN,) satisfy the condition
A],qango Ry that A qS 20 le :t(Rn+2 n+2 (1+q)Rn+1,n+1+an,n)go7
which is equivalent to the condition (c,).

Now, (3.9) reduces to
(3'10) A],qsn=(Sn+1,n—-1_(1+q)sn+l,n+qsmn—-l)cl

n
+ z Snizonrs2= A+ Spsp,nekr1+ S0 i) Gk
k=2

+(Spe2,1—(1+9) Sn+1,o) Cor1+t9S,42,0Cn+2-

Sequcnces a,=q"(nEN,) and a,"= —q"(n&N,) satisfied the conditions
A ga’ =4 a0 20, ie. they are a, q)-convex Then it must be A,  s5,20.
Be51des that, for sequences a, and g, wil be ¢/=¢/" =0(i=2, 3, )
¢/=g—1and ¢,"=1-¢q, so that
AI q n—(‘s’n+2 n—1 (1 +q)Sn+1,n+an,n—1) (q_ l)go,
and
Ahq n (Sn+2 n—1 (1+q)Sn+1,n+an,n—l)(1_q)go’

wherefrom (S5, 1= (1 +4)S,:+1,,+9S,,,_1) (@—1)=0. Therefore, for g#1,
the condition (c,) is valid.
Now, (3.10) reads

(3.11) A, ¢ = z (Spr2ntr2= 1+ Sy, nks1T9Sn nid) €k

+(Shi2,1— (1 +9)S,i1.0) Cr1 T Sns2,0Cns2

We shall consider two cases
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1° g>1. Put a,=v*(k=2, 3,..., n+2). For this sequence we have
A, qv,'f 2=q¢—1>0, A v¥=0(j#k—2) (see lemma 3), i.e. it is (1, ¢)-con-
veX. Therefore

Al,q n (Sn+2,n k+2 (1+q)Sn+1,n—k+1+an,n-k)(q"'1)20’

i.e. the conditions (c;) — (¢5) are satisfied
2° 0<gq<1. If we select a,= —v,%, A, (=vie2)=(1-¢)>0, A, vF =
=0(j#k—1) ie. (g, is (1, g)-convzx, then we rederive (c;) — (¢5).
Sufficiency of the conditions follows from (3.9). It is evident that a,
and g,—a, may heve an arbitrery sign.
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O GENERALNOJ KONVEKSNOSTI KOJA CUVA MATRICNU TRANSFORMACIJU
Ljubisa M. Kocié¢
U radu su dati potrebni i dovoljni uslovi za realnu trougaonu matricu (p,g) (0<k<n;
n=0, 1,...) tako da vaZi implikacija

@ny,+(P+q) Gni +Pqap20) = (Spyy+(P+9) Spyy +P45, 20 (n=0, 1, .. ),
n
gde je s,= Z Dnn—k ai - Pritom su razmatrani sludajevi 1° p=¢>01i 2° p=1, ¢>0, g#1.
k=0



