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582. ON THE RA no OF MEANS*

Petar M. Vasic and Igor Milovanovic

In this article a result due to A. W. MARSHALL,1. OLKIN and F. PROSCHAN
is generalized by providing a proof for the corresponding result for weighted means.
The method different from that used by the aforementioned authors also ena-
bles further improvement of their inequality at the expense of some additional
assumptions on the sequences. Integral analogous of these results have also been
included.

Theorem 1. If pI>O,..., Pn>O, 01>0,..., an>O, bl ~ . . . ~bn>O and
if ~ ~ . . . ~ bn, then function f, defined by

a, an

(r = 0),

is nondecreasing.

Proof. We shall use the following inequality for means (see [1], p. 76):

(I) (r ~ s),

(i=I,...,n).

*
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Substituting: Pi = Pi b/, ai ( . 1 ) .
bXi = - 1 = ,...,n III (1) we 0 tain

bi

(2) (r ~ s).

To complete the proof we must prove

(3) (r ~ s).

Let us take CEBYSEV'S inequality

(4)
n n n n

L qi L qiXiYi~ L qixi L qiYi
i=1 i~1 i=1 i~1

which is true if (ql'
'"

, qn) is a positive sequence and if both sequences

(XI' . . . , xn) and (YI' . . . , Yn) are nonincreasing, or both non decreasing. If one
of the sequences (XI' . . . , xn) and (YI' . . . , Yn) is nonincreasing and the other
non decreasing, the reverse inequality in (4) is valid (see [1], p. 36).

Substituting qi = Pi a/, Xi = (::r, Yi = b/-r in (4), we get for r> 0:

(5)
n n n n

" P.b.s " p . a.r:2:
" P.br

"
p . b.s-r a.r

~IILI1-L IIL'z I
i~l i~1 i~1 1=1

and for r<O we get the reverse inequality (as (b;/a;)i=l,. .., n is a nondecreasing
sequence (b{/a/)i=I"'" n

is nondecreasing for r>O and nonincreasing for r<O;
as (bi)i=I,..., n is a nonincreasing sequence, (b/-r)i~l,..., n is nondecreasing).

From (5) we obtain (3) for r>O. If r<O, from the reverse inequality
related to (5) it follows (3).,

The proof is, in fact, given for rs* O. For rs = 0 the theorem can be
proved directly by the transition to the limit.

Similarly, we can prove

Theorem 2. If p1>0,.. ., Pn>O, a1>0,.. ., an>O, bn~bn-I ~ . . . ~bl>O, and if
~ ~ . . . ~ bn, then function f defined in Theorem I is nondecreasing.
al an

Substituting Pi = 1 (i = 1, . . . , n) in theorem 1 we get the result from [3].
The same result is there proved in a different way. The method we had used
enables some generalizations.
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Theorem 3. If P1>0, ... , Pn>O, Xl = 0, X2>0, ... , xn>O and (0, X2' ... , xn)
is a convex sequence, then for r ~ s, the following inequality is valid

1 1

[

,~:
P'Xi

]

'
~IJ(

(

t:P;X,"

]

S,

IPi I Pi
i-1 i-I

(6)

where

Proof. If we put Xi = i-I in inequality (1), we obtain IJ(~ 1. To prove (6),

we carry out substitutions in (1): P.=p.(i-1)S, X.-J> ~ (i= 1, ..., n), and1 1 1
i-I

we get

To complete the proof, we must show that

I

r
1. e.

n n n n

I Pix/I pJi-1)S ~ I Pi(i-1YI Pix;'(i-1)'-r,
i~1 i=l i~l i=l

which we get when we carry out substitutions in inequality (4):

qi = Pi (i - l)S, Xi = (i - 1)r-s, Yi = (~ )
r

(i = 2, . . . , n), Xl = Yl = 0
1-1

(as (XJi=l n is a convex sequence,
C':::1 )i=2 n is a nondecreasing sequence

(see [2])) .

Since IJ(~ 1, it may be concluded that inequality (6) is sharper than
inequality (1) provided that the conditions of convexity for the sequence (xl' .. . , xn)
are added.

The following theorem is a generalization of theorem 1.

3*
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Theorem 4. If pI>O, ... , Pn>O, al =0, a2>0, a3>0, ... , an>O, bl>O, ." ,

bn> 0, bl -;;;;.b2;;;;,. . . ;;;;,bn and (!l2, . . . , an) is a convex sequence, then for r;;; s
bl bn

(7)

is valid, where

Proof Putting Pi -+ Pi b/, x. -+
ai in (6) we obtain

I
bi

[

~ P . b.s-r a.r
L, 1 1 I

i~ib/(i-I),
i~1

(r;;;s).

To complete the proof, we must prove that

n n n n

LPib;'(i-I)' LPia/;;; LPib/(i-l)' LPib/-ra/,
i~1 i~1 i~1 i~1

which we get when we carry out substitutions in (4):

- b S (
'

)r
- b r-s

- ( ai )
r

q.- p . . 1-1, x.-. , y.- .I
" "

I
bi (i-I)

Since from (1) follows that ~;;; 1 inequality (7) is sharper than inequality (1).
An integral analogue to theorem 1 is given by

Theorem 5. Let P, f, g be positive and integrable functions on [a, b]. If x 1-+ g (x)

and x 1-+
g (x)

are monotone in the opposite sense, function F, defined by
f(x)

b 1

[

Jp(x)f(x)'dx

)

'r

F (r) =
a

b

Jp(x)g(x)'dx

Ir I< + 00),

a
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b

(

Jp (x) logf(x) d x

j
F (0) = exp a ,

b

Jp (x) log g (x) d x

a

is nonincreasing.

The preceding theorem as well as the next one can be proved analogously
to the corresponding theorems in the discrete case.

Theorem 6. If p, f, g are nonnegative functions, x f-+
f(x)

is a convex function
g (x)

on [a, b], f(a) = 0 and g is an increasing positive function on [a, b], then

bIb 1

(
~

p(x)f(x)'dx

j

'
~M

(
{

p(x)f(X)'dx

j

S,

Jp (x) g (x)' d x Jp (x) g (x)S d x

a a
where

bIb

M=

(

!P(:)g(x)'(X-,)'dX

-
j

'

(
, !p(x)g(x)'dx

Jp (x) g (x)' d x Jp (x) g (x)S (x-a)S d x

a a
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