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712. A GENERALIZATION OF A LINEAR FUNCTIONAL EQUATION, 11*

J. K. Chung

The functional equation to be considered is a certain generalization of
the functional equation

(0)

n

+ L (-l}i+lf(xl' Xl' ..., Xj+Xj+P"', Xn+l)=O
j~1

to the case where all the figuring functions are different:

(I)

n

+L(-I)j+1Fj(xl' ..., Xj+Xj+l' ..., X.1+1)=0.
j~1

D. S. MITRINOVICand D. Z. DJOKOVIC [1] have obtained the general
differentiable solution of equation (0). In certain particular cases (1) has been
solved by the author in [2], and the general solution of equation (1) was also
obtained but without proof.
.

In this paper we deduce the general differentiable solution of equation (1).
The form of general solution given here is simplier than that of paper [2].

We prove the following

Theorem. The general differentiable solution of equation (I) is

(2)
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+ ( - l)n Aion-l (xl' ... , xn-z' Xn-l + xn)

+( _l)n+IAjn(xl"'" xn-l)-Cj(xz, ... , xn)

(i = 2, . . . , n),

+ . . . + ( - I)n An-Ion (xl' .,. , Xn-Z' Xn-l + Xn)

+(-l)n+1Ann(xl' ..., Xn-I)-Cn+I(XZ' Xn).

Fn+z(xl' ... . Xn)= Cz (Xl +XZ' X3' .,. . Xn)-C3(XI' XZ+X3' X4' .,. . Xn)

+ . . . +( -l?Cn(xl' ... , Xn-Z' Xn-l +Xn)

+( _I)n+l Cn+1(xl' ... , Xn-I)-CI (XZ, .,.

where All' ... , Ann' Cl' ... , Cn are arbitrary differentiable functions.

Proof. In order to prove that (1) implies (2), first, let us differentiate
(1) with respect to XI and substitute XI = 0 into the result, then using the notations

(i = 2, . . . , n + 1),

we obtain immediately

(3)

Integrating this with respect to X2' one obtain

(4) FI(X2'"'' xn+I)=AI1(xZ+x3' X4"'" xn+I)-AIZ(x2' X3+X4' ..., xn+,)

+ . . . + (- I)n A,.n-I (xz' . . . , xn-" xn+ xn+1)

is an arbitrary differentiable function.
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Putting this into (1) we have

(5)

n

+ L: (-1)i+1Fj(xl' ..., Xj-l' Xj+Xj+l' ..., Xn+l)=O.
j=2

By putting X2 = 0 into (5) and replacing Xj
+ 1

by Xj (i = 2, 3,
'"

, n)
we have

(6)

where

(i = 2, . . . , n),

Substituting (6) into (5) we obtain

(7)

n

-Fn+2 (X2' ... , Xn+l)+ L:( -l)i+ 1 Fj(xl' ... , X1-1' Xj+Xj+l' ... , Xn+l) =0.
j=3
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We will show by induction that the first k (2 ~ k ~ n) unknown functions
Fj (j = 1, 2, . . . , k) which satisfy equation (1) may be written as (4) and the
following form

"(8) Fj(xl' . . . , xn) = AI.j-1 (XI + XZ' X3' . . . , Xn) - AZ.j-1 (xl' Xz+ X3' . . . , XI;)

+... +(-I)jAj-Lj-I(Xp ..., Xj-I+Xj, ..., Xn)

+( -IY+1 Ajj(xp
'"

, Xj+Xj+p
'"

, Xn)

+(-I)j+2Aj.j+1(xp,,,, Xj+I+Xj+Z"'" Xn)

+... +(-I)nAj.n-I(Xp ..., Xn-Z' Xn-I+Xn)

+( -1)n+1 Ajn(xp Xz,... , Xn-I)-Cj(Xz, X3' ... , Xn) (j = 2, .. . , k),

:and finally the remaining n - k + 2 unknown functions will satisfy the follo-
'Wing equation

(9) (-I)k+IAlk(xl+XZ,X3"'" Xk+I+Xk+z'"'' Xn+l)

+( -l)k+z A)'k+1 (XI +XZ, X3' ... Xk+Z+Xk+3' ... , xn+1)

+... +(-I)nAI.n-l(xI+xz,
X3"'" xn+xn+l)

+( -l)n+IAln(xl +xz' X3'
'"

, xn)

-[( -1)k+1 Azk(xp XZ+X3' X4' ... , Xk+1 +Xk+Z' ... , Xn+l)

+(-I)k+zAz.k+l(xp XZ+X3' X4'"'' Xk+z+Xk+3"'" xn+I)+'"

n

+ 2: (-lY+IF;(xl''''' x;+x;+p..., xn+I)=O.
;~k+1

n

REMARK. FOI' k~n we define 2: =0.
n+1
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In fact, it follows from (4), (6) and (7) that the statement is valid for
k = 2. Suppose that the statement is valid for k where 2 ~ k ~ n - 1. Setting
Xk+1 =0 and replacing Xj+1 by Xj (i=k+ I, k+2, ... , n) in (9) we get

(10) Fk+1 (xl' xz,... , Xn)=A1k(xI +XZ' X3' ... , xn)-Azk(xI' XZ+X3"" , xn)

+ . . . +( -1)k+1 Akk(Xp .., , Xk-I' Xk+Xk+p ... , xn)

+Az.k+1 (xl' XZ+X3' X4"" , Xk, 0, Xk+1 +Xk+Z' '"
, xn)-' . .

+(_I)k-IAk-l.k+I(XP ..., Xk-Z' Xk-I+Xk' 0, Xk+I+Xk+Z' Xk+3' ..., xn)

+(-I)kAk./..+z(xp ..., xk+p Xk+Z+Xk+3' ..., Xn)] + ..,

+ ( _l)n-k-Z [Fn (xl' . . . , xk' 0, Xk+ I'
. . . , Xn--z' Xn-I + xn)

+ Azn (Xl' Xz + X3' X4' . . . , Xk' 0, Xk+ l'
.., Xn-I) - . . .

+( _I)k-I
Ak-l.n(XI' '"

, Xk-Z' Xk-I +Xk' 0, Xk+1' ... , Xn-1)

+ ( - l)k Akn (xl' XZ' . . . , Xn-I)]

+ C1 (X3' . . . , Xk' 0, Xk+l' . . . , Xn)

- Cz (xz + X3' X4' . . . , Xk' 0, Xk+
l' . . . , Xn)+ . . .
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Now we define

(i=I, ..., n-k),

+ {- l)k-1 Ck (X2' X3' . .. , xn)].

(10) with (11) and (12) finally yield

(13) Fk+ I (xl' X2' . . . , xn) = Alk (Xl + X2' X3' . . . , Xn) - A2k (Xl' X2+ X3' X4' . . ., Xn)

+... +(_I)k+IAkk{Xl' ..., Xk-l' Xk+Xk+l''''' Xn)

+(_I)k+2Ak+l.k+I(Xl''''' Xk' Xk+I+Xk+2"'" Xn)

+(-I)k+3Ak+l.k+2(XI"'" Xk+l' Xk+2+Xk+3' ..., Xn)+...

Substituting (13) into (9) and eliminating AJk' A2k, . . . , Akk, we obtain

(14) (-I)k+2 AI.k+1 (XI +X2' X3'
'"

,
Xk+l' Xk+2+Xk+3' .., , xn+I)+ . . .

+ ( - l)n AI, n-I (XI +
X2' X3'

. . . , xn+ xn+ I) + ( - 1)n+I Aln (XI + X2' X3' '"
, XII)

-[( -1)k+2 A2. k+1 (xl' X2+X3' X4' ... , xk+2+Xk+3' .., , xn+I)+ . . .

+ (- l)n A2.n-1 (xl' X2+ X3' X4' ., . , xn +xn+l)

+(_I)n+IA2n{xl' X2+X3'
X4'"''

xn)]+...
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+ ( - 1)"+1 Ak+1." (Xl' ... , Xk' Xk+1 + Xk+2' ... , x,,)]

- C1 (X3' X4' . . . , X"+1) + C2 (X2 +X3' X4, ... , X,,+l) - . . .

+( -I)kCk(x2' ... , Xk-l' Xk+Xk+l' '"
, Xn+1)

+( -I)k+1 Ck+1 (XZ, ... , Xk' Xk+1 + Xk+2' ... , X"+l)

"+ L: {-I)i+1Fi(XI"",Xi-l'Xi+Xi+l'""X""'1)=0.
i=k+2

It follows from (13) and (14) that the statement remains valid for k + 1.
Thus (8) and (9) hold for 2 ~ k ~ n.

By setting k = n, equation (9) becomes

(15) {- I?+l AI" (Xl +XZ' X3' .., , X,,) +( -1)"+2 A2,,{xl' X2 +X3' X4' ... , X,,)+ . . .

+ {- 1)2"-1A"-l." (Xl' ... , X"-2' X,,-l + X,,)+ ( - 1)2"A"" (xl' X2' . . . , X"-l)

Setting Xn+1= 0 in (15) we obtain

(16) F,,+I(X1,X2' ... ,x,,)=A1,,(xI+x2,x3"" , x,,)-A2,,(xl' X2+X3' X4"" ,x,,)

+ . . . + ( - 1)"A,,_J," (xl' . . . , x,,-z' X"-l + x,,)

where

CHI (X2 X3'
.., , x,,)=( _1)"+1 [C1(X3' X4' ... ,

X"'
0)

- C2 (xz + X3' X4' . . . , x"' 0)

+ . . . + ( - 1)"C"-l (X2' ... , X"-2' X"-I + X"'
0)

+( -1)"+1 C" (X2' X3' ... , XII)+Fn+2(X2' X3' ... , X"'
0)].

Substituting (I6) into (I5) we obtain
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I.e.

(17) Fn+2(Xl' X2' .,. , xn)=Cz(xl +X2' X3"" , xn)-C3(xp X2+X3' X4' .., , xJ

+ . . . +( _l)ncn(xl' ... , Xn-Z' Xn-l +xn)

From (4), (8) (taking k = n), (16) and (17) the theorem is proved.
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GENERALIZACIJA LINEARNE FUNKClONALNE JEDNACINE, II

J. K. Chung

U radu je dato opste diferencijabilno resenje funkcionalne jednacine (1), koja pred-
stavlja generalizaciju jednacina iz radova [1] i [2].


