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719. ON SOME FUNCTIONAL EQUATIONS OF PEXIDER’S TYPE*
P. M. Vasié, R. R. Jani¢ and J. E. Pecarié

0. The general continuous solution of functional equation
(l) f(x1+'°'+xn)=-fl (x1)+"'+fn(xn)
is (see [1]):
fX)=ex+a+ - +a, fi(x)=cx+a (1=isn),

where a;(1=<i<n) are arbitrary real constants. For n=2, we have well-known
PEXIDER S equation.

Using this result, we shall give the generalizations for some results
from [2].

1. Theorem 1. The general continuous solution of functional equation

(2) f(x1+"°+xn)=ln(fl (xl)’---,f;,(x,.);P)
where
i kpk=t 3 fi () S (x0)
= )
L(fi (x)s ovo s [u(,); P)=——;

1= prk=13 fi(x)-- S (xp)
k=2

(x)
and D, (n) fi(x) - <fi (%) denotes the sum of all the combinations of class k
k

of set {fi(x), ..., (%)} is

1 ex+a+---+a 1 ex+a .
3) f(x)=—— ! 2, fix)=—-——"""" (1<isn),
poextat--+ag—1 P cx+ai—1

* Presented January 25, 1981 by B. Crstici and O. EM. GHEORGHIU.
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or
4) fX)=——, fitx)= -4 fi (sé -1, ;ék) are arbitrary functions.
p P
The proof is similar to the proof which is given in [2].

Theorem 2. The general continuous solution of functional equation

f(xl' ° 'xn)=In(f1 (xl) PR sfn(x,,); p)

is
1 + <+ 1 + .
fey= L clextar ta o ppy L CIBXYA (oo mx>0),
p clogx+a,+---+a,—1 p clogx+a;—1
or (4).

Theorem 3. The general continuous solution of functional equation

f(x1+ st +xn)=1n(f(x1)’ ,f(x,,); P)

is f(xX)=—— < 1; and the general continuous solution of functional equation
p cx—
f(xl' : 'xn)=ln(f(x1)’ ’f(xn); P)
is £ () = =~ (x>0),
p clogx—1

2. Theorem 4. The general continuous solution of functional equation
(5) f(In(xl’ cees Xy p))=f1 (x1)+ A -i_fn(xn)
is

(6 fx)=c-

+a, (1<isn).

§ 24
+a,+--+ta, fi(x)=c
+1 1 n f;() px+1

Proof. Using the substitutions

fx)= 4 )f()&(

X
) ui: . ’
x+1 px+1

functional equation (5) gets a from of (1), so, it is obvious that (6) is its ge-
neral solution.

Theorem 5. The general continuous solution of functional equation
f(In (xv cees Xy P)) =f1 )+ (%)
is :
cpx cpx

f)=a,---a,e”", fi(x)=a,e”" (1=izn)..
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Theorem 6. The general continuous solution of functional equation

f(In (xp cee s Xy p)) =f(x1)+ cee +f(xn)

1; and the general continuous solution of equation

PG 2 D) =F () - -F (%)

is f(x)=cZ=
px+

cpx

is f(x)=e"*",

3. Theorem 7. The general continuous solution of functional equation

Q) T s v s X3 D)=L (F1 Dy v s £ (X); D)
is
f(x)=—i cgx+(gx+1) (a,+ -+ +ay,)
P eax+@x+1) @+ +a,—1)
)] 1 ey
cgx +a;(gx+ .
= — —— IS s ,
f,(x) p egx+(gx+1) (g—1) (1=i=n)
or (4).
Proof. Using the substitutions
( 9x )= pfi(x) ( gx )= i) . _ 9%
"\gx+1 sz(x)+1’ ax+1 pf(x)+1’ i qxi+1’

analogously to the proof from [2] we can prove the theorem.

Theorem 8. The general continuous solution of functional equation

f(In (xv oo Xy q))=1n (f(x1)’ ves ,f(x,,); P)

is f(x)= _1 cax

p cgx—gx—1 )

4. Theorem 9. The general continuous solution of fuctional equation

n

©) Cft e x)= 3PS () S ()
Sl
is
(10) f(x):.l_(ecx+ax+.--+an_‘ D, fi(x)=;}_(ecx+ai_ 1) (1sisn).
» ;

Proof. Using the substitutions
B (x)+1=¢g (%) and pfi;(x)+1=g,(x) (1=isn)
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(9) becomes
g(xJ+ s+ X,)=81(X;) - -8, (X).

This equation has the following general and continuous solution
g(x)=ecx+a1+"'+an’ g; (x)=ecx+al (lgign)’
so, it is obvious that (10) is solution of (9).

Theorem 10. The general continuos solution of functional equation

G x)= 3PS G f),

(&)

=L@, - -ax-1, f,.(x)=i—(a,~x”—1) (1=izn, x>0).
p

is

Theorem 11. The general continuous solution of functional equation

FGat - tx)=5 P fG0) - ()
k=1 (%)

is f (x)=—1—(e“‘— 1), and the general continuous solution of functional equation
p

fOn-x)=3 S ) - of ()
k=t ()
is f(x)=—1—(x°— 1), x>0.
P
5. The following two theorems are given in [1]:

Theorem 12. The general continuous solution of functional equation
r(3 pk-lz(n)x,. . -xk)=f1(x1)+ e Sy (%)
k=1
k

is

SxX)=clog(l+px)+a,+ - - - +a, f(X)=clog(l +px)+a,(1<isn) (x> —l).
. p
Theorem 13. The general continuous solution of functional equation

! (él”k'lzc)"" |

f®)=a, - -a,(1+px), f;(x)=a;(1+pxy¥ (1<isn) (x> —%)

. xk) ) fax)
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6. Theorem 14, The general continuous solution of functional equation

11 S ph-1 xS g -
an (e %0 X 3 e A
is

F@= (@ g (px+ 1=1),
(12)

fi@=L(g(px+1)r-1) (1=izn) (x>——‘-).
q p

Proof. By substitutions

gf x)+1=g(px+1), ¢f;(x)+1=g,(px+1), w=px;+1 (1=i<n)

from (11) we have
gluy- - u)=g () - -g,,)
This equation has the following general continuous solution:
gW)=a, - -a,u, g@)=au (1sisn),

so, it is obvious that (12) is solution of (11).

Theorem 15. The general continuous solution of functional equation

f(i P : -xk)= S g-tS  f@E)e £ ()
k=1 k=1

n xl ) n
(%) (%)
is f)=L(px+ =L (x>—l).
q q p
7. Theorem 16. Functional equation
(13) FOut A x) =T (G fu (5, €)

where

1

M|
| S—

ey’ Ekz( n )fl(xl)."ka+l(xzk+1)
T (s oo s o (%), 8) = —— 2 2EE
[g] s
1+ e
i=1 (z”k)

fLGe)e - for (%28)



30 P. M. Vasié, R. R, Jani¢ and J. E. Pedarié

has a solution:

a) for e=—1,
(14) f(x)=tg (otx+ ic,-),
. i=1
b) for e=1,
(15) f(x)=th(ocx+ ici),
i=1
or
(16)
or

fi=tgax+e) (1=isn);

f@®=th(@@x+ec) (1<i<n)

f=1, fi(x)=1, fi(x) (1=i=n, i#j) arbitrary;

a7 fx)=-1, ;(x)=—1, fi(x) (1=i<n, i#j) arbitrary.

Theorem 17. Functional equation

(18)
has a solution:
a) for e=—1,

f(xl° ‘ 'xn):Jn(fl (xl)’ ¢ ’f;t(xn)’ E)

f(x)=tg(oc log x+ ici)’ fi(x)=tg (a logx+c,) (1=i<n);
i=1

b) for e=1,

1—c Cy o0y X

f)=—"""",

1+¢, ¢y rrcpxn
or (16) or (17).
Theorem 18. Functional equation
(19) A CAC T
has a solution:

a) for e=—1,

f(x)=carctgx+ > ¢;,

i=1

b) for e=1,

f(x)=c log (iic)+ nz a;, fi(x)=clog

i=1

—c; X%

fiy =02

1=i=s
1+C,'X°‘ ( _l—n)

s Xp> e)) =f1 (x1)+ ct +fn (xn)

fix)=carctgx+c, (1=i=n);

(1+x

—)+a,. (1sisn).
1—x
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Theorem 19. Functional equation

(20) f(Jn (xl’ cees Xy 8)) =fl (xl) v 'fn (xn)

has a solution:
a) for e=—1,
f(x)=ec arctgxtart ten  f(x)=ecarct8x+a  (1<i<n);
b) for e=1,
F&)=c,- - e, (%i) f,.(x):c,.(%’y (1=izn).

ReMARk 1. The functional equations (13) and (20) are generalizations of some results from
[1]. The functional gquation (19) is given in [1}.

Theorem 20. Functional equation

2D F(T(xpy ooy X &) =T, ([1(x1)s - ., [ (%), €)

has a solution:
a) for e= —1,
f(x)=tg(carctgx+ec,+ - +¢,), fi(xX)=tg(carctgx+c,) (1=i<n);
b) for =1,

f(=th(carthx+c,+---+¢,), fi(x)=th(carthx+¢;) (1=i=n),
or (16) or (17).
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O NEKIM FUNKCIONALNIM JEDNACINAMA PEXIDEROVOG TIPA

P. M. Vasi¢, R. R. Jani¢ i J, E. Pelarié

U radu su date dalje gensralizacije nekih funkcionalnih jedna&ina PexIDEROvVOg tipa
(videti [1—3]), tj. posmatrane su jednadine sa proizvoljnim brojem nepoznatih funkeija.



