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669. ON A LINEAR DIFFERENCE OPERATOR*

Ivan B. Lackovi¢ and Ljubisa M. Koci¢

This paper contains the proof that for the operator L defined by (2) the impli-
cation (4) holds for every sequence x=(x,) if and only if L =A2

0. Let us denote by x=(x,) a sequence of real numbers, and let K be
the class of real sequences convex of order n(n=0, 1, 2,...). Let, further, 4
be a given operator whose domian contains the class K and whose images are
real sequences. It is interesting to consider for which classes K and operators A
the implication

@ XEK > A(X¥)=0

holds true.

In today’s literature there is a number of articles discussing the above
question. Thus N. OzekI [1] has proved the following theorem, which is in
connection with the above implication (1).

Theorem 1. For every real sequence a=(a,) convex of order 2, the sequence
A=(A4,), where A, is defined by

is also convex of the same order.

P. M. Vasié, J. D. Ke¢kié, 1. B. Lackovié and Z. M. Mrtrovi¢ had
considered in paper [2] the same implication in the case when A is the second
order difference of weighted arithmetic means and K is the class of all real
sequences convex of order 2. In the same paper they obtained all the weights
p=(p,) for which the implication (1) holds where 4 and K are defined
as above.

Further generalizations of these results, for the sequences convex of
order n(n=3,4,...) and weighted arithmetic means, had been considered by
I. B. Lackovi¢ and S. K. SmiC [3].

1. Denote by L the linear difference operator

2) La,=a,, ,+pa,, +qa,, n=1,2,3,..)
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where a=(a,) is a given real sequence, p, ¢ are given real numbers, and g+#0.
Define, now, the sequence X =(x,) by

3) 'in:-l_ i X~
" k=t
Then, we shall consider for which p and ¢ the implication
4) . Lx,z0 =» LX,=0
holds, for every sequence x=(x,) and every nCN.
The difference equation
®) Lx,=0,
indepedently of choice of p and g, has the solution of the form
(6) X,=C o, +C, B,

where C, and C, are arbitrary real constants.

In the following lemma, we shall give a necessary condition for the
operator L so that the implication (4) holds true.

Lemma 1. If for the operator L and every x=(x,) and every ncN the impli-
cation (4) holds, then

@) Lz,=0,
and
® LB,=0

for everv nEN, where & and B are defined with

. 1 2 - 1z
&) O("=——z %y Bo=— Z B
k=1 < Pe=t
Proof. Consider the sequence x = (x,) defined by (6). This sequence
satisfies (5), i.e. Lx,=0 for every n&N. Then we hawe Lx,=0 from the

implication (4), where

10) inzcl &y + C, s
C,, C, are arbitrary constants and the sequences & and B are given by (9).
Taking C,= +1 and C,=0 in (10), we have L&,=0, but for C,= -1, C,=0
we have —L&,=0, wherefrom we conclude that condition (7) for every n&N
must be fulfilled. In the similar way, by choosing C;=0 and C,= +1, we
derive (8). This completes the proof. '

On the basis of lemma 1 we can make the next conclusion. If the
implication (4) holds for the operator L and every sequence x=(x,), then the
relations (7) and (8) follow, and next conditions must be fulfilled also

(1 &3+P5€2+q5€1=0,
(12) B, +pB,+gB,=0.
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Characteristic equation of equation (5), according to (2), is
(13) 2+ pt4+q=0.
We distinguish next three cases:
A) Let p>—44>0. Then (13) has the form ¢*>— (¢, +12,)t+1,t,=0, where
t,, t, are real numbers such that ¢, -7,0 and ¢,#¢,. We have «,=1t", B,=1," and

kgl ook
4" Bn=72t2
k=1

o

M=

1
n =
n

k

1

Now (11) and (12) have the forms

2

(14) "—“‘3—”— @ +tz)"+t1 1, 4,-1,=0,
2

(15) ’»‘i’;L’z (t,+1) +"+tt2 1,=0,

and using the condition ¢#0, i.e. ¢, ¢,20 we have
(16) 2—t,—t2+31,t,-31,=0,
an 2—-t,—-t,2+3t,1,-31,=0.

Subtracting the last two equations we derive (,—17)(t; +1,—2)=0.

As t,#t, it must be 7,=2—1¢,. Then, on the basis of (16) we have
(t,— 1)2=0, therefrom it follows ¢, =¢,.
The result we just derived, can be formulated in following way:

Lemma 2. Let L be defined by (2) where q#0 and p*>—4q>0. Then the
implication (4) cannot be true for every x=(x,) and for every n&N.

B) Now, p?*—44g=0. Then (13) may be written as (¢r—1,)*=0. where
t,&R and #,70. Now we have a,=1", B,=nt i.e.

—_ 1 n
tok; Bn=: 2 ktyk
k=1

Equalities (11) and (12) have the forms

1
Xy =—
n

TM =

1

(18) %‘ﬁ—zt Wl g2y <0,
(19) t+2102+317 ~21, ’°+22t°+t2t —o.
(18) and (19) get the forms

(20) (1-1)2=0,

2n 1-#=0

after evident transformations. In this way we obtain the next result:



206 I B. Lackovi¢ and Lj. M. Kocié

Lemma 3. Let L be defined by (2) where q#0 and p*—4q=0. Then, if the
implication (4) holds for every x=(x,) and every nEN, it must be p= —2
and q=1.

C) p2—4q<0. Then (13) has a solution ?,,=p(cosw+isinw) i.e. (13)
gets the form

(t—pe)(t—pe)=1t2—21pcosw+p?,
wherefrom it follows p= —2pcosw, g=p2 Now we have
‘ o,=p"cosnw, B,=p"sinnow,
ie.

p¥sink .

I N = 1
&,=— > pkcoskw; B,=—
7 k=1

L}

T™Ma=

In this manner (11) and (12) have the form

0s @+ p?cos 2 w +p?cos 3 +p? cos?2

22) P COS @+ p os3 w+plcos3w _2PcoSmpcosw 29 cos m+pzpcosm=0,
. 2 gin2 3 . 2w )

(23) psinw+e*sin2 w+p sm3m_ZPCOSwpsmm+p sm2¢o+92psmw=0'

3
From the relations (22) and (23) we obtain

(24) %(z+zz+z3)—%(z+E)(z+zz)+zEz=0,

where we introduced the substitution z=p e,
On the basis of the asumption g0 we have p#0, i.e. 250 so (24) becomes

(25) 2(01+z+2z)-3(1+2)(z+2z)+62z2=0.

This equation can be writen in the form

(26) 2(1+z+2z)-3(1+2z2)(z+2)+62z=0.

Substracting (25) from (26) we have 2(z—2)+2(z>—2%)—-3(z+2z)(z~2)=0, i.e.
27N (z—2)(2-z-2z)=0.

Solutions of (27) are

(28) z=%,

(29) z=2-z.

It is clear that the condition (28) cannot be fulfilled because of p?—44<O0.
Substituting (29) into (25), we have

(30) —4(z-1=0

which cannot be fulfilled too.
In this manner the following lemma has been proved.
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Lemma 4. Let the operator L be defined by (2), where q#0 and p*—44q<0.
Then the inplication (4) cannot be valid for every sequence x = (x,) and every n<N.

On the basis of the proved lemmas and theorem 1 we have:

Theorem 2. Let the operator L have the form defined by (2), where p, q&R,
q#0. Then the implication (4) holds for every sequence x=(x,) if and only
if p=—2, q=1, ie. if and only if L=A
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