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708. VERTEX MINIMAL PLANAR CYCLIC GRAPHS*
Dragan Marusi¢

ABSTRACT. Let ¢ (k) (c* (k)) be the least number of vertices of a planar (planar
connected) graph whose automorphism group is the cyclic group of order k. If &

r
is odd and if k=p%... p%, p,, ..., p, being primes then c (k)=3 Z pfi and
i=1
c* (k)=c (k) for r=1 while c* (k)=c (k)+1 for r>1. It is conjectured that a si-
milar result holds for & even.

1. Introduction. By a graph we mean a finite undirected loopless. graph without
multiple edges.

In 1938 R. FrucHT showed that for any finite froup 4 there is a graph
whose automorphism group is isomorphic to A. This result implied the so
called extremum problems: given a finite group A what is the least number of
vertices or edges that a graph can have and have automorphism group iso-
morphic to A4?

In 1963 L. R. MERIWETHER (unpublished, see [5] or [7]) completely
answered the vertex extremum problem for cyclic groups of all finite orders.

In this paper we shall be mainly concerned with a modified form of
the above vertex extremum problem imposing an additional constraint upon the
planarity of the graph in question.

Let us call a graph k-cyclic if its automorphism group is isomorphic
to the cyclic group of order k. Let c (k) (c*(k)) denote the number of verti-
ces of a vertex minimal planar (planar connected) k-cyclic graph, that is ¢ (k)
(c* (k)) is the least number of vertices for which a planar (planar connected)
k-cyclic graph exists.

The main aim of this paper is to find the exact values of c* (k) and
c (k) or at least upper bounds.

2. Star polygons and chains. By Z, we shall denote the set of integers modulo
n. G will always denote a graph and G°, V(G), E(G), AutG will denote the
complement, the vertex set, the edge set, the automorphism group of G, respectively.
The subgraph of G induced by a vertex subset X will be denoted by X*. Let X and Y
be any two desjoint subsets of V(G), by L(X, Y) we shall denote the subgraph
of G with the vertex set X' JY and the edge set E((XU Y)* )N E(X*)UE(Y*).

* Presented December 20, 1978 by D. CvETKOVIC,
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Let A be any subgroup of AutG. A nonempty subset WCFV(G) is an
A-orbit if f(W)=W for each f& A and if for every nonempty proper subset
U of W there exists at least one f& A4 such that f(U)z£U. Let C be a union
of some A-orbits. Then each f& A4 induces an automorphism of C* which we
shall denote by fc. By (f,, ..., f,> we shall denote the subgroup of Aut G
generated by the automorphisms f,, ..., f,.

An automorphism g of G is called cyclic if g&{f)> for some auto-
morphism f of maximum order of G and noncyclic if it is not cyclic.

Definition 2.1. 4 graph G is an n-star polygon if |V(G)|=n and if Aut G
contains a cyclic permutation of V (G).

The automorphism group of an n-star polygon, n=3 contains the dihedral
group D,. For a given star polygon G we define D (G) to be the corresponding
dihedral group if |V (G)|=3 and the whole group if |V (G)|<3.

Definition 2.2, A bipartite graph with a bipartition (U, W) is an n, m-chain
if |U|l=nzm=|W| and if it has an automorphism f such that U and W are

{ f y-orbits.

Clearly, n-s=m-t, where s and ¢ are degrees of vertices in U and W
respectively. By B(n, m, s), nz2m=s5=0 we shall denote an n, m-chain whose
n vertices have degree s and m vertices degree n-s/m (Note that s>0 implies
s=m/(n, m) where (n, m) is the g.c.d. of n and m).

We call an n, m-chain divisible if m divides n. We shall use FRUCHT's
notation [3] for star polygons? and divisible chains.

The next result is immediate:

Proposition 2.3. Let f be an automorphism of a graph G. Then there exists a
decomposition of G into star polygons and chains such that:

(i) every star polygon is induced by some {f -orbit,
(ii) every chain is induced by some pair of {f >-orbits.

3. Cyclic graphs. Since K, is 2-cyclic and therefore c¢(2)=c*(2)=2, interesting
results only arise for k-cyclic graphs, k=3. Let G be any such graph. By an
orbit we shall mean an Aut G-orbit, by f we denote a generator of AutG.

For any two orbits X, Y, say |X|=|Y|, the number s(X, Y)=s(Y, X)
equals s iff L(X, Y)=B(|X|,{Y]|,s). Two orbits X, Y are adjacent (or
neighbours) if s(X, Y)>0. A long orbit is an orbit of cardinality >1.
By _# (G) we shall denote the set of all long orbits. By N(x) (N (X)) we shall
denote the set of neighbours (long neighbours) of a vertex x (orbit X'). Further-
more for a given nonempty set of orbits & let N(B)= U N(IYNGF.

. Y=%

1) For techinical reasons, star polygons, when mentioned in the text, will be given by
a square instead by a circle.
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Definition 3.1. An orbit is maximal if its cardinality is greater than 2 and
greater than the cardinality of any of its neighbours. An orbit is nearly maxi-
mal if its cardinality is greater than 2, no neighbour has greater cardinality
and exactly one neighbour has the same cardinality.

Definition 3.2. An umordered pair of orbits (X, X') is said to be divisible if:
(i) YEN{(X,X'}) = LX,Y) and L(X', Y) are divisible,

(i) Y, ZEN({X, X'}) > L(Y, Z) is divisible.

Every orbit of maximum cardinality in N ({X, X'}) is called a leader of (X, X').

Definition 3.3. An orbit X is divisible if the pair (X, X) is divisible. Y is
aleader of X if it is a leader of (X, X).

Lemma 3.4. Let X, Y be any two orbits such that either s (X, Y)<2 or s(X, Y) =
min{| X |, |Y|}—2. For every automorphism g'<cD(X*) we can find an auto-

orphzsm g”ED(Y *) such that there is an automorphism g of (X\UY)* with
gx=88r=8"

Proof. We can put X={x, f(x), ... . /"™ (@)}, Y={3. S (), ..., 1 ()},
s=s5(X, Y) where m=|X|, n=|Y|, and y is chosen to be adjacent to x when
l<s<2, nonadjacent to x when 1<min{n, m}—s<2 and an arbltrary vertex
otherwise. If g is cyclic then there exists an integer r such that g'=f%. In
that case put g’ =f7. If g’ is noncychc then there exists an 1nteger r such that
g maps according to the formula: g’ (f7(x))=f"7(x) (j=0, 1, —-D. If
s<1 or min{m, n}—s<1 then let g”(fl(y)) =fr7 () (=0, 1 . n—l) If
s =2 (min {m, n}—s-2) then let "= f9(y) be the vertex havmg the minimum
positive exponent q in YNON(x) (Y\N(x)) Then let g” (f7(»))=f2+"~(»),
(] = 0 1 -, B— )

Definition 3.5. 4 set of orbits G is stout if GC F(G), N(B)=o and if

for every proper nonempty subset G' % it follows that N(%')#®.
It is not hard to see that _#(G) is partitioned into stout disjoint subsets.

Definition 3.6. 4 set of orbits G is cyclic if 5C_F(G) and if either
() E={X,Y}and 3<s5(X, Y)=min{ X|, |Y|}-3, or
(i) F={X,,.... X}, r=3 and s(X,, X;), ..., s(X,, X)=1.

Proposition 3.7. Every stout set which contains at least one orbit of cardinality
>2 contains a cyclic subset.

Proof. Let & be a stout set which contains an orbit of cardinality >2,
say X and let C denote the union of all orbits in . Assume that % does
not contain a cyclic subset. Take a noncyclic automorphism g& D (X*). It ge-
nerates a noncyclic automorphism g’ of C* such that g’y =g. Namely, since @
contains no cyclic subset we can apply 3.4. step by step starting with the orbit



164 D. Marusié&

X and the automorphism g and constructing g’ first on all long neighbours of
X, then on all orbits in N (N (X)) etc. No orbit is met twice and g’ is uniquely
determined. Therefore C* is not cyclic and neither can be G since the permu-
tation A given by:

(i) hc=g'a o

(l]) hV(G)\C:id

is a noncyclic automorphism of G. This contradiction proves 3.7.

Corollary 3.8. _¥ (G) contains at least one cyclic subset.

Proof. Since G is k-cyclic for some k=3 it follows that _#(G) contains
at least one orbit of cardinality >2. The rest follows from 3.7.

Proposition 3.9. Let X be a maximal divisible orbit of cardinality n. Then X*

contains a subgraph isomorphic to the star polygon |:nw (r_)[ , r#£0 (modm) where
m is the cardinality of a leader of X.

Proof. Since X is maximal and therefore its cardinality >2 it follows by
3.7. that N(X)#@ and hence X has a leader, say Y of cardinality m. X de-
composes into g=n/m{f™)-orbits: X, ..., X, | (of cardinality m each). Since
X is divisible and Y its leader and also an { f™)-orbit it follows that for any
two vertices u, v belonging to the same (f™)-orbit X, the sets N(u)\ X and

NON\ X are equal. If X* doesn’t contain a subgraph isomorphic to {n(r) ,

r#0 (mod m) then the chain L(X,, X;) (for any two distinct ,j) is totally
disconnected and therefore the permutation g given by:

(i) gx,=g&,, an arbitrary automorphism of order 2 of X,*,
(i) gv@nx=1id

is a noncyclic automorphism of G, a contradiction.

Proposition 3.10. Let (X, X') be a divisible pair of nearly maximal adjacent orbits
such that s (X, X')<3 andlet n=|X|=|X"|. Then (X\UX')* contains a subgraph

homeomorphic to the star polygon |n(r)i, r=0 (mod m) where m is the cardina-
lity of a leader of (X, X').

Proof. 1t follows by 3.7. that N({X, X'})# @ and therefore (X, X’) has
a leader, say Y of cardinality m. X and X' decompose into g=n/m {f™)-orbits
(each): X,, ..., X,_,; Xo, ..., Xg_,, respectively. The subscripts are chosen
in such a way that L(X,, X}) (i=0,..., g—1) contains a subgraph isomorphic
to mK,.
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Case 1: s(X, X')=1. If neither X* nor X'* contains a subgraph isomorphic to

ln(r)‘ such that rz0 (mod m) then for any two distinct 7, j the chains L (X, Xj)
and L (X;, X;) are totally disconnected. The permutation g given by:

(i) gx,ux,=8,, an arbitrary automorphism of order 2 of (X, X¢)*,
(i) gv @ wouxw=id

is a noncyclic automorphism of G, a contradiction.

Case 2: s(X, X')=2. There is an integer r such that L(X, X’) equals

r

and is therefore homzomorphic to '_n(r_)l If r=£0 (mod m) then 3.10. is true.
If r=0(mod m) then either X* or X'* contains a subgraph isomorphic to

[n@)
of G as in Case 1. This completes the proof of 3.10.

, t#0 (mod m) for otherwise we could find a noncyclic automorphism

4. Planar cyclic graphs.

" Definition 4.1. The corners of a graph homeomorphic to K, , are the six
vertices of degree 3.

From EULER’s formula we derive this necessary condition for planar
graphs with e edges, w vertices and each face surrounded with at least a edges:

¢y aw—2)=(a—2)e.
Lemma 4.2, Every chain B(n, n, 3), n=3 odd, is nonplanar.

Proof. Assume that there exists a planar chain L=B(n, n, 3) for some
odd n=3. Let (X, Y) be its bipartition. L contains only even circuits. If it
doesn’t contain a 4-circuit then (1) implies 12(n—1)= 12 n which is impossible.
Thus L must contain a 4-circuit, say with vertex set {x, y, x,, »,} where x, x, EX.
¥, ¥,E€Y. Let the other neighbours of x and x, be y, and y, respectively. There
is an automorphism A of L which takes x into x, and fixes X and Y set-wise
and such that every (h)-orbit has cardinality =3. If y,=y, there is a vertex
x, differenet from x and x, such that its neighbours are y, y, and y,. Hence
{x, x;, x;, ¥, y1» »,3* =K, , and L nonplanar, a contradiction. Therefore y,#y,.
Since h:{y, y,, y,}—=>{», »,, ¥s} and since every (k)-orbit has cardinality =3
one of the vertices y and y, must be mapped into y,, e.g. h(y,)=y;. This
implies A (y)=y,, h(y,)=y. Therefore N (x)={h=1(),y, h(»)} and the neigh-
bours’ set of any other vertex of L can be written in an analogous way. It
follows that L contains the paths (h(x), B2(p), ..., h=2(x), =1 (»)), (A (»),
W (x), ..., h=2(y), h~'(x)) and therefore the vertices x, & (x), i~ (x), ¥, h (),
h~'(y) are the corners of a graph homeomorphic to K, , and L nonplanar, a
contradiction which proves 4.2.
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Let n>m>q=3 be odd numbers such that m and ¢ divide n and ¢ does
not divide m. By G(n, m, q) we shall denote the graph

Let n>>m=3 be odd numbers such that m divides n and let r=0 (mod m).
By H(n, m, r) we shall denote the graph

Lemma 4.3. G (n, m, q) is nonplanar.

Proof. Let V(G (n, m, q))={x;:icZ,}U{w,;:iEZ,}U{w;: i€ Z,} such that
E(G(n, m, 9))={(x,, y,):j=1(mod m}} U{(x,, w)):j=i (mod g)}. Since G (n, m, q)
contains the paths: (3, Xo, Wo)y (o5 Xms> We)y (Fo» Xoms Wom)s (Vg5 Xgo W),
Vs Xmags Wmd> Uas XomeaWam)s (Vags X205 Wobs (Vags Xms 2> Wnds (V2as Xam v 20> Wam)>
the vertices ¥y, ¥,» V145 Wo» Wms War are the corners of a graph homeomorphic
to K, , and thus G(n, m, g¢) is nonplanar.

Lemma 4.4. H(n, m, r) is nonplanar.

Proof. let V (H(m, m,r))={x,:ic Z} J{y,:i & Z,} such that
E(H(n,m,r)) ={(x;, x;,,):i € Z,} U {(x;, y):j=i (mod m)}. Since H(n, m,r)
contains the paths: (¥y, X)), (Vo> Xm)s (Vo» X2m)s (Vrs Xps X0)s (Vrs Xmirs Xm)s
s Xamers Xomds (V_ps Xy Xo)s (V_ps Xy Xm)s (V—ps Xym_ys Xpm), the vertices
Xo- Xps Xams Yo» Yr» V_, are the corners of a graph homeomorphic to K, , dand
therefore H(n, m, r) is nonplanar.

Let G be a planar k-cyclic graph for some odd k=3. By an orbit we
shall mean an Aut G-orbit. ,

Proposition 4.5. Let X, Y be any two adjacent orbits. Then L(X, Y) is divisible
and s(X, Y)<2.

Proof. Let |X|=n, |Y|=m. If m=n then L(X, Y) is divisible. If m=n,
say m<_n, and m doesn’t divide n then (since m and »n are odd) e=n/(n, m)>d=
=m/(n, m)=3. Therefore L (X, Y) contains a nonplanar subgraph X, ,, a contra-
diction. Thus m divides n and L (X, Y) is divisible. It follows that L (X, Y)
contains a chain B(m, m, s(X, Y)) and therefore by 4.2, s(X, Y)<2.

Proposition 4.6. No orbit is maximal.

Proof. Suppose that there exists a maximal orbit X. We claim that X is
divisible. If it isn’t then there exist Z, WE N (X), say | Z|>| W|, such that | W|
doesn’t divide |Z|. By 4.5. it follows that |Z| and | W| divide | X| and the-
refore (X\UZ\UW)* contains the subgraph G (| X|, |Z|, | W|) which is by 4.3.
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nonplanar, a contradiction. Thus X is divisible. Since N(X)s o it follows that
X has a leader, say Y of cardinality =3. By 3.9. there exists an integer r such
that (XU Y)* contains the subgraph H (| X |, | Y|, r) which is by 4.4. nonplanar,
a contradiction.

Proposition 4.7. Two nearly maximal orbits are not adjacent.

Proof. Suppose that there exist two nearly maximal adjacent orbits X and
X'. Clearly |X|=|X'| and by 4.5. it follows that 1<s(X, Y)<2. We claim
that (X, X') 1s divisible. If it isn’t then there exist two orbits Z, W& N (X, X'),
say |Z|>|W]|, such that | W| doesn’t divide |Z|. Therefore (XUX UZUW)*
contains a subgraph homeomorphic to G( X[, |Z]|, |W|) which is by 4.3.
nonplanar. Thus (X, X') is divisible. Let Y be a leader of (X, X’). By 3.10. it
follows that there is an integer r such that (X\UX'UY)* contains a subgraph
homeomorphic to H (| X|,|Y|, r) which is by 4.4. nonplanar, a contradiction.

Proposition 4.8. There exist integers k,, ..., k,, t=1, such that:
(2) the l.e.m. [k, ..., k] equals k and for each ic{l, ..., t} there
are at least three orbits X;, X, X/ of cardinality k.

Proof. Let k, be the maximum of all orbits’ cardinalities. It follows by
4.6. and 4.7. that there must exist at least three orbits of cardinality k,, say
X, X/, X,”. If k,=k then 4.8. is true. If not then (since the I c.m. of all
orbits’ cardinalities must be k) there exists at least one orbit of cardinality pot
dividing k, and therefore not in N({X,, X', X"'}). Let k, be the maximum of
cardinalities of all such orbits. Then again by 4.6. and 4.7. there exist at least
three orbits of cardinality k,, say X,, X,’, X,”. If [k,, k,]=k then 4.8. is
proved. If not we go on with the same argument as long as for some ¢ the
lLe.m. of k, k,, ..., k, equals k.

5. Numbers ¢ (k) and c* (k).

Theorem 5.1. Let k=3 be an odd number and let k=p® ...p° be its prime
powers factorisation. Then:

Q) (=35 p,
i=1

(i) c*(k)=c(k) if r=1 and c*(K)=c(k)+1 if r>1.

Proof. Let G(m), m any integer =3, denote the graph
1
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Clearly G (m) is planar and m-cyclic. Therefore the union U(k)=G (ps)U
-+ UG(p,r) is a planar k-cyclic graph. Let G be any planar k-cyclic graph
and let k,, ..., k, be the integers satisfying (2). It is not difficult to convince

M~

oneself that

I

L= p;" and that the equality holds iff ks are the prime
1 i=1

powers p”s. Hence |V(G)|zV(U(k))| and U(k) is vertex minimal. This
proves (i). If r=1 then it is also connected. If r>1 then we need another
vertex to ,,make‘* it connected. We join this vertex by an edge to all vertices
that have degree 5 in U(k). The so defined graph is then vertex minimal
planar connected k-cyclic and this completes the proof of 5.1.

Let H(n), n any even number, denote the graph

1

when #n =4 and K, when n=2. Clearly H (n) is planar n-cyclic. Since R. L. MERIWE-
THER proved that a 4-cyclic graph has at least 10 vertices it follows that H (2) (H (4))
is vertex minimal planar 2-cyclic (4-cyclic). Our conjecture is that the same is
true for any H(2%), a=1. (This is very likely to be true since it was pointed
out in a letter to the author by L. BABAI that the graph in Fig. 1. is nonpla-
nar which was the toghest obstacle in one’s attempt to prove the above stated
conjecture). Since all these graphs are connected our conjecture extends to say
that H(2%), a=1, is also vertex minimal planar connected 24-cyclic.

When k is an even number but not a power of 2, say k=2%-m, a=1,
m odd>1, then we conjecture that H(29)JU(m) is vertex minimal planar
k-cyclic. When a=1 we get the vertex minimal connected graph by joining all
vertices of degree 5 in U(m) and the two vertices of H(2) to a new vertex.
When a>1 this construction doesn’t give us a planar graph and we conjecture
that we have to use the graph G (2% instead of H(29).

n/2

i#n/4 n even>4
Fig. 1.
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6. A conjecture about edge minimality. In [1] R. FrRucHT and I. Z. BoUWER
conjectured that for every prime p the graphs in Fig. 2. are edge minimal
p-cyclic. It can be seen that this is true and that this is a quite straightforward
consequence of 3.7, 3.9, 3.10. However, as was mentioned by L. V. QUINTAS
(personal correspondence to the author), the edge extremum problem for cyclic
groups has finally been solved, a solution is to appear in a joint paper by
L. V. Quintas and DoN Mc CARTHY.

p>5,a>1
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Neka je c (k) (c* (k)) najmanji broj takav da postoji planaran (planaran povezan) graf”
sa c (k) (c* (k)) &vorova €ija je grupa automorfizama ciklicka grupa reda k. Ako je k neparno

r
i k=p® ...par, gde su p,,..., p, prosti brojevi, tada je c(k)=3 Epiai i c*k)=ck) za
i=1

r=1, dok c¢*(k)=c(k)+1 za r>1.



