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722. ON A CLASS OF CYCLIC FUNCTIONAL EQUATIONS*
Josip E. Pecari¢ and Radovan R. Janié

0. In this paper we shall give continuous real solutions of some nonlinear
cyclic functional equations, i.c. the functions F, f; (i=1,..., m-+n) are real
and continuous functions of two variable.

1. The general solution of the functional equation (see [1—4]):

m4-n
0y z Ci—lf;'(xl”' S A X Xyt F Xy ,)=0

i=1
where the cyclic operator C is given by
2) CI(xps Xpo oo s Xpu) =S (Xas o oy Xy X1)s
is
(3) fi(x, y)=a(x+y) (nx —my) +¢;(x+y) (Isism+n),
where a, ¢, ..., ¢,,, are arbitrary functions such that

m-+tn

C)) ‘ > ¢(x)=0.

i=1
ReMARK. 1° The following results are variants of the functional equation (1):

a) The functinal equation

o) "’i" Ci=tfi(Xye Xy Xmpr+ Xman) =0 x>0 i=1, ..., m+n)
=1

has a general solution

© fits D-a@losSore)  (Sismin

where a, ¢;, ..., Cpip are arbitrary functions such that (4) holds.

b) The general solution of the functional equation

m+tn

(7) H Ci_'lf;'(xl'*'""*‘xm, xm+l+"'+xm+’l)=1

i=1
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is

® fi (%, ¥)=c;i (x +y) ea(x+y) (nx—my) (A=i=m+n)
where a, ¢,>0, ..., ¢y4,>0 are arbitrary functions such that

m+-n
©) ] a®-1

i=1

¢) The general solution of the functional equation

m+n
(10) [1 €' fi X X Xma =1 (>0, 1<i<m+n)
i=1
is
xn \a(xy) .
ay /1G5 D= (x) (W) ASism+n),
where a, ¢,>0, ..., ¢,.,>0 are arbitrary functions subject to (9).

1.1. We shall denote by E, (x,, ..., x,) the k-th elementary symmetric func-
tion of x,, ..., x,, ie,

n’

E (x,...,x,)= > Xiy Xiy * + * Xig,.
1Zihi< - <ikZn

Let « be a real number and let
L(xs oo X )= 3 &k 1E (X, ..., X,).
» k=1

The general solution of the functional equation

(12) TS O STy (s e s @) Ty o -+« s X @) =0
i=1

is

(13)  fi(x ) =b(@x+1) @y+1D)log L4 o (wx+1) (xy+ 1)

(xy+1)n
(1sism+n)

where b, ¢;, ..., ¢,,, are arbitrary functions such that (4) holds.

Since
l n
L(xy o on s Xy a)=; (kl]l (xx+1)—1)
using the substitutions

ax;+ 1=y, andf,(%(u—l), —i—(v—l))=F(u, v (lsism+n),



On a class of cyclic functional equations

(12) becomes

m--n i1 .
Z CUFU s s Uy Uyt Upy) =0,

i=1
Using (6), we obtain
F,(u, v)=5b(uv) log :Tn +c; (uv),
where b,¢,, ..., c,,, are arbitrary functions such that (4) holds. So,

S =1, — =) ) =b @) log" + ¢ (w)

ie. fi(x, ) is given by (13).
Similarly, we can get the following results:

The general solution of the functional equation
m+n X
(14) [T C i v o s X3 ) Ly v+ 5 Xmis @) =1
i=1
x;>—1fa, 1=ism+n), is

1) fits M) =e(@r+ )@y + D) (2 OO (i gisman,
o m

where b, ¢,>0, ..., ¢,,,>0 are arbitrary functions subject to (9).

The general solution of the functional equation

(16) LynFro ooy Fpps =0 (CR),
where

(17) I;‘i.=ci_1.f;'(x1+ tte +xm’ xm+1+ te +xm+n) (1 §l§m+n)
is

(18)  fi(x p)=—{e,(x+y) e 1) (1sismen),
o

where b, ¢,>0, ..., c,,,>0 are arbitrary functions such that (9) is valid.

The general solution of the functional equation (16) where

(19) Fi=Ci_1fi(‘x1' * Xy X1t 'xm+n) (léiém-i-n)
is .
(20) S N=tlatn () T-1)  asizmin,

o ym

where a, ¢,>0,...,c,,,>0 are arbitrary functions subject to (9).
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The general solution of the functional equaton (16), where

21) F=C i (Xp oo s Xy 0y Ly (Xppigs v v v s Xy @)
x>—1/a, 1sism+n), is
1 (xx+1)” b((ax+1) @y +D)
@ S = (al@rr)Er+D) (00 -1)
(I=sism+n),

where b, ¢,;>0, ..., ¢,.,>0 are arbitrary functions such that (9) is valid.
1.2. We shall write
Ju s oo s Xy )= 5 ke E (x, ..., x,).
k=1

The general solution of the functional equation
(23) Jmin(Fps oo s Frpy =0 @ER),
where F,(1<i<m+n) are given by (17), is

1 b(x+y) (x—mp) +ci(x+y)
24 (%, 9)= ——
(24) Ji (%, 7)- a b(x+y) (mx—my)+¢; (x+y)—1

(lsism+n),

where b, ¢, ..., Cy., are arbitrary functions such that (4) holds; or

f;'(x9 y)= - 1/“’ fi(x: }’)=' - l/“ (1;&]),

25
25) (e, y) Ask=ms=n, k+i, j) are arbitrary functions.

Indeed, by substitutions f;(x, y) — -1 ff‘( @ )y )1(1 <i<m+n), and using
i x’y
the identity ‘
Jn(_i /I N/ T m)="l e
o« y—1 o yu—1 & (=1 (1)

we can get (24). Now, let f;(x, )= — 1/a. Then (23) becomes

m+n

[] (« F;+1)=0,
i
wherefrom we have (25).
Analogously, we can get the following results:

The general solution of the functional equation (23), where F, (1 i<m+n)
are given by (19), is

(26) fix, )= — 1 b(xy)log (x"|y™) +¢; ()

(]. = ism+ n)’
o b(xy) log(x"[y™) + ¢; (xy)—1

or (25), where b, ¢,, ..., €., are arbitrary functions such that (4) holds.
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1.3. Now, let

n—1

2 .
Sy (X ooy X3 4, &)= > eFa?*Ey . (x,,..., x,).
k=0

The general solution of the functional equation
@7 Smin(Fir o ovs Fii 0,8)=0  (2>0),
where F, (1<i<m-+n) are given by (17), is

a) for e=—1,

@) fiw N=—te GG x—mn) e (x+y)  (Sismn),

where b, ¢, ..., ¢y, are arbitrary functions such that (4) is valid;
b) for e=1,

@) fito D= thGE+) r-—m)tex+y))  (Sismtn),

where b, ¢, ..., ¢,,, are arbitraty functions such that (4) is valid, or

fi(x, y)= 1/a, f}(x’ =1/« #D,

30 -
(30) S (e, ¥) lsk<m+n, ki, j) are arbitrary functions,

. This result is a generalization of functional equation from [6] (see also [7]).
Indeed, using the substitutions F,—tgF, (thF;) (1<i<m+n), we have
that equation (27) is equivalent to

tg(F,+++--+F,,)=0 (orth(F,+ -+ +F,,)=0)
wherefrom we can get (28) (or (29)).

m+t-n
Now, let f;(x, y)=1/x. Then (27) for ¢=1, becomes I1 (1+aF)=0,
et
wherefrom we have (30).
Analogously, we can obtain the following result:

The general solution of the functional equation (27), where F; (1 <i<m+n)
are given by (19), is

a) for e= -1,
G fito D= tgG () log (W te(w)  (Isismin)

where b, ¢, ..., ¢,,, are arbitrary functions such that (4) is valid;
b) for e=1,

B2 fils D= thGO)log (M +e(w))  (ISismn)
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or (30), where b, ¢, ..., ¢,,, are arbitrary functions such that (4) is valid.
REMARK. 2° Using{ the ideas from [5], we can get some other analogous results.
2. The general solution of the functional equation (see [3]):
n+m+p ‘
(33) > CMFQog+ oo+ Xy Xppay o0t Xy ,)=0  (m,n, pEN)
i=1 ‘
where the cyclic operator C is given by

(34) Cf(xl’ x2’ LA ] xm+n) =f(x2’ ¢ xm+n’ xm+n+ 1) (xm+n+p+i=xi)’

18

(35) F(x, y)=c(nx—my) (n#m),
(36) F(x, y)=h(x)-h(y) (n=m),
where, here and in the next text, ¢ is an arbitrary constant and 2 is an ar-
bitrary function. <

ReMark. 3° The following results are variants of the functional equation (33).
a) The general solution of the functional equation

m+n+p
&) > Cim'F(X:+ Xy Xmay® Xman) =0 (x>0, 1<ZiSm+n+p)

i=1

is

F(x, y)=clog (x"/y™) (n£m),
(38)
F(x, »)=h(x)—h() (n=m).
b) The general solution of the functional equation
m+n+p
39 H ClImIF (X 4o+ Xy Xmprt oo +Xman)=1
i=1
is
40) F(x, y)=ec(nx—my) (n#m),
41) F(x, y)=hx)/h (») (n=m, h is positive function).
¢) The general solution of the functional equation
m+n+p
42) [1 C*F@ixm Xmar Xmem =1 x>0, 1=ZiSm+n+p)
i=1
is
43) F (x, y)=(x"/y™)¢ (n#m), and (41) for n=m,

2.1. The general solution of the functional equation

m+-n+p
(44) S CVFUn(Xys e e s Xy ©)y L(Emags v s X ))=0  (xER),
i=1
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where I, is defined as in 1.1, x;> — 1/a for 1Zi=m+n+p, is

(xx+ 1"

45) F(x,y)=clog o

(n#m), and (38) for n=m.

The general solution of the functional equation
m-+n-tp .
(46) [T C FTu(xps v s X3 @) LKy e o+ > Xpans ) =1
i=1
(x> —1/a, 1Si<=m-+n+p), is

(ax+1)en

47) F(x, y)= Gy

(n#m), and (41) for n=m.

The general solution of the functional equation
(48) Ininio@Fps ooy Frpnyy =0 (@ER),
where
(49)  F=C'F(x;+ - +%p Xyt +%n)  (ISisSmtntp),
is '
(50) F(x, )= (etm 1) (nstm),

(51) F(x,y)= —i— hx)/h()-1) (n=m, h is positive function).

The general solution of the functional equation (48), where

(52) Fi=Ci_1F(x1' * Xy Xpagt Xmin) (1Sism+n+p),
(x>0, 1<ism+n+p), is
1
(53) F(x, y)=—(("/y")y—1) (n#m), and (51) for n=m.
The general solution of the functional equation (48), where

54 Fi=CrlF Ly (3 v Xy 0 Ly (g - o s Xongns @)
(x;> 1o, (1=sism+n+p), is
(55) Fx, y)=— (—_(“x+l’c" 1 m), and (51) for n=m

= Nayinem ~ ) (n#m), and (51) for n=m.

2.2. The general solution of the functional equation

(56) Jnsmep(Fis oo oy Fpynips 0)=0 (xER),
where J, is defined as in 1.2. and F; (1si<m+n+p) are given by (49), is

_ __1_ ¢ (nx—my)

57) Fr))= gt (ntm),
1 h(x)—h

(58) F(x, y)= —~ - 1O7h0) (n=m),

@ h(x)—h()—1
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or
CONE F(x, y)= = 1/a. |

The general solution of the functional equation (56), where F; (1<i<m+
+n+p) are given by (52), is

1 clog(x"/y™)
(60) F(x, y)= ~ % clog iym—1 (n#m), and (58) for n=m;

or (59).

2.3. The general solution of the functional equation

(61) Smanso Frr oo s Frimegs 0 9=0  (@>0),
where S, is defined as in 1.3. and F; (1 i <m-+n+ p) are given by (49), is:
a) for e= —1,
(62) F(x, y)=%tg (nx—cmy)  (nsm),
1
(63) F(x, y)=—tg(h (x)-h () (n=m;
b) for =1,
©64) F(o )= th(emx—cmy)  (ntm),
1
(65) Fx, y)y=—th(h(x)=h(»)) (n=m).

The general solution of the functional equation (61), where F;, (1<i<m +
+n+p) are given by (52), is:

a) for e=—1,

(66) F(x, y)=;1‘—tg (clog ;";) (nstm), and (63) for n—m,
b) for e=1,

(67) F(x, y)=-i—th (clog-y’%) (n£m), and (65) for n=m.

ReMARks, 4° The functional equation

m+n+p
Z CmiF (X4 +Xmy Xy eee + Xy ) =0
=1 )

1

is also considered in [3], and the solution for m=2, n=1, p=1, is given. Using this result,
we can get some results which are analogous to the previous results.

5° We can get some analogous results for equation @IL.3.1) from [3, p. 39), too.

*
* *

The authors are grateful to Professor D. Z. Poxovi¢ for useful suggestions.
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JEDNA KLASA CIKLICNIH FUNKCIONALNIH JEDNACINA
J. E. Peéari¢ i R. R. Janié

Koriste¢i reSenja linearnih cikliénih funkcionalnih jednadina (1) i (33), dobijena su
refenja za niz nelinearnih cikliénih funkcionalnih jedna&ina. Neki od dobijenih rezultata
predstavljaju generalizacije rezultata iz [6] i [7].
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