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668. INTERPOLATION IN THE L?*-SPACES AND ELLIPTIC
DIFFERENTIAL EQUATIONS*

Magdalena Jaroszewska

1. In this paper we prove the interpolation theorem for a special case
of spaces LP* with mixed norms. Then taking advantage of some properties
of L»*-spaces and the above theorem, proven heretofore, their application to
the theory of partial differential equations of elliptic type is demonstrated.
Results are of a similar type as those published before in [3] and [4]. Feasibility
of such studies has been discussed in [7] 4.11.

2. The index i=1, ..., n, unless otherwise stated. Let R be the set of

real numbers, k; — positive integer, > k;=N, 1=<p;, r;, §;, ;< 00, ,,;=0. In the
t=1

following we shall apply vector notations, i.e. p=(p,, ..., Do)y X=(X;5 «.., X,)
etc. Let Q2(x? r)CR" be the fixed, bounded cube with centre at x and
edge length equal to r,, the edges of which are parallel to coordinate axes.
We shall denote by Q, the subcube of 0 and homothetic with Q° Let Q,
denote an open bounded subset of R¥. Assume Q,(x?, r)=Q,MN0°x"r),

Q0=Pi:I Qio, Q=Pi:1 0 QZPi:IQia ﬁzpizlﬁp Q(xo’ r)=Pl——'ZIQi(xi0’ ri)-

The measure means always Lebesque measure. To simplify the notation, we
shall write, for example:

Ju@dx=[-. - [u@E)dx, - - -dx,,
Q Q Q4

n

Jlu@rde=llulte@=[] ... [([1u@ " dx,)"" dx,- - -|""** 1 dx,.
bQ Qn

Q, O

Definition 1. We shall denote by LP.*(Q) the linear space of functions u locally
integrable in Q for which there exists a positive constant M depending on u such
that for every x°, r with x?<Q;, r,>0 there holds the inequality

n
[ |4 (x) — st o, 1) I”dx}”"" <M rpienini
Qo0 ) i=1
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where

un(xo,r)={Pi—:1 w [Qi(x,-o, "i)]}—l f u(x)dx
Q0,7
is the mean value of u on Q(x° r).
The expression

LA . 1/p
!”u”ll_l,,;\(g){ sup H r; A pplp; f I”(x)—un(xo,r)ipdx} n
*0€d; i1
r; >0 pQ (% 1)
is a seminorm in L™ ().
The space L”*(Q) is a norm space with, for instance, the following norm
”fHLP»l(Q) = HfHLP(g) + mf[iHLP,R(Q)-

Definition 2. We shall denote by ¢,(Q° the linear space of functions u locally
integrable in Q°, for which there exists a positive constant M depending on u
such that for every Q,C QP there holds the inequality

f[u(x)—uQ[dxéMfI ®(Q).
2 i=1

The expression
n

#| oo = sup [M(Qi)]“flu(X)—ugldx
0,000
is a seminorm in &, (Q°. ¢
The norm is, for instance,
[l eocony =[] % [llcocany + 1 2] 1 00)-
Let T be a linear mapping defined on L' (QY).

Theorem 1. Let the linear mapping T be continuous simultaneously from L* (Q)
into £,(Q% and from LP(Q) into L?(Q° such that there hold the inequalities

0] | Tullleoon =M, [[u| 1= @), YuEL® (Q),
3] HTuHLP(QO)éMzHuHLP(Q), VucLr(Q), pP,=:--=p =zl

Then, for all t&[0, 1], T is a continuous linear mapping from LT (Q) into Ls(Q),

where
1 1—¢ t 1 1-—:¢ t

® Lot L LI, L pisg,
noo4 o pos 1 p

and for every uc L™ (Q) the inequality

©) | Tul| son = C, [ r

holds, where C, is a constant depending on m, p, q, r, s, Q, Q° M,, M,.
Proof. Let A:Q°=P;%; 0= UP;”; Qu, Qi — cube contained in Q;, be
1

a decomposition of Q° into a denumerable number of products P2y Q,, no-
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two of which have a common interior point. For every ucL?(Q) let us denote

by v (x) the function defined on Q° which for every product P;.%; Q, of de-
composition A has the constant value

@i [ |m-@,, |

i—1 Qik
n
Py Qi

@) ©O=3 T] @0l f Tu-tw),,  [dxy ®.

k i=1 i=1 Qik By O
Pl
We observe that the mapping v is sub-linear and
70|z o0y <[] Tuli]eo -
Hence by (1) we have
) [ 7l @y <M, || 2] = @
Let us notice that for p,=-.-=zp,2p, =1 we have
tpn
Iruller@o={ [ @|rde

»2°

1
e n
141 Pn—1
SZ . -1 T _ T d »
= gi:l [+ (2:0)] f | Tu—( u)Pi__,51 Qikl x“XPiix QikHL @)
Pl oy
1 1
I;I+“.+Pn—1 n l~l
=2 > T k(@) f Tu-(Tw) . |dx
k i=1 ey Qik
Pl oy

1 1
— e —

+1 , 1
<2 T e@OP! f | Tu|dx.
i=1
QO

Hence applying HOLDER’s inequality and (2) we get

(6 . rullron=C,(p, M) ||uf| @

Thus by [5] n.3 (see also [6]) we obtain

M | Tullm? @y = C, (P, M) ||ul 17 @)

Then, the sub-linear mapping © is continuous from L* () into ¢,(Q% and
from L?(€) into M?(Q% and the inequalities (5) and (7) hold i.e. 7 is of
weak types: (0, o) and (p, p). Applying Th. 1 [6] we obtain that © is of a
strong type (¢, ) and for every p,<gq;<<oo the following inequality holds

i wull L2y =Cy (g, @) M\~ C P (p, M) ||u | L9y
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Hence
(8) | TullL2@n=C,(p, g, M,, M) || u| Le¢q).
Next, let us prove that the linear mapping u+>[Tu— (Tu) o] is: .

a) of strong type (g, 1), b) of strong type (p, p)
and there hold the inequalities

® | Tu— (Tw) oo || L1 (00, = C5 (P, 4, Q°, My, M) u}| L4 ),
(10) | Tu—(Tu) go| L2 @y <2 M, || || 17 @ -
Proof of a). We have for ¢,=2 .- =2¢q,2q,21

- (fap—1
swp > [T @™ [T, |

i=1 Qi
Pl oy
= sup - [ (Q; )]_‘f Tu—(Tu) dx '
A gg ©u | ( Pl Qik| ”X”iilQikHLq(Q“)
P 0y

sl Tull L9 o).

If we take a decomposition A of the set P;.Z; Q2 containing only one set, i.e.
U P2 Qu=P:21Q° then we have
k

z oy (/90 —1 _
I k@A™ [ 1@, ld
Pl 0
<sup 5 T7 [w @1 f Tu-(T)_,  |dx.
A %= Pi1 Qi
Pl 0

We obtain from the two above inequalities

| Tu—(Tw) o || 11 < TT [(@O1' ™| vu || L4 go).
i=1
Hence and by (8) we get (9).

Proof of b). If we apply MinkowsK1 inequality, HOLDER’s inequality and
(2), successively, we get

| Tu—~ (Tu)go|| 27 00y < || Tu || L2 (@oy + | (TW) o | I_nI @21

i=1
S2M,||ull L7 v
Hence (10) follows.
Then, by (9) and (10), we apply the Riesz-THORIN th. [1] and get that the linear
mapping u+>[Tu—(Tu)go] is of strong type (r, s) where the conditions (3) are
satisfied and the following inequality holds

an [| Tu—(Tw)go || s @y = Cs ' 2 M) { u | 1y
=C6(p’ q, 71, s, QO’ Ml’ Mz)” u“L’(n)'
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Taking into account MINKOWSKI'S inequality, HOLDER’S inequality, (2) and (11)
we obtain for r;=p;

| Tut|| s ooy < || Tu— (T go || Ls (o) + | (T4) go | ["I [ (@)1

i=1
n

=Cllull @+ [T [k @M=D || Tu || 17 (g0

i=1

=Csllullere+ 11 [ (@O]WD=0FD . M, [ u]] 17

i=1

SCyllu @+ [T [ @OI-0. [ @I~ M || 1r -
i=1

Hence (4) follows.
From Def. 1 and Def. 2 we notice easily that
(11 ] eo cm = [if ¢ ]i| 21 ¥ (o)
and that the spaces L?°(Q) and L?(Q) are isomorphic. Also we know that
bilipschitz transformation leaves L7 *() invariant (see [4] n. 1). Hence, we

can substitute the respective norms and seminorms in Th. 1 by equivalent
norms and seminorms, formally writing Q instead of Q°. Then we obtain

Theorem 2. Let the linear mapping T be continuous simultaneously from L* (L)
into LYN(Q) and from L?(Q) into L?(Q) and such that there hold the inequa-
lities

y I Tull| ctv @y = M, [|ullz= @, YuEL® (Q),

@ | Tu||r @ys M, || ull 17 @), YUELP(Q), pyz---zZp 21

Then for all t&[0, 11 T is continuous linear mapping from L' () into L5(Q)
(where conditions (3) are satisfied) and for every ucL’(Q) the inequality

@y | Tulls@=C,||u]rr@

holds.

3. Basic notions of this part are taken from [4] and [7]. Let us consider
a linear differential elliptic operator of the second order:

N
I/ ou
E@)= - [a,.-(x)w], a,=a;
( .-,,Z=1 xj 1) dxi ] Ji

where a; satisfy HOLDER’S condition in Q and following condition is satisfied:
vUERSS a,@EESv[ER  v>0
ij

for every ECRN, xcQ.
Let f;cL*(Q), j=1,..., N. Let uc H,"»*(Q) (where H,'-%() be the set of
functions u with compact support in Q, such that ¥cL?(Q) and its distribu-

tional derivatives :—uELZ(Q), i=1, ..., N). Moreover, let u be a solution
Xi

of the equation

N oaf
E(u)= 24

j=19%
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It is well known (see [4] n. 3) that a unit solution exists and that

N
(12) Z

It was proved by S. CAMPANATO, see [2], that if f;CL*"(Q) and is of the
class C"*, a>0 (for def. of C"* see [2] p. 362) then there exists a constant
C,>0 such that

On the other hand we know by Def. 1 and by HOLDER’s inequality, that

ou
ox;

N 2
g Z 1 2.

L2 (Q) i=

| du

N
laxl é’C7 Z:l Hf}HLZ’N(Q)'

2 N(Q)

(14) Hu”Ll»N(Q) =G HuHLLN(Q)‘
We know also by [7]- 4.7 that

(15) Hquz N(n)—C9:|u L)
The inequalities (13), (14) and (15) imply

u N
ou <C,, ; Wfill Lo gy -

a9 -

i=1 L N@q)

Now, let G be the GREEN’s operator corresponding to the DIRICHLET problem
described above. Putting F=(f;, ..., fy), we can write u G (F). Denote by Gy,

the linear operators defined on L2(Q) by G, (f )— G(F,) where F,=

={(0, R 0, 0, ..., 0) with f in the k-th place It is obvious that
ou
dx

linear operator from L2(Q) into L2(Q) as well from L% (Q) into Ly Q).
Then (1)" and (2) for p,=2 of Th.2 are satisfied. Thus G,, is continuous
inear operator from L () into Ls(2), with conditions (3), (b, k=1,..., N) and

z G, (f,). Estimates (12) and (16) indicate that every G, is continuous
k=1

0 N
2l <y S Ikl g
n=1

ax;, |Ls (@)
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