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713. SOME INEQUALITIES FOR CONVEX FUNCTIONS
Ljubomir R. Stankovi¢ and Igor Z. Milovanovié
1. P. M. Vasié [1] has proved the following:
Theorem A. If F,, ... , F, are integrable and convex functions on [a, b] such

that F,(x)=0 for xE[a, b] and if F . (@)=0 (k=1, ..., n) and P(x) is a
positive and integrable function on [a, b], we have

(1.1) (szv(x)dx)"_1 (be(x)F, ®)- - - Fy(x)dx)

b
2 M([ P()F,(x)dx)- - -(be(x)F,,(x)dx)
where ’ ’

b b
J PG (x—aydx (fP(x)dx)"“
(1.2) o J

> .
<f P(x) (x—a)d.x)"

Equality in (1.1) holds if and only if F, (x)=Ci(x—a)(k=1, ..., n).

Suppose that the functions f,, g, e, _In_ are nonnegative, convex and.

integrable on [a, b], such that f, (@)=0 (k=1, ..., n) and ®,(x) (i=1,...,n—1)
decrease.

Introducing in (1.1)

F, (=1, (%), Fk(x)=;f‘:(i‘();)— k=2, ..., n), P()=p(x)

* Presented October 1, 1980 by A. Lupas.

191



192 Lj. R. Stankovi¢ and I. Z. Milovanovié

we obtain

, ; —t g [ )
(1.1) ([P(x)dx) afl’()md

S YT PAYT Y e

The following TCHEBYSHEV’s inequality
b b b ’ b
(1.3) fP(x) dxf P(x) F(x) G (x) dxéfP(x)F(x) dfo(x)G(x) dx

holds if F and G are one increasing and the other decreasing function.
Substituting in (1.3)
____fk 6] _
P(x)=p(x), F(x)= o . 9 , G(X)=D,_, (%) k=2,...,n
-1

we obtain

b b b b
Se ()
afP(X) dxafP(x)fk (x)dx= afp(X) <I>kk-1(x) dx!P(x) Dy, (¥)dx

or
b

[ P@fdx
(1.3) jp() s dxsz(x)dx——— (k=2,...,n).
fp(x)(bk L () dx

Combining inequalities (1.1") and (1.3") we get

b b
[r@fi@dx [ pfredx

b
Si () fu () a
4 e dx= M
(1 ) !p(x)Ql(x)"'Qn—l(x) r= b b

[r@0@de-- [P0 @, (x)dx

Equality in (1.4) holds if and only if f, (x)=C,(x—a) k=1, ... , n)
and @, (x)=C (k=1, ..., n—=1).

Th refore we have:
S (%)

Dy (%)
k=2, ..., n) convex functions, ®,(x) (k=1, ... , n—1) decrease on [a, b},

Theorem 1. If f,, ... , fyand ®,, ..., ®,_, are integrable functions, f,,
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so that f, (x)>>0, x&(a, b, fi (@)=0 and ¥, (x)>0 on [a, b], p(x) is a positive and
integrable function on [a, b], then inequality (1.4) holds where M is given by (1.2).

Since M =1, we see that (1.4) is a sharper inequality than the inequality
from paper [2].

Note 1. Taking all the ®,(k=1, ..., n—1) to be constant in (1.4), we
have inequality (1.1).

2. For the sake of brevity, we shall say that two sets are of the same
sense, when they both increase or both decrease, and of opposite senses, when
one increases and the other decreases. .

If X, and Y, are two sequences of positive numbers, and let (P;) be another
sequence of positive numbers, then

P,

IIV

@.1) P, X,Y, z P,Y,

s
M
lM=

i i

as X; and Y, are of the same sense or opposite senses.

Introducing in (2.1)

X .
Pi=ptx Xl_ b l }’i=y"m—1
Yirr Viym-1 Xim
we obtain
n
) ” n z PiXim
(2 2) Z p Xy Xim < Z p Xiy Xiym-1 i=1
. i = i
i=1 Y Viym-1 i=1 Yirr Yiym-2 2
2 PiViym-,
i=1
Xiie®  Xi g ism—
as X Fbhmot gnq Yhmo1 are of the same sense.
Vi Yi,m—1 Xim

Putting in (2.1)

Xiis " X; — : -
Pi=pixi,m—-1’ Xi= il ism-2 , Yi=yx,m z’
Yitr*YViym-2 Xi,m—1
we get
n
" Z PiXi,m-,
(2 3) z CXiym— L < Z p; XirrXiym—2 i=1
) Yiym- i ) Yive e Vi n
i=1 ,m-2 =1 iym—3 z -
iViym-~2
i=1
Xivo o2 Xi e s
ag i ¥bmo2 anq Yhmo2 gre of the same sense.
Yir'Yiym-2 Xiym-1
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Combining inequalities (2.2) and (2.3) we -get

n n szxi,m 1 szxxm
X & X Fyme, ish

=>p
i1 Yirr - Yiym-1 =1 Yirr - Yiym-3
z PiViym-2 Z PiYiym—-1
i=1 i

If we proceed this procedure introducing in inequality (2.1) substitutions

Pi=p,%;, X— e 1 Yi=}’i,j—1
Fir Vi, y-1 *y
respectively, for j=m, m—1, ..., 3, 2 and inequality (2.4) we obtain
" Z Di Xy - Z PiXim
23) > pE g

i=1 Yirr e Yigm-1
Z PiYig- - E Pi¥im—1
i .

=1, i=1
if positive sequences
Xir " Xhj-1 gnq it (=2 -, m)
Rt 4. Eink s e

(2.6)
Yirr Vi, j-1 Xij

are both of the same sense. In the case of opposite sense we obtain the op-
posite inequality. This proves the following theorem.

Theorem 2.1. Let positive sequences X;, ... s Xpn; Vi» --+ » Yim—y and
pi(i=1, ..., n), be given. Then the inequality (2.5) holds under the condition (2.6).

Equality in (2.5) holds if sequences X, ..., Xy and Yy, ..., Yim_1
are constant or if

Xn _Xe_ o, _Fhmoy
Yin Vi Yiym—-1
Note 1. If we substitute m with n+m and if y,,= -+ =¥, min_1=C(C=const,

i=1, ..., n), we obtain

PiXjyee Z PiXi,n+m

i=1

@1 3 pitmiXemen o 1

n
2.
=1
< y'.'.yi,_ i r i <
SRR B % B A Y
i=1 i=1

i=1

It can be proved similarly that if x,,=...=x; ,,,=C (C=const, i=
=1, ..., n), then

DiXi n—y

PiYiyn+m

~~
(2]
o0
e’
™M=
>
X
X
3
!
IA
LY
M=
>
e SRS
3
+
i
VYR

Il:
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If x,,=C (C=const), we obtain
n
PiXxjy- - Z DiXiym—y

i=1

= [T

" Xiyt " Xiym-1 < i
2.9) > b R - W 2

i1 Yir**Viyn-1 i=1 d

PiYi +* D, PiVim—
i=1 i=1

Note 2. If we put y;=C (C=const), (j=1, ..., n—1) then from inequality
(2.5) it follows

n 1 n n

(2.10) Zpixil"'ximg—n___m__—f Zpixz‘l"' zpixim‘
i=1 (z pi) i=1 i=1
i=1
The last inequality generalized TCHEBYSHEV’s inequality.
If we suppose that x;, = .. =x,=ux, we obtain
n m
n (z Pixi)
2.11) > Ptz
=
(2
i=1
obtain

- =X;,,=C (C=const) in inequality (2.5) we

(2]

Note 3. Putting x;,= - -

2

(2.12) S ki >
i=1 Y Yiym-1 n »
Z P - 2 PiYiym -1
i=1 i=1
especially, for y; = -+ =y, m_ =Y,
n D; n m—1 n m
2.13 - i = i
213 igl (! (xgl 7 yi) (zz é )
which is DUNKEL’s inequality. '
Combining (2.10), (2.11), (2.12) and (2.13) we obtain
n m+1
n m—1 n n n (Zl P,-)
(2.14) ( Pi) DPXy KmZ D DXyt 2 PiXimZ :,_
i=1 i=1 i=1 i=1 Z bi
] i=1 %i1**Xim
and ' :
s i f'nm m+1
n m—1 n n m (x—zl pi)
(2.15) (Z p,) Zp,x,-"‘z(Z p.x,> = —
i=1 i=1 i=1 i Pi
i=1 %i

13%
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Note 4. If we put x;;,=---=Xx,,=x;y,and y,;= . .- =y, =y in inequality
(2.5), where
Xir** Xim —yixim
Yitr Viym—1
and
Xig " Xiy j-1 m—1  Yhj-1 1
Yi1 yi,j-l ! Xij xl,
we obtain
n m n n m—1
(2.16) (z pixiyi) <> pyix" ( > P,yi)
i=1 i=1 i=1
which is JENSEN’s inequality.
m
If we substitute x,;=-..=x,=x;», and y;=--.=y, . =y,7 ! in

inequality (2.5) we obtain

n m
(z Pixi.Vi)
i=1

(2.17) ,-gl pix"z— w1
(z Pi(}’i)”'_l)
i=1
ie.
m—1
n n r m . m
@.18) s p,-xiy,é( s p,.(x,.)m)’” (z pi(y,-)m—*)
i=1 i=1 i=1

which is HOLDER’s inequality.
For m=2 we obtain SCHWARTZ’s inequality

n n- 1/2 n 172
> b xiyié( > pi(xi)z) (Z Pi(J’i)z) .
i=1 i=1 i=1
Note 5. Inequality (2.5) for m=3 and x;;=C (C=const) becomes

PiXxin
1 i

P Xi,

(%]
X _|_|_M=

n
X Xi i
pi =3P
1 YinXia i=1

(2.19)

n
=
PiVi PiXiy

i=1

i

I

where 2472 and y,, are positive sequences of the same sense.
Yir Vi
If we substitute in (2.19)

X =XuJYis Xizg=XpJVizs

Yu=Xulin Y=Xpka
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we obtain
n n
R n z P Xy yiy Z PiXi Viz
i=1 - i=1
2 P=2 P T
i=1 i=1
Z PiXi Vip z PiXxip Vi
i=1 i=1
ie.
n n n n
(2.20) D PiXyVin D PiXoVu= D Pixj Vi > PiXpVin
i=1 i=1 i=1 i=1

ey X; ; . .
under condition that % and 2% are of the same sense. This is FUJIWARA’S
Xiz Yiz
inequality.
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NEKE NEJEDNAKOSTI ZA KONVEKSNE FUNKCIJE
Lj. R. Stankovi¢ i 1. Z. Milovanovié

Koristeéi osobine konveksnih funkcija u radu se daju generalizacije izvesnog broja u
literaturi poznatih nejednakosti. Razmatrani su i diskretni slu¢ajevi.

Na primer, dokazan je sledeéi rezultat:
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Teorema. Ako su fy, ..., fp i By, ..., ®,_, integrabilne funkcije, f,, q)fk

k=2,...,n
k-1

konveksne funkcije, ®y (k=1, ... , n—1) opadajuée na [a, b, fi. (x)>0 za x&(a, b, fi (a)=0,
Dy (x)>0 na [a, b] i p pozitivna i integrabilna funkcija na [a, b, tada vazi nejednakost

b b
5 [r@fi@dx- [P fu@ dx
o f oy O n ) a a
4 D, (%) D, (%) = b b 4
fp(x)(b,(x)dx---fp(x) D,_, (x)dx
gde je

b b
fp(x) (x—a)" dx (fp *) dx)n—l

a

M= b
([r@0e—a )’
Jednakost u (1) vazi ako i samo ako je fi (x)=Ci(x—a) (k=1,...,m i ®p(x)=C

k=1, .., ,n—-1).



