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— On the occasion of his T0th anniversary —

Jovan D. Keckié

1. Introduction

Professor D. S. MitriNOVIC published his first paper on differential equ-
ations in 1933, and his last, up to now, in 1976, the total number amounting
to 99 papers'. However, his work in this discipline was not evenly distributed
over the period of 43 years — during the nine-year period 1933—1941, Professor
MirtriNovIC published 47 papers, while in the ten-year period 1967—1976 he
published only 6 papers on differential equations.

The first contributions of Professor MITRINOVIC were almost entirely
devoted to differential equations. In the pre-war period he concentrated his
attention mainly to the integration of the equation (3')*>+y*=f(x), and to the
integration of RICCATI's equation. After the end of the war, Professor MITRI-
NOVIC began to change his fields of interest, though in the period 1946—1956
he still worked mainly in differential equations. In the post-war period Pro-
fessor MITRINOVIC gave important contributions to the integration of undeter-
mined differential equations, and he also published a series of articles with the
aim to form new integrable types of differential equations.

We have therefore classified the papers of Professor MITRINOVIC into the
following five groups:

1. The equation (y')>+y*=f(x);

2. RiccATr’s equation;

3. Undetermined equations;

4. New integrable types of differential equations;
5. Other papers.

In further text we shall consider each of those groups independently,
stressing the main ideas and results in each of them.

! The Bibliography of Professor D. S. MiTRiNovi¢, compiled by R. Z. PORBEVIC and
R. R, JaNIC (see Univ, Beograd. Publ. Elektrotehn, Fak, Ser. Mat, Fiz, Ne, 180 (1967), 1—35
and Ne, 461—Ne 497 (1974), 195—206) records 100 papers on differential equations. However,
papers listed under Ne 135(6) and 150 (9) are identical.
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2. The equation ()')*+y>=7f(x)

2.1. Introduction. Professor MITRINOVIC devoted his first research papers
to the integration of the equation

2
@.1.1) (d—y) +¥2=f ().
dx
This equation is closely connected with the equation
dyy? 2 dy
(.1.2) (#) +a, (¥) Y+ a, (%) ¥ 5+ a,(x) =0.
dx dx

The equation (2.1.1) is clearly a special case of the equation (2.1.2). It
is, however, also the canonical form of the equation (2.1.2). Indeed, if we
introduce the substitution

(2.1.3) y=Yexp<—faldx>,

equation (2.1.2) becomes

are 2 [ ay(xdx
2.1.9) (d—> +(a,(¥) —a,(x)?)) Y?= —a,(x) e
X
If we now replace the variable x by X, using the formula
dx — 5
(2.1.5) E=Va, (x)—a, (%3
dx

the equation (2.1.3) becomes (%)2 +Y2=F(X), with

F(X)= ——) _exp2 [al (x) dx,

a, (x)—a, (x)*
and that is an equation of the form (2.1.1).

When MITRINOVIC began his investigations regarding the equation (2.1.1)
only three integrable forms of that equation were known:

() f(x)=aet*; (i) f(x)=/(ax+Db)et?ix;

(i) f(x)=a cos %31‘+b sin%",

where a and b are arbitrary constants.

2.2. New integrable forms of (2.1.2). Taking as a starting point the fact
that equation (2.1.1) can be integrated only in the three mentioned cases, MITRI-
NoVIC decided to determine (exp'icitely) as many forms of the function f(x) as
possible, which will present integrable cases of the equation (2.1.1). The idea
was mainly to reduce the corresponding equation (2.1.2) to known integrable types.
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So, for example, in [1] MITRINOVIC examined for what values of the
coefficients a,, a,, a, will the equation (2.1.2), solved with respect to y, be a
LacranGe differential equation

y=xAQ)+B()-

Those considerations lead to the conclusion that the equation (2.1.1) will be
integrable if f has one of the following forms:

A
where A=A2-kv)t2+2(Apu—kvr)t+p2—kt?, and A, pu, v, k, © are arbit-
rary constants;
(2.2.2) f(x)=(ax+b)ex?

(223) f(x):(ae:tzwx +b) e:‘:2i(1+v)x,

@2.2.1) f(x):%expzfl’—zidt, X il/ka“’”dt,

where a, b, v are constants and i is the imaginary unit.

REMARK. Although the formulas (2.2.1) which define the function f, are rather complicated,
by suitable choices of the arbitrary constants it is possible to form quite simple forms
for f. So, for instance, if we take v=0, the equalities (2.2.1), after the elimination of ¢,
yield

2

2z
f(x)=(Acos hx+Bsinix) X,

which for A=—2/3 reduces to the known form (iii).
Similarly, if we take w=7=0, we arrive at the form (i).

Since (2.2.2) coincides with (ii), we conclude that formulas (2.2.1), (2.2.2) and (2.2.3)
contain all the results which were known up to then.

Developing this idea, MITRINOVIC investigated in which cases can the
equation (2.1.2) be reduced to an equation of the form

(2.2.4) y=AX)y'+BX)F),

which can be integrated by the method of differentiation.

In the mentioned paper [1] MITRINOVIC first showed that the following
special case of (2.2.4):
(2.2.5) y=xy +cx"F(') (¢, n=const)

is an integrable type, and then proceded to reduce (2.1.2) to (2.2.5). As a
result, two more integrable types of (2.1.1) were found. The function f (x)
in those cases is:

_1 M2 _ ] w2420 _ ’ (E+Bm
S (@)= (- Bim? — ka? 127) exp 2] s dr,

m2—k a2 t?n

xzfcocl/jf i -dt
+Bt—ka?n

F)=4Btn(t+atm)ex2ix x— iéf

where k, «, B, n are constants.

1

t+ath

ds,

2%
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A similar idea is applied in [2]. In that paper equation (2.1.2) is redu-
ced to the equation

(2.2.6) xF(¥)+yG () + (' —yy"H(») =0 (m = const)

which, in turn, after an application of the LEGENDRE transformation becomes
a BERNOULLI type equation. MITRINOVIC examined the cases when m= 41,
+2, and found two more forms for the function f(x) which give integrable
cases of (2.1.1). They are:

ez (r+2) v—t _ VO+2vt—v?2
f(x)=m73xp2fmdt, X= + —Wdt,

40+ t _ Y=+ P—dpy
S )= G w4 P ("‘_”)fmmdt’ X= 200ty b

where A, p, v are constants.

In his dissertation [3] MITRINOVIC extended the methods of {1] and [2]
insomuch as to examine when will (2.1.1) be reduced to an integrable RICCATI
type equation. He thus obtained the following integrable forms of (2.1.1):

4@+ )t E-n2a _ V_—(&:m '
F = "Grgprean 0 YT E] a6

f(X) - 4 a_l%:_z—);i , t= et2ix (eiZix F l/ej;4ix :—B),

F(x)=4a(b—et2)~1;

Q2O () +2e)iY _ Viy+2¢) t—e?
fRO=3 =G g *=E ) T ary 9

where «, B, v, 3, € are constants.

It is also shown that the equation (2.1.1) can be reduced to a RICCATI
type equation if f (x) is defined by:

B+3D @ +yt+0) e—t
= — 2 | ————dy,
A (y+2e)t+o—e? xp ft2+yt+oc
o 4 [QF28tta—c o («, B, v, 8, e=const),

PPyt t+o

no matter whether the resulting RICCATI’s equation is integrable or not.
Finally, in paper [4] MiTrINOVIC reduces the integration of (2.1.1) to
the integration of the equation

@.2.7) bo(Y/) X2+2b1 (Y) XY—i-bz(Yl) Y2+b3(Y’)=O (Y' :g) .
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A number of integrable forms of (2.2.8) is presented, and those are
used to prove that (2.1.1) is integrable provided that:

—2—1 _2_..2__
a

f(xX)=(dcosax+Bsinax) *+(Ccosax-+Dsinax) ,

where a, A, B, C, D are constants such that 4C+BD=0. Some simple spe-
cial cases of (2.2.8) are:

—2-2

f(x)=Asinx, f(x)=Acosx, f(x)=(Acosax+Bsinax) °;

b

£ ()= (a,—a, t)(a,+3 a, t+3 a,t?—ag t3)' /3

(a,a,+a)t*+(a,a;+a, a,)t+a’—a,a,

>
X = + f (@, a,—a’>—(a,a,+a,a))t—(a, a, +a,}) 1) 1)? dt
ay+3a t+3a,t?—agt?

f(x)=A+Blogtg(x+a); f(x)= A+ B log cotg (x + a);
f(x)=A + Barctg (C + D cotgx); f(x)=A+ Blog . —%E*
1+cotgx

f(x) is any root of the equation «f+ff%=e+2ix,

On the other hand, equation (2.1.1) can be reduced to a RICCATI type
equations if;

a,—a,tya,+(2a,—a,)t+a,t? a,-+a,t
f(x):( 3 5 0 ( 1 4) 2 eXp _2 1 2
a’—aa,+a,a,t J ay+Q2a,—a)t+a,t?

_

/a, a,—a*—a,a,t

X= 4+ Lo,,Z,_l_A_zdt
a,+(2a,—a)t+a,t

or if f(x) is any solution of the equation
aff+Bf+y ik =et?

Special attention is paid to the resulting RICCATI’s equations which are
integrable, since such equations lead to new integrable types of (2.1.1).

In paper [5] it is shown that (2.1.1) can be solved using HERMITE’s po-
lynomials, provided that

f(x)=xitgx+(2n+1) or f(x)= ticotgx+(2n+1),

where [ is the imaginary unit, and nEZ.

We also mention paper [6] which contains an explicit solution of the
equation (»")?-+y?=Asin x (4 =const), although this was already done in [4].

2.3. Connection with other equations. An other approach used by MITRI-
NOVIC in relation with the equation (2.1.1) was to reduce that equation to
other equations which are also not integrable in general, but which are more
familiar than the equation (2.1.1).
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For example, in paper [7] MiTriNOVIE found a connection between

ABEL’s equation
d—u=(1+u2)(1 —lmu)

dx 2 f®
and the equation (2.1.1), concluding that each case of integrability of one
of those two equations leads to a corresponding case of integrability for the
other.

Some very general results were obtained in [8]. In that paper MITRINO-
vi¢ proved, among other things, the following theorems:

1° If one particular solution of the equation

gzzao (x) Y2 +a, (X)y +a,(x)
dx y+b(x)

2.3.1)

is known, than that equation can be reduced to the equation (2.1.1).
2° If two particular solutions of the equation

(2.3.2) o~ @Y a9y +a, (0)y+a;(x)

are known, then that equation can be reduced to the equation (2.1.1).
3° It is possible to form all integrable cases of the equation (2.1.1).
4° Each case of integrability for any one of the equations: (2.3.1), (2.3.2),
V'=a,(x)+a,(x)y7!, or
P9 )y +a (x)y*+a, (X)y +a,(x)
y =
y+b(x)

leads to a case of integrability for the equation (2.1.1).

The first two results of Theorem 4 are clearly consequences of Theo-
rems 1 and 2. Theorem 3 is proved in the following way. It is first shown
that the exterior balistic equation

(2.3.3) du_ 1-w
dx u+g(x)

can be transformed into equation (2.1.1). On the other hand, J. DRACH app-
lied his method of logical integration to (2.3.3) and showed how one can
form all the functions g(x) such that (2.3.3) is integrable. Hence, it follows
that it is possible to form all the functions f(x) which ensure the integrabi-
lity of (2.1.1). This constatation completely solves the question of integrability
of the equation (2.1.1).

Papers [9], [10] and [11} are short extracts from the paper [8].

2.4. A more general equation. MITRINOVIC devoted a number of papers
to the integration of the equation

(24.1) A @)+2Bx)yy +C () +2D(X)y +2E@)y +F(x)=0.
We first note the following:
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G If
A B D
B C E|=0,
D E F

equation (2.4.1) decomposes into two linear equations;

(i) If A=0, B2—AC=0, (2.4.1) is a RICCATI type equation.

(iii) If 4A=0, B2—~AC+#0, (2.4.1) is an ABEL type equation.
MiTrINOVIC in paper [12] investigated the remaining two cases, namely: (iv)

A#0, B2~ AC+#0, and (v) A#0, B?— AC=0. He showed that in the case (iv)
equation (2.4.1) is equivalent to an equation of the form

(11_4=M(x)u’+N(x)u2+P(x)u

4.2
@ ) dx ur+0(x)

3

which means that integrability of (2.4.2) implies integrability of (2.4.1).

In case (v) MITRINOVIC proved that the equation (2.4.1) can be reduced
to an ABEL type equation

glz_t___M(x) w+N(x)u+P(x)

4.3
(2.4.3) dx u+Q(x)

On the other hand integrability of any one of the equations

(2.4.4) j—u=A(u)+xB(u), or ?=A(u)+x“B(u)

implies the integrability of ABEL’s equation (2.4.3), which connects the equa-
tion (2.4.1) in case (v) with the equations (2.4.4).

In paper [8] MITRINOVIC obtained the conditions which allow the equa-
tion (2.4.1) to be reduced to the equation (2.1.2). Those conditions are:

A£0, B2 — AC£O, (AE—BD)’=CD——BE

B—AC BAC '

2.5. Geometrical problems in connection with (2.1.1) and (2.1.2). MITRINOVIC
published a number of papers in which various problems of differential geo-
metry are reduced to the integration of equations (2.1.1) and (2.1.2). We
shall briefly mention some of the results he obtained.

The following problem was solved in [13]: Determine all the surfaces
z=F(x,y) with the property that (2.1.2) is their differential equation of
asymptotic lines. The solution is rather complicated, but it contains some
simple special cases. For example, surfaces of the form

2.5.1) z=f(xX)y*+ky+g(x) (k = const)

have the required property. The special surface (2.5.1) was again treated
in {14].
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The same problem was considered in [15], [16], but the surfaces are taken
in the form

4= 3 L @YE =S =k f GyE,
k=0 k=0

and it is requested that the differential equation of the asymptotic lines is

(dv/dx)?=(A(x) v+ B(x))* in [15], and (dv/dx)*>=A (x)v2+ B(x)v+C(x) in [16].

In paper [17] it is shown that the determination of the curvature lines

of the surface z=f(x)y+g(x), where g satisfies a certain condition, can be

reduced to the integration of a special equation of type (2.4.1) which is

integrable. Similarly, in paper [18] it is shown that the determination of the
3

asymptotic lines of the surface z= 3 fi (x) ¥*, under rather strict restrictions
k=0

on the functions f;, f;, f,, f; can be reduced to the integration of (2.4.1), and

then, under some additional conditions to the integration of (2.1.1).

Paper [19] contains short summaries of the results from [8], [15] and [16].
Finaly, in [20] BELTRAMI's problem is reduced to the integration of the equa-
tion (2.1.2) and (2.1.1).

1.6. An other result for the equation (2.1.1). In connection with the equa-
tion (2.1.1) MitriNovIC [21] proved the following result: Suppose that the
general solution of the equation (2.1.1) has the form y=F(x, C), where C is
the integration constant. The function F will be a rational function with respect
to C if and only if f(x)=const. The corresponding result for the equation
(2.1.2) is also given.

1.7. Comment. Professor MITRINOVIC devoted a considerable number of
papers to a very specific problem: integration of the equation (2.1.1). This
problem, though easy to formulate, is very complicated. By wusing various
methods Professor MITRINOVIC developed a large number of integrable equa-
tions of type (2.1.1), and he also showed that the integration of that equation
can be reduced to the integration of some well known differential equations.
Besides, he obtained, as by-products, various new types of integrable diffe-
rential equations.

It is interesting to note that KAMKE in his famous collection [103] did
not include MITRINOVIC’s results on the integrable forms of (2.1.1). The only
references to MITRINOVIC’s research connected with that equation are given in
KAMKE’s equation 1.395, where the transformation (2.1.3)—(2.1.5) is repro-
duced (though this transformation is not really due to MITRINOVIC), and in
equation 1.461, which is concerned with the equation (2.4.1). On the other
hand, equations (2.2.5) and (2.2.6), which MiTRINOVIC obtained as by-products,
are recorded by KAMKE as new integrable types (the equations 1.571 and 1.572).

The conslusion that it is possible to construct all the functions f such
that the equation (2.1.1) is integrable presents a natural end of MITRINOVIC’S
investigations regarding that equation. On the other hand, the problem is not
completely solved; namely, the effective construction of all the integrable cases,
applying DRACH’s logical integration, remained unfinished. It is possible that
the beginning of the war prevented Professor MITRINOVIC in giving the complete
answer to the problem he set himself.
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3. Riccati’s equation

3.1. An integrability criterion. Professor MITRINOVIE [22] proved the follo-
wing result regarding the RICCATI equation

3.1.1) V=Ax)y*+Bx)y+C(x):
(i) If there exists a function F such that
(3.1.2) A(F—B)Z—FF—BJr(F_B)I:C,

24 24 24

then the equation (3.1.1) can be integrated by quadratures;

(i) If the function F from (3.1.2) has the form G’/G, then the general
solution of (3.1.1) can be obtained by means of one quadrature;

(iii) If the function F from (3.1.2) has the form (H''/H)—(A'[4), then
the general solution of (3.1.1) can be obtained without quadratures.

The above theorem contains as special cases some known results in
connection with RiccaTi’s equation.

3.2. Formation of integrable Riccati’s equation. The starting point for this
line of research was a theorem of DARBoux, which we shall quote in full.

Darboux’s theorem. Suppose that the differential equation
(3.2.1) V'=(f(x)+h)y (h=const)

is integrable for all values of ~. Then there exists an infinity of equations of
the same type which are also integrable for all values of hA.

Inspired by this result of DarBoux and a result of M. PerrOVIC for
the RICCATI equation, MITRINOVIC [23] solved the following two problems:

ProBLEM 1. Starting with a given integrable RICCATI’S equation
Y+ =F(x),

form an infinite sequence of other RiccaTi’s equations of the same form,
which are also integrable.

ProBLEM 2. Starting with a given RICCATI’s equation
Y +y =f(x, b,

supposed integrable for all values of 4, form an infinite sequence of other
Riccatr’s equations which shall also be integrable for all values of 4.

The main result of paper [23] reads:
If the equation

(3.2.2) Y +y=F(x)
is integrable, then the equations

(3.2.3) Vi +¥E=Fp (%) k=1,2,..)
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are also integrable, where F =F,

iFey 3 , ,
Fk=Fk—-l+_Q“k_Q—k‘_+"4—<(lOg(Fk—1"Qk -0) )2
2

Fk—l'—Qk, r ’ 1 (F _ —Qk/—ka)”
+ 2k (log(F,_,— Q) — QD)) — = =%k ¥k
Ok (log (F—, K= 2) 2 Frey—0—0Q4*

and Q,, ..., O, are arbitrary functions. Moreover, the integral of the equa-
tion (3.2.3) is given by the recurrent formulas:
_ Fro 1 — Q= Ok) Vi

Qk Vk-1—Q0)
4 2Ok = QP + 2010 Fi\— 20k + 40K Fy o —2F

20k (Fie—1— Q' — Qi)

where y,=y is the integral of the equation (3.2.2).

The idea is quite straightforward. Namely, the RICCATI equation (3.2.2)
after the substitution

(3.2.4) y=20z
z+1

Yk

b

becomes the RICCATI equation
(3.2.5) Z’=A(Xx)22+B(x)z+ C(x),
with
A=Q"Y(F-Q'-0%), B=Q7'Q2F-Q), C=Q7'F.

If we introduce the following substitution
1 1 /4 B
===y (5 7))
the equation (3.2.5) takes the canonical form
(3.2.7) »H+yr=F (),
where F, depends on 4, B, C, or in virtue of (3.2.6) on F and Q. In fact,
it is readily shown that
_ Q'—F 3 / \2
FI—F+T+:((Iog(F—Q —QZ)))
F—Q’ , 1 F=Q—0%"
+—=(log(F-Q' - Q%)) —— *—=— =~
o Uos(F-0Q'-0%)—— = —

This procedure can clearly be now applied to the equation (3.2.7) to
yield a new RICCATI equation

¥+ =F,(x),
where F, depends on F, and Q,, etc.

It should be noted that the function F, in (3.2.3) contains k arbitrary
functions, which makes this result rather general.
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Starting from special forms of the function F which ensure the integra-
bility of the equation (3.2.2), we can form various particular results. So, for
instance, if we put F(x)=f(x)+h—20Q (x), where Q is a solution of the equation

Q'+ =f(®)+h,

we arrive at a result, which after an application of the standard transforma-
tions which reduce RICCATI’s equations to linear second order equations, becomes
-exactly DARBOUX’s theorem.

Among other special cases of this result there are many theorems which
were known, and many theorems which were published later. MITRINOVIE
returned to his theorem for the RICCATI equation and in papers [24], [25]
announced that he will systematically expose all the results obtained after the
publication of paper [23], but which are special cases of his theorem. So far
this work has remained unfinished.

In connection with the Problem 2, MITRINOVIC [23] gave two solutions
in the form of the following theorems:

If the equation
Y+ =hf(x)
is integrable for all values of 4, so is the equation

V+yi=f(x)+h
If the equation
Y +y=f()+H
is integrable for all values of A, so is the equation

' 3/ 1 ’
+y=f(x +—(—) ———th—+h.
YAy =f0) -+ r; 7 A5
At the end of paper [23] MITRINOVIC indicated that he will, in an other
paper, consider some other forms of the function f(x, #) from Problem 2, but
he never did that.

Papers [26] and [27] contain short summaries from [23].

3.3. Riccati’s equations invariant under the transformation (3.2.4). Transfor-
mations under which the RICCATI’s equation is invariant were considered in
papers [28], [29] and [30]. In [28] it is shown that certain results of POMPEIU
can be obtained as consequences of the fact that RiCCATI’s equation

(3.3.D) V=p@)y*+qx)y+r(x
after the transformation y=Q(x)v+ R(x) takes the form
(3.3.2) Vi=p () V2 +q, () v +r, (x),

where p,=0p, ¢,=2Rp+q—0"'Q, r;=0 ' (R?p+Rg+r—R’), and that the
equations (3.3.1) and (3.3.2) are therefore equivalent with respect to inte-
grability.

Note [29] is a short summary of [30], and so we shall give only the
results from™ [30]. The transformation (3.2.4) is again considered and the
following problem is solved:
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Determine all RICCATI’s equations of the form (3.2.2) which remain inva-
riant under the transformation (3.2.4), i.e. which are transformed by (3.2.4)
into the equation z’ +z2=F (x).

The following theorem is proved:

The equation

(3.3.3) y’+y2=%(f;—',)2—% i +a(%)2 (a = const#£0)

is invariant under the transformation

(3.3.4) y——— G”+a(£)2(z+i & G/)_l,

2 ¢ G 2 G6¢ G

where G is a nonconstant arbitrary differentiable function.

The equation (3.3.3) is clearly integrable. One particular solution of that
equation is obtained from the algebraic system comsisting of (3.3.4) and the
equation y=2z.

3.4. Comment. Professor MITRINOVIC did not devote many papers to
RICCATI’s equation, but he obtained some very general results, which were
soon noted in literature. So, for example, KAMKE in the theoretical part of
his book [103] brings MITRINOVIC’s result which was exposed here in 3.1.
Results from paper [23] were given considerable space in BUHL’s textbook [106],
and they are also mentioned in the recently published monograph [107].

It is interesting to note that in papers [23], [25] and [30] Professor
MitriNOVIC announced that he will continue his researches though he never
did that. His abandonment of the problems treated in [23] can be explained
by the outbreak of the war, while in the case of the problems from [30] and
especially [25], the reason certainly lies in the fact that Professor MITRINOVIC
at that time completely changed his field of interest.

4. Undetermined differential equations

4.1. Introduction. An undetermined differential equation is an equation
which contains more than one unknown function. Professor MITRINOVIC devoted
a number of papers to such equations, especially those of the form

4.1.1) F(x, 9, ¥,¥', 2, 2,2")=0.

The equation (4.1.1) is completely solved if all pairs (¥, z) which iden-
tically satisfy it are found. Naturally, that is possible only in a very limited
number of cases. However, having in mind that equations of the form (4.1.1)
appear very often in applied sciences, it is useful to deiermine as many parti-
cular solutions of such -equations as possible.

Professor MITRINOVIC introduced three different methods for solving
undetermined equations, which enabled him to find some particular solutions
of those equations (sometimes an infinite amount of such solutions), and in
certain cases to find all the solutions of the equation in question.
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The following undetermined equations were considered in papers [31]—[41]:

4.1.2) zy" —kyz'" =0 (k = const)
4.1.3) zy' —yz'" =hyz (h=const)

(4.1.4) zy" —f(x)yz" =g (x) yz (f(x)50)

“4.1.5) 22y’ = hyzz" + ky + lyz? (h. k, I=const)
4.1.6) O'—2ay)z—yz" =0 (a=const)

(.1.7) (z—0) () —@Y) =2 + AP -2y +a*y) =0

(a, ¢, A=const).

I especially want to underline that the equations (4.1.2)—(4.1.7) are not
<artificial”’. Equation (4.1.2) is the equation to which TRUESDELL and NEMENYI
reduced the general equilibrium problem in the membrane theory of shells of
revolution. The equation (4.1.3) and the equation

(4.1.8) 22y =yzz' + ky + lyz2 (k, ! =const)

appear in a general problem of hydrodinamics which was considered by HOILAND,
PaLM, EriasseN and Rius. The equation (4.1.4) is a generalisation of the equa-
tions (4.1.2) and (4.1.3),while (4.1.5) is a generalisation of (4.1.3) and (4.1.8).
The equation (4.1.6) appears in a technical problem studied by GRAN OLSSON,
and finally the equation (4.1.7), which bears the name SOMMERFIELD’s equation,
was used by TOLLMIEN in connection with a problem of hydrodinamics.

4.2. The connection with a problem of Darboux-Drach. The first method
used by MITRINOVIC consists in replacing the starting equation (4.1.1) by an
equivalent system of the form

4.2.1) Y'=(F(x) +h)y,
“4.2.2) ' =F(x)z,

where F is an arbitrary function.

This is useful for the following reason. DarRBOUX (see 3.2) constructed
an infinite sequence of equations of the form (4.2.1) which are integrable for
all h. Moreover, DRACH determined a// the functions F such that the equation
(4.2.1) is integrable for all 4. On the other hand, it is clear that each particular
choice of such a function F leads to a particular solution of the equation (4.1.1).
Hence, this method gives rise to an infinite sequence of the solutions of the
equation (4.1.1).

MirTriNOVIC applied this method to the equations (4.1.2), (4.1.3) and (4.1.7).

The equation (4.1.3) is equivalent to the system (4.2.1)—(4.2.2) and
hence it is possible to find an infinite sequence of solutions of that equation.

The equation (4.1.2) is equivalent to the system
4.2.3) y'=kF(x)y, z''=F(x)z,

where F is an arbitrary function. The first equation of (4.2.3) can be, by
means of certain transformations, reduced to the form u"=(G(v)+h) u, i.e.
to the form (4.2.1), which means that the same method can be applied.
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The equation (4.1.7), after the transformation z=v +¢ becomes

r ”_azy A ’t 1 ,7
y ~y—;—V=7((y —ay) —a* (' - a*y))

and this equation is equivalent to the system

“4.2.9 y'—(F(x)+a?)y=0,
(4.2.5) v"-F(x)v:A(F"+F2+21F’),
y

where F is an arbitrary function.
Instead of the system (4.2.4)—(4.2.5) we may consider the system which
consists of the equation (4.2.4) and the equation

(4.2.6) v/~ F(x)v=0,

which is again a system of the type (4.2.1)—(4.2.2), and hence it is possible
to construct an infinite sequence of solutions of that system. For each solution
of the system (4.2.4)—(4.2.6) we may find the corresponding solution of the
system (4.2.4)—(4.2.5), for example by means of the variation of parameters.

ReMARK. This method is very specific, since it requests that the given equation can be
replaced by a fixed system of the type (4.2.1)—(4.2.2), or by a system which can be reduced
to that system. It might be of intetest to try some generalisations of this method, in the
sense that the given equation (4.1.1) is replaced by an equivalent system, of the form
“4.2.7) G(X »¥,y, F(x)+ h): 0, G(x7 7,7, 2", F(x)) =0,

where F is an arbitrary function. However, in that case it is necessary to know instances of
the equation (4.2.7) which are integrable for all A.

4.3. Reduction to first order equations. If we put y=T(z) into (4.1.1),
where T is an arbitrary twice differentiable function, we arrive at the equation

(4.3.1) F(x,T(2), T' ()2, T"(2)2'*+T'(2)z", z,2',2"")=0.

If the equation (4.3.1) can be solved for arbitrary T, then it is possible
to solve the given equation (4.1.1). In particular, if (4.1.1) does not contain x,
i.e. if 0 F/ox=0, then the equation (4.3.1) after the standard transformation
z'=p, z"" =p(dp/dz) becomes
432 F(T@. T'@p T"@F T @Y, 20 0 )=0

z z

and that is a first order equation.

MitriNOVIC applied this method to the equations (4.1.2), (4.1.3). (4.1.5)
and (4.1.6). The corresponding equation (4.3.2) reads:

(i) for the equation (4.1.2):

(T,(Z)—f——li) Elg T (2)

+ =0
T =z dz T(z)

(ii) for the equation (4.1.3):

(T@_ 1\ T°@ k.
(T(z) z)dz T(2) ’

(4.3.3)
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(iii) for the equation (4.1.5):

(Lo kb, T, (k)1
T(z) z /dz T(2) z?

(iv) for the equation (4.1.6):

(zT' (2)~ T (2)) j—i +zT" (2)p=2azT’ (2).

All those equations can be integrated by quadratures. Indeed the first
equation has separated variables, the second and the third are BERNOULLI’S
equations, and the last one is linear.

In order to give a better illustration of this method, we shall completely
solve one of them, for example the equation (4.3.3).

The equation (4.3.3) after the substitution p=}/u becomes

%4_ 2zT" (2) "y 2hzT (2)

dz 2T’ (2)—T(2) T’ (2)—T (2)
which implies

C+2h f 2T (2) (2T (2)—T (2)) dz
U=

T D TO) (C arbitrary constant)
¥4 Z)+ V4
wherefrom we get

(43.4) x+D= T @-TE)

dz (D arbitrary constant).

\/C+2hsz(z) T @)—T () dz

Hence, the solution of (4.1.3) is obtained in the following way:

(i) The function y is defined by (4.3.4) and y=T(z), where T is an
arbitrary differentiable function, C and D are arbitrary constants, and z is a
parameter which should be eliminated between those two equalities;

(i) When y is determined, the function z is defined by y =T (2).

We therefore see that the solution of (4.1.3) is rather complicated, and
it cannot be obtained in the explicit form. However, for particular choices of
the arbitrary function 7, we may arrive at simple explicit solutions of (4.1.3).
For instance, if we set T (z)=2z2, we find the following solutions of (4.1.3).

y=C(ch (/3hx + )23, z=D (sh (3hx +«))'/3 (h>0);
y=C(cos (Jf =3hx+a)*3, z=D(sin() - 3hx+ )P (h<0).

ReMARK. This method, as opposed to the method of section 4.2, is much more general. The
transformation y=T(z) can always be applied, and it will always lead to a first order equa-
tion, under the condition that the starting equation does not contain the independent variable.
Of course, it remains to be seen whether this first order equation will be integrable or not. Besides,
even in the case when the equation can be integrated, the solution can be very complicated
in form.
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REMARK. MrTRINOVIC suggested certaip generalisations of this method. In particular in paper [42]
he considered the third order equation

’’ 7’ ’

lel zl z
4.3.5 y——( — +—) Limico nEN)
y Y z

z z
to which TRUEsSDELL in his dissertation reduced an important problem from the theory of
elasticity. MITRINOVIC obtained a solution of the equation (4.3.5) which contains one arbitrary

function and three arbitrary constants, by introducing the substitution y=7(z’). In the same
paper he also mentioned other possible generalisations.

Remark. The method of this section was also applied by Mrtrinovi¢ [43] to a problem in
connection with PETROVIC’s operator Ay defined by A, f(x) =W (x)/f(x).

4.4. Lowering the order of the egquation. In certain cases the substitution

y=el*¥ z_el" can result in lowering the order of the equation (4.1.1).

Indeed, applying that substitution to (4.1.1) we get
4.4.1) F(x, D PO L TR W L R R R TR eIVd") =0,
and hence, the function F should satisfy the functional equation
(4.4.2) F(x;, ax,, ax;, ax,, Bxs, Bxg, BxX;)
=f (@) 8B F(x;» X5 X35 X45 X55 Xg» X;)

if (4.4.1) is to be a first order equation. It can be proved that all solutions
of the equation (4.4.2) are given by

X. X, X, X
F(x19 X5, X35 X4 Xs, Xg» x7)=G(x1’ _3; “‘3, J: _7), f(x)=xra g(x)=x-‘,
Xy Xy X5 X

where G is an arbitrary function and r, s are arbitrary constants.

Therefore, this method can be applied to equations of the form

(4.4.3) G(x,y—', A z—")=o.
. y y z z

In that case we arrive at the following first order equation
G(x, u, u' +u*, v, v' +v2) =0,
i.e. to an equation of the form
(4.4.4) H(x,u,u', v,v)=0.

In other words, the integration of (4.4.3) is reduced to the integration
of (4.4.4).

Regarding the integration of (4.4.4) MITRINOVIC suggested the following
method. Suppose that (4.4.4) can be written in the form

(4.4.5) di (M (x, u, v)) + N (%, u, v) =0.
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Then the functions # and v can be determined from the algebraic system
of equations
M(x,u,v)=0(x), N(x,u v)=—-0'(x),
where @ is an arbitrary differentiable function.

MiTtriNoVIC applied this method to the integration of equations (4.1.2),
(4.1.3), (4.1.4) and (4.1.6). For those equations the corresponding equation
(4.4.4) reads:

(i) for the equation (4.1.2):

(4.4.6) U+t +k@ +v)=0;
(ii) for the equation (4.1.3):

4.4.7) U tut—v' —vi=h;
(iii) for the equation (4.1.4):

(4.4.8) vt —f(x) ¢V +v)=g(x);
(iv) for the equation (4.1.6):

(4.4.9) U +u—-2au—v' —v2=0,

and all those equations are of the form (4.4.5). Indeed, the equation (4.4.6)
is equivalent to (u+kv) + (1> +v*) =0; the equation (4.4.7) to (u—v)
+ (u? —v*— h) =0, the equation (4.4.8) to (u—f(x)v) + (@2 —f ()2 +f(x)v—g(x))
=0, and the equation (4.4.9) to the equation

(4.4.10) w—vy +@?—2au—v¥)=0.

We shall completely solve the equation (4.4.9), i.e. (4.4.10). From the
system
u—v==0(x), w—-2au—vi=-90'(x),
we find

_ o —P2 . Q'+ P2—_2q0
2@—0)’ 2 (a—D)

’

wherefrom we find the so'ution of (4.1.6)

' —P2 Q'+ D224
—exp dx, z=exp dx,
f2 (a—D) f 2 (a—)

which contains an arbitrary differentiable function O.

ReMark. This method can be applied to any differential equation of the form

y// y/ zl z// yl z/ yl Z/
—P(x, -, —)+—Q(x, —, —)+R (x, —, -—)=0
v z y z ¥y

y z z

where 0P (x, x,, x;)/0x;=0Q (x,, x,, x;)/0x,. For details consult [108].

3 Publikacije Elektrotehni¢kog fakulteta



34 J. D. Keki¢

4.5. Comment. Professor MITRINOVIC worked in undetermined differential
equations by considering special equations arising in various applications. Howe-
ver, the methods he applied could be used for solving much wider classes of
such equations. Though MITRINOVIC’s results were generalised a number of
times, it is surprising to note that no attempt was made to form some kind
of a theory of those equations together with a classification of integrable types.
The only exception is BANDIC’s thesis [109], in which the author made a
systemathic research regarding some special classes of first and second order
equations. A real generalisation of MITRINOVIC’s methods has yet to be done.

Nevertheless, MITRINOVIC’s results, though of a particular nature, proved to
be important in applications, as was emphasized for instance by L’HerMITE [110].

5. New integrable types of differential equations

5.1. Reduction of certain nonlinear equations to a system of a linear and a
nonlinear equation of lower order. Papers [44], [45], [46] and [47] employ the
same method of solution. In those papers MITRINOVIC reduced certain nonlinear
equations to systems of a linear and a nonlinear equation of lower order. We
shall illustrate the method by considering the equation

m

(5.1.1) Y4 S ()Y —F(x, 2, 7, ..., 29),
k=1

where

(5.1.2) 2=y 4+ S by (x) YR,

k=1

which MiTRiNOVIC studied in [46]. Clearly, the equation (5.1.1) has order
H=max(m, n+s). If we differentiate (5.1.2) m—n times, and if we eliminate
Yoo, y@ from (5.1.1), (5.1.2) and the obtained m—n equations we arrive
at an equation which connects a,, ..., a,, b, ..., b, ¥, ..., YD, 2z, ., Zm=A
and F. If we now impose certain conditions on the coefficients a,, ..., a,,
b,, ..., b, such that the functions a,, ..., a,_,, b;, ..., b, remain arbitrary,
the obtained equality takes the form of a differential equation

(5.1.3) G(x,z,2,...,2M)=0,
where h=max (m—n, s). Hence, the integration of (5.1.1) is reduced to the
integration of the system consisting of (5.1.2) an (5.1.3).

Special equations of type (5.1.1) were considered in [44] and [45]. In [44]
MITRINOVIC studied the equations

(#7+ 3 @09 40,0 @) (10 3 80P 5,0 ) +e@ =0
k=1 k=1

(194 3 @070 0,0, 09) (07945 By 5D 4b,(9) 09 -0
k=1

k=1

and proved that integration of those two equations can be reduced to the
integration of a linear equation and an equation of ABEL’s type, in the first
caseu’ = (o, u? + o, # + o) (4 + B) ! and in the second case u’ = «, + o, u + o, U + oty .
The general result from [46] is also briefly mentioned in that paper.



Contribution of Professor D. S. Mitrinovi¢ to differential equations 35

In [45] MITRINOVIC considered the so-called ABEL’s equations of higher
order, i.e. equations of the form

Py, Y, ., YY)
x, »¥,..., Y1)

where P is a second order polynomial and Q a first order polynomial for
n=2 and n=3. The obtained results are in connection with the results
from [44].

Finally, in [47] MITRINOVIC considered the equation
.14 (YV+a®y+a,®@y (V+b,®y+b,(x))=fx)  (p,9CZ)
whose integration is reduced to the integration of the system

du  oquptat! o, uPt! +a,u
dx Bour*a+p,

(5.1.5)

d
A a, (x)y+a, (x)=uq,
dx

where o, a;, «,, By, B, depend on a,, a,, b,, b,. This means that the equa-
tions (5.1.4) and (5.1.5) are at the same time both integrable.

5.2. Formation of integrable second order equations of prescribed type. In
papers [48], [49], [S0] and [51] MITRINOVIC applied an elementary idea, but he
obtained some quite general results. The idea is simply to replace the equation

(5.2.1) V' +A4x)y +Bx)y=0
by the system
Y+f(X)y=z, z'+g(x)z=0,

which is integrable for any pair of functions f and g. This replacement is
possible on condition

f+g=4, f'+fg=B.

If we investigate the integrability of (5.2.1) where the coefficients A and B
are of given form, then the functions f and g should be adjusted so that
A and B have the requested form. This leads to a criterion of integrability
of (5.2.1).

\ MITRINOVIC applied this procedure to the equation
(5.2.2) V'+(ax+b)y +(ax?+Bx+y)y=0
in which case we have f(x)=px-+gq, g(x)=rx+s, and to the equation
(5.2.3) V' + @+ b)y + (x> + ek +y) y=0
in which case f(x)=pe** +q, g(x)=rek*+s, and also to the general equation
(5.2.1). The results he obtained are generalisations of many known results,

and he also arrived at new integrable types of equations (5.2.2) and (5.2.3).

3%



36 D. Kecki¢

5.3. Miscellaneous equations. In papers [52]—[72] special methods are
applied to special equations with the aim to obtain their general solutions.
We shall breifly mention the main result of each of those papers.

A generalisation of a method due to APPELL is employed in [52] to form
integrable equations of the form

Y= 2 a y® | S b y®,
k=0 /k=1

while in [53] it was investigated under what conditions can LIOUVILLE’s equation
YV4+f(x)cosy+g(x)siny+h(x)=0

be reduced to LAGRANGE’s differential equation.

The following result was proved in [54]: If the functions F(Z)=1¢ (P, Q)+
io(P, Q) and f(2)=P(x,»)+71Q(x,y), where Z=P+iQ, z=x+ iy, are analytic,

then the equation
Y =4(P, Qe (P, Q)
is integrable. A number of special cases is pointed out, e.g. the equations
y =cotgv(x,y), Y =—tgv(x,y), where v +v, —0.
The general solution of the equation

£ £ f
— 3= T 3l = O’
Y3 e Y ( & Fe )y

which appears in a problem of Mathematical Physics in found in [55] and in
[56] an other equation which appears in practical problems, namely,

" Y DY +8®)y=0,
wit
@)= B @B, g@=a"2BE) (4, @)+ 4,®) (4 &) 4, ()"

(a=const) is studied.
The general solution of the equation

xy™ —mny®=D +axy=0 (a&R, m, nEN)

was known, but MITRINOVIC [57] found that solution by a simple method, and
expressed it in a simple form. Paper [58] contains suff.cient conditions for the
functions f and g so that the equation f(x)y” +g(x)y +ax"y=0 (a, n=_const)
is integrable.

In [59] it was shown that the equation
OYe4axy" 1y +by" =0 (a, b, k, nCR)
is integrable in quadratures; in [60] it is established that the equations

V' +(ax?+bx+c)y +(Ax+B)y=0

y~+(ax2+bx+c)y'+((2a—A)x+b(1—i)+B>y=o
a
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(a, b, ¢, A, B=const) which have the same form, are equivalent with respect to
integrability, and in [61] some remarks regarding the EMDEN’s equation

y"+£y’+y"=0 (n=R)
X

are given.

Papers [62] — [72] carry the same title: Compléments au traité de Kamke,
and they bring a number of general or special methods for obtaining new types
of integrable differential equations.

Special equations were considered in papers [62], [65], [66], [67], [68] and
[69]. So, for example, in [62] the equation

”+( *f(x)f (%) _f”(x)> n Yf’(x)zy:()
S +B S ) S0+
is reduced to the equation

(af (xP+1) 2" +bf (x) 2’ + ¢z =0;

in [65] sufficient conditions for the integrability of the equation

x(A4, x*+ B, xy+C,y°+ D, x+E y+F)dy=
y(A,x*+B,xy+C,y*+D,x+E,y+F,)dx

are given, while in [68] it is pointed out that y= 3 a; x* / > bxk (ay, ..., a,,

k=0 k=0
b,, ..., b, arbitrary constants) is the general solution of the equation
Ym-n+1 IYm—n+2 ** Ym+a
Ym-n+2 Ym—n+3 Ym+2 -0
Ym+1 Ym+2 Ym+n+1

where y, = (1/k!) y®.
A number of equations of the form

n

Yo @) (5 A yeon) =0
1

y=

whose solutions can be obtained by quadratures or special functions are pre-
sented in [66]. Paper [67] contains several particular results. The following
equations are integrated:

x(Ax*+ Bxy+ C)dy+y(Ax*+ Exy+ F)dx=0,
?y-1)y —(x?*-1)=0,

xXQy+x-1D)y —-y(»+2x+1)=0,
(ae®*+b%) y" =y,

(' —ay)y" +by?=0,
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and in [69] a linear fifth order equation is formed, with the property that its
5

general solution is y= > C,u*~%v*¥~!, where u and v are linearly independent
k=1
solutions of the equation z/ =f(x)z.
Other papers from this series are more general in character. In [64] the
condition on «, B, ¥, A, u, v which ensures the integrability of the equation

x* B (Y + Ay (Y +Bx*=0

is determined. MITRINOVIC pointed out that this result contains 15 particular
equations from KAMKE’s collection as special cases.

The possibility of determining integrating factors for the equations
x (ax? y2 +f (xp)) dy +y (bx? 2 + g (xp)) dx =0,

x (ax? y2+f(x" y))dy +y (bx? y? + g (x" y°)) dx =0,

x(a, xPy1+b, X"y +f(xp))dy +y (a, x? Y1 +b, x" y*+ g (xy)) dx =0,
x(@, xP+b x*y+c, xy*+d)dy+y(a,x? +b, x>y +¢,xy*+d,)dx=0

is studied in [63], and this method is later developed, so that in [70] integra-
ting factors for the equations '

x(f(x'ys) + > a x'k qu) dy +y (g YY)+ by x"k qu) dx=0,
k=1 k=1

x (f(®y)+F (x p))dy +y (g (x* y) +G (x" y*)) dx =0,

x (ax? y+f (x2+cy?)) dy +y (bx" y* + g (x> +¢y?)) dx =0
are determined. A number of equations from KAMKE’s collection that can be
integrated by this method is cited.

In paper [71] a linear fourth order equation is formed, such that its
general solution is

y=Cuv,+Cuv, +Cu, v +Cotiy v,

where u,, u, are linearly independent solutions of the equation u" +f(x)u
+g()u=0, and v,,v, are linearly independent solutions of the equation
V' +£,(x)v' +g,(x)v=0. Certain generalisations of this method are also given.

Finally, in [72] an interesting variant of the method of variation of pa-
rameters is applied to certain nonlinear differential equations. We illustrate the
method by an example.

The differential equation

(5.3.1) Y'+Ax)y' =F(x,y)
can be replaced by the system
(5.3.2) V+f)y=z 2z'+gx)z=F(x, ),

where the functions f and g are determined by f+g=~A4, ' +fg=0.
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Solving the “linear parts’ of the system (5.3.2) we find
(53.3)  y=Ce 1/, z=De T#®% (C D arbitrary constants).
Suppose that C and D are differentiable functions of x, and substitute (5.3.3)
into (5.3.2) to find
C’ =DeI (f(x)—¢g (x))dx, D = F(x, Ce—j'f(x) dx) ej' g(x)dx

and hence
dc Dol F@—2g()dx

dp F(x, Ce—Ir® dx) ’

(5.3.4)

Therefore, if the expression F (x, Ce~1/® d") JCEOTENE Goes not de-

pend on x, but only on C, we can find a connection between C and D. This
leads to the general solution of the equation (5.3.1).
Generalisations of this idea are also suggested in [72].

5.4. Comment. Papers of Professor MITRINOVIC devoted to the formation
of new integrable types of differential equations seem to have made greater
impact on other mathematicians than his other papers on differential equations.
Almost all of his ideas served as starting points for numerous papers and
Ph. D. theses, published both in Yugoslavia and abroad.

However, special tribute was paid to Professor MiTRINOVIC by two dis-
tinguished mathematicians: E. KAMKE and F. G. TRICOMIL

In the preface to the sixth edition of his book [104], KAMKE drew spe-
cial attention to MITRINOVIC’s papers [62] — [66]. Following that recommenda-
tion, the Russian editions of KAMKE’s book [105] contain an Appendix con-
sisting of MITRINOVIC’s papers [62] —[67], which are given in a shortened
translation.

On the other hand, F. TricoM1 (see [111] and {112]) commenting on the
current problems in the theory of differential equations, emphasized MITRINOVIC’s
approach to differential equations as one of the three contemporary trends of
research, quoting his paper [63] as a representative of that approach.

We finally mention that there are many ideas in the papers of Professor
MitriNOVIC which could be further developed or generalised in various direc-
tions.

6. Other papers

6.1. Differential geometry. In section 2.5 we have already mentioned
certain papers of Professor MITRINOVIC in which he reduced various problems
from differential geometry to the integration of the equation (2.1.1). In addi-
tion, MITRINOVIC published 14 more papers on differential geometry. Those
are papers [73] —[86]. In all those papers he determined surfaces of the form
z=f(x, y) such that the projections of some special lines onto the xy-plane
have a preassigned form.

So, for example, geodesic lines are considered in [73] and [86]. It is
shown in [73] that surfaces z=ky+f(x) or z=kx+f(y) (k=const) have the
property that their geodesic lines can be determined by quadratures. In [86]
surfaces z=u(x)y+v(x) are formed so that among the projections of their
geodesic lines onto the xy-plane there is one given by yu' (x)+v(x)=0.
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Other papers are mainly concerned with asymptotic lines. For instance,
in [76] surfaces with the equations

x:fl (u’ V), y=f2 (u, V), Z=f3 (u’ V)

are formed with the property that their differential equations for the asymptotic
lines have simple form. It is shown that this is the case when f,, f,, f; sa-
tisfy the LAPLACE or the wave equation. In [78] a surface z=F(x,y) is
determined so that its differential equation for the asymptotic lines reads
fOY ) +2y +g(x)=0; in [80] surfaces z+vy=f(x,v), y=0f/ov such that
they themselves together with their asymptotic lines are determined from the
same equation; and in [85] functions f, are found so that the differential
equation of the asymptotic lines of the surface

2= 3 fi@r*
k=0

reduces to the equation (2.4.1).

6.2. Partial differential equations. Although he worked mainly in ordi-
nary differential equations, Professor MITRINOVIC also published seven papers
(I87]—I[93]) on partial differential equations.

The equation
(-6 e o
op 0f op 06 dO  \o0
which has a geometrical interpretation, is integrated in [87] in some special cases.

Papers [88], [89], [90] treat similar problems. In [89] the following equa-
tion is considered:

(6.2.1) G(Fl, Fz:"" Fn+1)=05
where
0z 0z
F,=F s ey Xy Zym— y ey — ),
k k(xl Xy £ ox, bx")

and the following result it proved:
If the system F,=C,(k=1,..., n+1; C, arbitrary constants) is in in-
volution, then the complete integral of (6.2.1) is given by

{Fk=Ck k=1, ..., n+1)
G(Cls te s Cn+l)=0'
Paper [88] is a summary of [90]. Two linear equations which contain

the expression
K

k ok z
X0 L yq)® = ( ) k—vyy ,
(xp +y9) ZO )Y ey
are considered in [90]. They are:
(622) Z o(v(xp _|_yq)("“\’)=0

v=1
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and its special case:

(6.2.3) 2= 3 (=11 L ap g yg)®.
a2 k!

The general solution of (6.2.2) containing » arbitrary functions of y/x is.
found, and it is also proved that the complete integral of (6.2.3) can be ob-
tained by replacing the derivatives by arbitrary constants.

D’ALeMBERT’s method for obtaining particular solutions of ordinary linear
differential equations with constant coefficients in the case when the characte-
ristic equation has multiple roots in applied in [92] to the equation

AUy, + 2 bu,, + cu,, =0,

in the case when the characteristic equation a-+ 2bt+ct>=0 has a double root.
The method is then extended to linear partial differential equations of higher order..

Finally, papers [91] and [93] are concerned with undetermined equations.
The method exposed in section 4.3 is applied to certain partial differential
equations (see [91]) such as

Vi, =kuv,,, VU =ku,v,,, (k=const).
Some generalisations are suggested in [93].

6.3. Miscellaneous results. In this final section we mention six more papers of
Professor MITRINOVIC which could not be classified in above sections.

In [94] a result due to LAGRANGE and SERRET, regarding first integrals
of certain differential equations is given in an other form. First integrals are
again considered in [95] where a result of M. PETROVIC is generalised.

A VOLTERRA type integral equation

(6.3.1) g@ =)~ [(a(®)—a())f()dy
0
can be, under certain assumptions, be reduced to the differential equation
sw=(2) -z =19

In [96] MitrINOVIC showed that the equation

(ﬁ;{))l—z=0

is integrable if and only if the equation z”’ — F(x)z=0 is integrable. Hence, it
is established that there exists an infinite sequence of equations (6.3.1) whose
solutions can be obtained in closed form.

Papers [97], [98] and [99] are bibliographical notes, discussing questions
dipp(x) A=k

f priority for the equati —u,=0([97]), th tion S )
of priority for the equation au,, —u, ([97]), the equa 1onk§0( db deF

m
k
=0([98]) and for a result in differential geometry ([99]).
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7. Conclusion

In previous sections we have briefly mentioned and commented on the
-research work in differential equations of Professor MITRINOVIC. A detailed
.analysis of his contributions would require much more space. However, something
still remains to be said about his pedagogical work.

Professor MITRINOVIC published two text-books ([100], [101]) on differen-
tial equations. Besides that, many of his collections of problems contain substanial
number of problems on differential equations. They were finally collected and
-‘published in a separate book [102].

It is also worth noticing that 6 mathematicians took their Ph. D. theses
in differential equations with Professor MITrRiNOVIC. They are: B. S. Popov
{1952), 1. BANDIC (1958), D. PerCINkOvVA (1963), I SAPKAREV (1964), J. D.
KEeCki¢ (1970), P. R. Lazov (1977).

It is surprising, and it is a pity, that Professor MITRINOVIC never wrote
.a monograph on closed form solutions of ordinary differential equations. The
reason is that during the last fifteen years (which were his main ,,book-writing
period*) Professor MITRINOVIC almost completely turned his attention to other
«disciplines (mainly inequalities). Nevertheless, there is time.

We conclude this paper by a remark of a private nature. More than once
Professor MITRINOVIC said to the present author that he made a mistake in
spending so much time on such an ungratifying discipline as the integration of
«differential equations is well known to be, and that he would have done better
if he had devoted all his time to some other field (e.g. inequalities). The
.author of this paper wishes to express a profound disagreement with that
.opinion of Professor D. S. MITRINOVIC,
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