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668. INTERPOLATION IN THE LP'>--SPACES AND ELLIPTIC
DIFFERENTIAL EQUATIONS.

Magdalena Jaroszewska

1. In this paper we prove the interpolation theorem for a special case
of spaces LP,A with mixed norms. Then taking advantage of some properties
of LP.A-spaces and the above theorem, proven heretofore, their application to
the theory of partial differential equations of elliptic type is demonstrated.
Results are of a similar type as those published before in [3] and [4]. Feasibility
of such studies has been discussed in [7] 4.11.

2. The index i = 1, ..., n, unless otherwise stated. Let R be the set of
n

real numbers, kj-positive integer, 'Lkj=N, 1 ~Pj' rj, sp qj~ 00, Aj;;;:;O. In the
t=1

fOllowing we shall apply vector notations, i. e. p = (PI' ..., Pn)' X = (XI' ..., xJ
etc. Let QjO(XjO,rj)CRkj be the fixed, bounded cube with centre at XjOand
edge length equal to rj, the edges of which are parallel to coordinate axes.
We shall denote by Qj the subcube of QjO and homothetic with Qt Let OJ
denote an open bounded subset of Rkj. Assume OJ (XjO,r) = all QjO(XjO)ri)'

The measure means always Lebesque measure. To simplify the notation, we
shall write, for example:

J u(x)dx= J. . .J u (x) dXl . . .dxn'
o On 0,

Definition 1. We shall denote by LP.A(0) the linear space of functions u locally
integrable in a for which there exists a positive constant M depending on u such
that for every xo, r with xjOEOj, rj>O there holds the inequality

n

{ J I
u (x) - Uo (x<!, r) Ipdx }

I/Pn ~ M D r/,i Pn/Pi

bO~o.~ .=1
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where

is the mean value of u on 0 (xO, r).
The expression

{

n

J }

I/P

IlluIIILP,A(o) Xj~~~j}]
riAjPnlPj lu(x)-UO(xo,r)ipdx

n

rj >0 b 0 (X<>,r)

Uo(x<>,r)={Pj~1 (l. [OJ (XjO, rj)]}-I J u(x)dx
o (X<>, r)

i~ a seminorm in LP, A(0).

The space LP, A(0) is a norm space with, for instance, the following norm

IlfliLP,A(O)= lifIILP(o) + IllfIIILP,A(o)'

Dermition 2. We shall denote by Eo(Q0) the linear space of functions u locally
integrable in QO, for which there exists a positive constant M depending on u
such that for every QjC QjO there holds the inequality

n

Jlu(x)-uQldx~MI1 (l.(Qj)'
Q i=1

The expression

is a seminorm in Eo(QO).

The norm is, for instance,

Illulll.o(QO)=
Q~~g/ja

[(l.(Qj)]-l Jlu(x)-uQldX

Q

II u II.o(QO) = III u 111.o(Qo) + II u Ilv(QO).

Let T be a linear mapping defined on V (Q0).

Theorem 1. Let the linear mapping T be continuous simultaneously from L"" (0)
into EO(QO) and from £P (0) into LP(QO)such that there hold the inequalitie~

(1) IIITul!l.o(QO) ~M1lluIIL""(O), VuEL"" (0),

(2) IITuIILP(QO)~M21IuiILP(o), VuE£P(O), Pn~'" ~Pl~l.

Then, for all tE[O, 1], T is a continuous linear mapping from Lr(O) into V(QO),
where

(3) 1 1-/ / 1 1-/ /
-=-+-, -=~+-, pj~qi'
rj qi pj Si 1 Pi

and for every uEL'(O) the inequality

(4)

holds, where C1 is a constant depending on m, p, q, r, s, 0, QO, Ml' M2.

Proof. Let tJ.:Qo=Pi~1 Qjo= UPi~1 Qjk' Qik - cube contained in Qj, be
k

a decomposition of QO into a denumerable number of products Pj~1 Qik' no-
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two of which have a common interior point. For every uELP(D.) let us denote
by 't'(u) the function defined on QO which for every product Pi::1 Qik of de-
composition ~ has the constant value

n

TI[fL(Qik)]-1
i=1 J ITu - (Tu)

Pi::1 Qik
Idx

Pi::'1 Qik
i. e.

n

('t'u)(t)= 2: TI [fL(Qik)]-1
k i=1 J ITu - (Tu)

Pi::' 1 Qik
Idx X

Pi::'1 Qik
(t).

Pi::'1 Qik

We observe that the mapping 't' is sub-linear and

II 't' u II L""
(QO) ~

Iii Tu lileo(Qo).
Hence by (1) we have

(5) II 't'U IlL""
(QO) ~M111 u II L"" (0).

Let us notice that for Pn~ . . . ~P2 ~Pl ;E;;1 we have

J ITu - (Tu)
n Idx

Pi= 1 Qik

1 1

~
2Pi+"

. +Pn-l
+1

D
[fL(Qio)]h-I J ITu Idx.

QO

Hence applying HOLDER'Sinequality and (2) we get

(6)

Thus by [5] n.3 (see also [6]) we obtain

(7)

Then, the sub-linear mapping 't' is continuous from L"" (D.) into Eo(Q0) and
from £P(D.) into MP (QO) and the inequalities (5) and (7) hold i. e. 't' is of
weak types: (00, (0) and (p, p). Applying Th. 1 [6] we obtain that 't' is of a
strong type (q, q) and for every Pi<qi< 00 the following inequality holds

II 't' u II
Lq (QO) ~ C3 (q, q) M11-(PiIQi) C/ilqi (p, M2) IIu II

Lq (0).
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Hence

(8) II'r u II
Lq (QO) ~ C4 (p, q, Mp M2)11 u Ii Lq (0).

Next, let us prove that the linear mapping ul--+[Tu-(Tu)QO] is:
a) of strong type (q, 1), b) of strong type (p, p)

and there hold the inequalities

(9) IITu-(Tu)QoIILl(QoJ~Cs(p, q, QO, Mp M2)lluIILq(o},

(10) II Tu- (Tu) QO/I LP (QO)~2 M211 u II LP (O).

Proof of a). We have for qn~ . . . ~q2 ~ql ~ 1

s~p f D
[IL (Qik)](IJq;}-l

.r ITu - (Tu)
Pi:' 1 Qik

Idx

Pi:'l Qik

= s~p f D
[IL(Qik)]-l J ITu- (Tu)

Pi:' 1 Qik
Idx II X

Pi:' 1 Qik
iILq (QO)

Pi:' 1 Qik

~ II 'r u II L
q

(QO).

If we take a decomposition ~ of the set Pi:'1 QiO containing only one set, i.e.

U Pj:'l Qik=Pi:'l QjO then we have
k

J ITu- (Tu)
Pi': 1 Q?Idx

Pi:'l Q?

~ sup L Ii [IL(Qik)]<l/q;}-l
J ITu - (Tu)

n Idx.
~ k i=l Pj=l Qik

Pi:'l Qik

We obtain from the two above inequalities

n

IITu - (Tu) QO 1/ LI (QO) ~ TI [IL
(QjO)]l-(llq;)

II 'ru II L
q (QO).

i~l
Hence and by (8) we get (9).

Proof of h). If we apply MINKOWSKI inequality, HOLDER'Sinequality and
(2), successively, we get

n
liP'

II Tu- (Tu)Qo II LP (QO)~ II Tu 1/LP (QO)+ I (Tu)Qo I TI [IL (QiO)] I

i=l

Hence (l0) follows.
Then, by (9) and (10), we apply the RIEsz-THORIN tho [1] and get that the linear
mapping ul--+[Tu-(Tu)Qo] is of strong type (r, j) where the conditions (3) are
satisfied and the following inequality holds

(11)
II Tu- (Tu)QO Ilv(QO) ~C/-t (2 M2)' IIu Ilu(o}

=C6(p, q, r, j, QO,Mp M2) II ullu(o}.
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Taking into account MINKOWSKI'Sinequality, HOLDER'S inequality, (2) and (11)
we obtain for r; ~p;

n

II Tu Ilv(Qo);<;:;IITu- (Tu)QoIIv (QO)+ I(Tu)Qo I fI [fL (Q;O)]I/s;

;=1
n

;<;:;CsIi u Ilu(o)+ Il [fL(Q;O)](l/s;)-(I/P;)
II Tu II

LP(QO)

;=1

n
;<;:;CS II u II u(o) + Il [fL (Q;O)](I/s;)-(l/P;) .

M211 u II LP (0)

;=1

n
;<;:;CS II u il Lr (0) + Il [fL (Q;O)](I/S;)-(l/P;) .[fL (O;)](I/p;)-(l/r;) .

M211 U IILr(O).
;=1

Hence (4) follows.
From Def. 1 and Def. 2 we notice easily that

III u 111.o(QO}= Iii u III LI. N (QO)

and that the spaces LP. ° (0) and LP (0) are isomorphic. Also we know that
bilipschitz transformation leaves LP. A(0) invariant (see [4] n. I). Hence, we
can substitute the respective norms and seminorms in Th. 1 by equivalent
norms and seminorms, formally writing 0 instead of QO. Then we obtain

Theorem 2. Let the linear mapping T be continuous simultaneously from LOQ(0)
into V. N (0) and from U (0) into LP (0) and such that there hold the inequa-
lities

(1)' IIITuIIILl.N(o);<;:;Mlllu!ILOQ(oh VuELOQ(O),

(2)' IITuIILP(0);<;:;M21IuIlLP(oh VuELP(O), Pn~'" ~PI~1.

Then for all t E [0, 1] T is continuous linear mapping from Lr (0) into U (0)
(where conditions (3) are satisfied) and for every uELr (0) the inequality

(4)' IITullv(o);<;:;CtIIUII,u(O)

holds.

3. Basic notions of this part are taken from [4] and [7]. Let us consider
a linear differential elliptic operator of the second order:

E(u) = ~ ~
[
aij(x)~

]
,

;.j~1 Xj OX;

where aj} satisfy HOLDER'S condition in 0 and following condition is satisfied:

v-II ~ 12;<;:;2: aij(x)~; ~j;<;:;v I~[2,
i,j

for every ~ERN, xEO.
Let JjEU(O), j=l,..., N. Let uEHo1.2(0) (where HOI.2(0) be the set of
functions u with compact support in 0, such that u EL2 (0) and its distribu-

tional derivatives
0 u EL2 (0), i = I, ..., N). Moreover, let u be a solution
ox;

of the equation

E(u)= ~o/;.
j=lox}
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It is well known (see [4] n. 3) that a unit solution exists and that

~
II

oU

l1

2
~v2 ~ IVi ili2(0).

i~1 OX, £2(0) j=1

It was proved by S. CAMPANATO,see [2], that if !jEL2.N (.0) and
class ct,"', (l>0 (for def. of Cl.'" see [2] p. 362) then there exists
C7>0 such that

(13)

(12)

is of the
a constant

On the other hand

N

I

I oU
II

N

L:
I

-;-. ~C7 L: lilj I!L2.N(f!)'
i=1 x, L2.N(Q) j=1

we know by Def. 1 and by HOLDER'S inequality, that

(14) IluIILI.N(f!) ~C81\u\\L2.N(0)'

We know also by [7]- 4.7 that

(15)

The inequalities (13), (14) and (15) imply

i
II

~u.
11

~ CJO ~ Illj IILoo(o)'
i=1 vX, LI.N(O) j=1

(16)

Now, let G be the GREEN'S operator corresponding to the DIRICHLET problem
described above. Putting F=(lp ..., IN)' we can write u=G(F). Denote by Ghk
the linear operators defined on £2 (.0) by Ghk(I) = ~ G (Fk) where Fk =

OXh

= (0, ..., 0, I, 0, ..., 0) with I in the k-th place. It is obvious that
N~ = L: Ghdlk)' Estimates (12) and (16) indicate that every Ghk is continuous

OXh k= I
linear operator from £2 (0) into £2 (0) as well from L

00 (0) into LI. N (0).
Then (1)' and (2)' for Pi= 2 of Th. 2 are satisfied. Thus Ghk is continuous
inear operator from L' (0) into V (0), with conditions (3), (h, k = 1,

'"
, N) and

i
\\

~
I

I ~CII ~ IllhiiLr(o)'
n= I OXh ILS (0) n= I
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